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Chuong 0. Loi néi dau

Chuong (0 I

Lo1 no1 dau

Nhitng nam gan day, tri tué nhan tao (artificial intelligence, AI) dan noi lén
nhu mot minh chiing cho cuoc cich mang cong nghiép lan thit tu, sau dong co hoi
nuée, nang lugng dién va cong nghé thong tin. Tri tué nhan tao da va dang tré
thanh nhan t6 cot 16i trong cac hé thong cong nghé cao. Tham chi, né da len 16i
vao hau hét cac linh viec clia doi sbng ma cé thé ching ta khong nhan ra. Xe tu
hanh ciia Google va Tesla, hé thong tu tag khuon mit trong anh ctia Facebook,
tro 1y 4o Siri ctia Apple, hé théng goi ¥ san pham ctia Amazon, hé théng goi ¥
phim ctia Netflix, hé thong dich da ngon ngit Google Translate, may chadi cd vay
AlphaGo va gan day 1a AlphaGo Zero ciia Google DeepMind,... chi 1a mot vai
tmg dung ndi bat trong vo van nhiing tng dung ctia tri tué nhan tao.

Hoc mady (machine learning, ML) 14 mot tap con cta tri tué nhan tao. Machine
learning 1la mot linh vie nho trong khoa hoc may tinh, c6 kha ning tu hoc hoi
dua trén dit lieu duge dua vao ma khong can phai duge lap trinh cu the (Machine
Learning is the subfield of computer science, that “gives computers the ability to
learn without being explicitly programmed” — Wikipedia).

Nhitng nam gan day, su phét trién clia cac hé thong tinh toan cling luong dit lieu
khong 16 duge thu thap béi cac hang cong nghé 16n da gitp machine learning tién
théem mot bude dai. Mot linh vye méi duge ra doi duge goi 1a hoc sdu (deep
learning, DL). Deep learning da gitip méay tinh thyc thi nhing viéc vao musi nam
trude tudng chimg la khong thé: phan loai ca ngan vat thé khac nhau trong céc
bitc anh, t tao chi thich cho anh, bat chude giong néi va chit viét, giao tiép véi
con ngudi, chuyén doi ngon ngit, hay tham chi ca sang tac van tho va am nha.

! Doc them: 8 Inspirational Applications of Deep Learning (https://goo.gl/Ds3rRy).
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Ea'fj.g_aar_tiﬁg:jé! '_l‘:iift.el['iggncé .

stirs excitement.
N s e LEARNING

1950's 1960's 1970°s 1980's 1990's 2000's 2010°s

Since an early flushof optimism in the 19505, smaller subsets of artificial intelligence - first machine learning, ther

deep ivarning, a subset of machine learning - have created over larger disruptions

Hinh 0.1. M&i quan hé giita Al, ML, va DL. (Ngudn What's the Difference Be-
tween Artificial Intelligence, Machine Learning, and Deep Learning? — https://goo.
gl /NNwGCi).

Mbi quan hé AI-ML-DL

DL la mot tap con cia ML. ML la mot tap con cia Al (xem Hinh .

0.1. Muc dich ctia cuon sach

Nhitng phat trién than k¥ ctia trf tué nhan tao dan t6i nhu cau cao vé mat nhan
lyc lam viéc trong cac nganh lién quan t6i machine learning & Viét Nam cting nhu
tren thé gisi. D6 ciing 1a nguon dong luc dé tac gid gay dung va phat trién blog
Machine Learning co ban tit dau nam 2017 (https://machinelearningcoban.com).
Tinh t6i thoi diem dat bt viét nhitng dong nay, blog da ¢6 hon mot trieu lugt ghé
tham. Facebook page Machine Learning co bé cham mo6c 14 nghin lugt likes,
Forum Machine Learning co bé dat t6i 17 nghin thanh vién. Trong qua trinh
viét blog va duy tri cac trang Facebook, tac gid da nhan duge nhiéu sy ing ho
ctia ban doc vé tinh than ciing nhu vat chat. Nhiéu ban doc ciing khuyén khich
tac gia tong hop kién thic trén blog thanh mot cuén sach cho cong dong nhing
ngudi tiép can v6i ML bang tiéng Viét. Sy ting ho va nhing 10i dong vien do 1
dong Iuc 16n cho téc gid khi bat tay vao thuc hién va hoan thanh cudn sach nay.

2 Inttps:/ /goo.gl /wyUEjr
3 Inttps://goo.gl /gDPTKX
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Chuong 0. Loi néi dau

Linh vyc ML néi chung vd DL no6i rieng 1a cuc ky 16n va ¢6 nhiéu nhanh nho.
Pham vi mot cudn sach chic chin khong thé bao quat hét moi van dé va di sau
vao timg nhanh cu thé. Do vay, cuén sach nay chi nhiam cung cap cho ban doc
nhitng khéi niém, k§ thuat chung va cac thuat toin co ban nhat ciia ML. Tu do,
ban doc c6 thé tu tim thém cac cudn sach va khéa hoc lien quan néu mudn di
sau vao ting van de.

Hay nhé6 rang luon bat dau ti nhing dieu don gidn. Khi bat tay vao gidi quyét
mot bai toan ML hay bat ¢ bai toan nao, ching ta nén bat dau tit nhiing thuat
toan don gian. Khong phai chi c6 nhing thuat toan phiic tap méi c6 thé giai
quyét duge van dé. Nhitng thuat toan phiic tap thuong cé yéu cau cao vé kha
nang tinh todn va doi khi nhay cdm v6i cach chon tham s6. Ngudc lai, nhing
thuat toan don gidn giup ching ta nhanh chéng ¢c6 mot bo khung cho moi bai
toan. Két qua clia cac thuat toan don gidn cling mang lai cai nhin so bo vé su
phiic tap ctia mdi bai toan. Viéc cai thien két qua sé dudce thuc hién dan & cac
bude sau. Cudn sach nay sé trang bi cho ban doc nhiing kién thitc khai quat va
mot s6 huéng tiép can co ban cho cac bai toan ML. Dé tao ra cac san pham thuec
tién, chting ta can hoc héi va thie hanh thém nhiéu.

0.2. Huéng tiép can ctia cudn sach

Dé gidi quyét mdi bai toan ML, ching ta can chon mot moé hinh phit hop. Mo
hinh nay dugc mo ta bdi b cac tham s6 ma ching ta can di tim. Thong thuong,
lugng tham s6 c6 thé len téi hang trieu va duge tim bing cach gidi mot bai toan
t6i .

Khi viét vé cac thuat toan ML, tac gid sé bat dau tit nhiing ¥ tudng tryc quan.
Nhiing ¥ tudng nay duge mo hinh hod dudi dang mot bai toan téi wu. Cac suy
luan toan hoc va vi du mau trén Python & cubi mdi chuong sé gitip ban doc hiéu
6 hon vé nguon goc, ¥ nghia, va cach st dung moi thuat toan. Xen ké gitta nhiing
thuat toan ML, tac gia sé trinh bay cac k¥ thuat toi wu co ban, v6i hy vong gitp
ban doc hiéu 6 hon ban chit ciia van deé.

0.3. D6i tugng ctia cudn sach

Cudbn sach duge thuyc hien huéng téi nhiéu nhéom doc gid khac nhau. Néu ban
khong thuc sy muén di sau vio phan toan, ban van c¢6 thé tham khéo ma nguon
va cach st dung cac thu vien. Nhung dé st dung cac thu vien mot cach hiéu qua,
ban ciing can hiéu ngudn goc ctia mo6 hinh va y nghia ciia cac tham s6. Con néu
ban thuc sy muén tim hiéu ngudn gbe, ¥ nghia ctia cac thuat toan, ban cé thé
hoc dugce nhiéu diéu tit cach xay dung va t6i uu cdc mo hinh. Phan téng hop cac
kién thitc toan can thiét trong Phan [[sé 1a mot nguon tham khao stc tich bat ct
khi nao ban c6 thic mac vé cac dan gidi toan hoc. Phan dugc danh rieng dé
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Chuong 0. Loi néi dau

no6i vé t6i uu 16i — mot mang quan trong trong toi wu, phit hop véi cac ban thue
st mudn di sau thém veé t6i uvu.

Céc dan giai toan hoc dugc xay dung phit hgp véi chuong trinh toan pho thong
va dai hoc ¢ Viet Nam. Cac tit khoa khi duge dich sang tiéng Viet déu diya trén
nhitng tai lieu tac gia dude hoc trong nhiéu nam tai Viet Nam.

Phan cudi cling ctia sach c6 muc Index cac thuat ngit quan trong va thuat ngit
tiéng Anh di kem gitp ban dan lam quen khi doc cdc tai lieu tiéng Anh.

0.4. Yéu cau vé kién thtc

Dé c6 thé bat dau doc cudn sach nay, ban can c6 mot kién thic nhat dinh vé dai
sO tuyén tinh, gidi tich ma tran, xac suat théng ké, va k¥ ning lap trinh.

Phan [I| ctia cudn sach on tap lai cac kién thiic toan quan trong dude diing trong
ML. Khi gap kho khan vé toan, ban dugc khuyén khich doc lai cac chuong trong
phan nay.

Ngon ngit 1ap trinh duge st dung trong cudn sich 13 Python. Python 13 mot ngon
ngtt lap trinh mién phi, ¢6 thé duge cai dat dé dang trén cac nén tang he dieu
hanh khac nhau. Quan trong hon, c¢6 rat nhiéu thu vien hé trg ML ciing nhu DL
tréen Python. C6 hai thu vién Python chinh thuong duge sit dung trong cudn sach
la numpy va scikit-learn.

Numpy (http://www.numpy.org/) 13 mot thu vién pho bién gitp xt Iy cac phép
toan lien quan dén cac mang nhiéu chiéu, ho trg cac ham gan giii véi dai s6 tuyén
tinh. Néu ban doc chua quen thudc v6i numpy, ban c6 thé tham gia mot khoa
hoc ngén mién phi trén trang web kém theo cudn sach nay (https://fundaml.com).
Ban sé dudc lam quen vé6i cach xit 1§ cac mang nhiéu chiéu véi nhiéu vi du va bai
tap thuc hanh. Cac ki thuat xt Iy mang trong cudn sach nay déu duge dé cap
tai day.

Scikit-learn, hay sklearn (http://scikit-learn.org/), 1a mot thu vien chita day du
cac thuat toan ML co ban va rat dé st dung. Tai liéu cla scikit-learn ciing 1a
mot nguon tham khao chat lugng cho cac ban lam ML. Scikit-learn sé duge dung
trong cudn sach dé kiém chitng céc suy luan toan hoc va cac mo hinh duge xay
dung thong qua numpy.

C6 rat nhiéu thu vien gitp ching ta tao ra cac san pham ML/DL ma khong yéu
cau nhiéu kién thitc toan. Tuy nhién, cudén sich nay huéng t6i viec gitip ban doc
hiéu ban chéit toan hoc ding sau mdi moé hinh trude khi ap dung céc thu vien
sdn c6. Viec stt dung thu vién cling yéu cau kién thitc nhat dinh vé viéc lya chon
mo hinh va diéu chinh cic tham so.
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Chuong 0. Loi néi dau

0.5. Ma nguodn di kem

Toan bo ma ngudn trong cudn sach cé thé duge tim thiy tai https://goo.gl/
Fb2p4H. Cac file c6 dudi . ipynb la cac Jupyter notebook chita ma nguon. Céac
file c6 duoi .pdf, vad .png la cac hinh vé dugce stt dung trong cudn sach.

0.6. B6 cuc cua cuon sach

Cudn sach nay dugdc chia thanh 8 phan va sé tiép tuc duge cap nhat:

Phan [I| on tap lai nhitng kién thiic quan trong trong dai s6 tuyén tinh, gidi tich
ma tran, xac suat, va hai phuong phap pho bién trong viéc udc lugng tham s6
cho cdc mo hinh ML duya trén thong ke.

Phan [[T| gi6i thieu cac khai niém co ban trong ML, cac k¥ thuat xay dung vector
dic trung cho dit lieu, mot mo hinh ML co ban — hoi quy, va mot hién tuong can
tranh khi xay dung cdc mo hinh ML.

Phan m gitip cac ban lam quen véi cac mo hinh ML khong yéu cau nhiéu kién
thiic toan phiic tap. Qua day, ban doc sé c6 cai nhin so bo vé viéc xay dung cac
mo hinh ML.

Phan [[V| dé cap t6i mot nhém céc thuat toan ML phd bién nhat — mang neuron
nhan tao, 14 nén tang cho cdc mo6 hinh DL phiic tap hién nay. Phan nay ciing gi6i

thieu mot k§ thuat t6i wu pho bién cho céc bai toan t6i wu khong rang buoc.

Phan [V| giéi thieu vé cac ki thuat thuong ding trong cac hé théng goi ¥ sin
pham.

Phan [VI| gidi thiéu cac ki thuat gidm chiéu dit lieu.

Phan trinh bay cu thé hon vé t6i wu, dac biet 1a t6i wu 16i. Cac bai toan t6i
uu 16i ¢6 rang budc cling duge gi6i thieu trong phan nay.

Phan [VIII| gi6i thieu cac thuat toan phan loai dya trén may vector hd tro.
0.7. Cac luu ¥ vé ky hiéu

Céc ky hieu todn hoc trong sach duge mo ta ¢ Bang [0.1] va dau Chuong I} Cac
khung véi font chit c6 cuing chiéu rong duge dung dé chia cac doan ma nguodn.

text in a box with constant width represents source codes.

Cac doan ky tu v6i constant width (c6 cing chidu rong) duge ding dé chi cac
bién, ham s6, chudi,... trong cac doan ma.
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Doéng khung va in nghiéng

Cac khai niém, dinh nghia, dinh ly, va lvu § quan trong dugc dong khung
va 1n nghiéng.

Ky tu phan cdach gitta phan nguyén va phan thdap phan cia cdic s6 thuc la
dau cham (.) thay vi dau phdy (,) nhu trong cdc tai lieu tiéng Viet khdc.
Cach lam nay thong nhat véi cdac tai liéu tiéng Anh va cdc ngon ngi lap
trinh.

0.8. Tham khao thém

C6 nhiéu cudn sach, khoa hoc, website hay vé machine learning/deep learning.
Trong d6, toi xin dac biét nhan manh cac ngudn tham khéo sau:

0.8.1. Khoa hoc

a. Khoa hoc Machine Learning cia Andrew Ng trén Coursera (https://goo.gl/
WBwU3K).

b. Khoa hoc méi Deep Learning Specialization cing cuia Andrew Ng trén Cours-

era (https://goo.gl /ssXfYN).

c. Cac khéa CS224n: Natural Language Processing with Deep Learning (https:
//goo.gl/6XTNkH); CS231n: Convolutional Neural Networks for Visual Recog-
nition (http://cs231n.stanford.edu/); CS246: Mining Massive Data Sets (https:
//goo.gl/ TEMQI9H) ctia Stanford.

0.8.2. Sach

a. C. Bishop, Pattern Recognition and Machine Learning (https://goo.gl/pjgqRr),
Springer, 2006 [Bis06].

b. I. Goodfellow et al., Deep Learning (https://goo.gl/sXaGwV)), MIT press,
2016 [GBCIH].

c. J. Friedman et al., The Elements of Statistical Learning (https://goo.gl/
Qh9EKB), Springer, 2001 [FHTO1].

d. Y. Abu-Mostafa et al., Learning from data (https://goo.gl/SRfNFJ), AML-
Book New York, 2012 [AMMIL12].

e. S. JD Prince, Computer Vision: Models, Learning, and Inference (https://goo.
gl/9Fchf3), Cambridge University Press, 2012 [Pril2].
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f. S. Boyd et al., Convex Optimization (https://goo.gl/NomDpC), Cambridge
university press, 2004 [BV04].

Ngoai ra, cac website Machine Learning Mastery (https://goo.gl/5DwGbU), Py-
imagesearch (https://goo.gl/5DwGbU). Kaggle (https://www.kaggle.com/), Scikit-
learn (http://scikit-learn.org/) ciing 1a cac nguon thong tin httu ich.

0.9. Déng gép y kién

Céc ban c6 thé giii cac déng gop t6i dia chi email vuhuutiep@gmail.com hodc tao
mot GitHub issue méi tai https://goo.gl /zPYWKV.

0.10. Loi cam on

Trude hét, toi xin duge cam on st ing ho va chia sé nhiét tinh ciia ban be trén
Facebook tit nhitng ngay dau ra mat blog. Xin dudc gti 16i cAm on chan thanh
t6i ban doc Machine Learning co ban da dong hanh trong hon mot nam qua.

To6i ciing may man nhan duge nhitng gép ¥ va phan hoi tich cyc tit cac thay co
tai cac truong dai hoc 16n trong va ngoai nude. Xin phép duge gii 16i cam on t6i
thay Pham Ngoc Nam va c¢6 Nguyén Viet Huong (DH Bach Khoa Ha Noi), thay
Ché Viét Nhat Anh (DH Bach Khoa TP.HCM), thay Nguyén Thanh Tung (DH
Thuy Lgi), va thay Tran Duy Trac (DH Johns Hopkins).

Dac biét, xin cdm on Nguyén Hoang Linh va Hoang Diic Huy, Dai hoc Waterloo,
Canada da nhiét tinh gitup toi xay dung trang FundaML.com, cho phép doc gia
hoc Python/Numpy trie tiép trén trinh duyét. Xin cdm on cac ban Nguyén Tién
Cuong, Nguyén Van Giang, Vii Dinh Quyén, Lé Viet Hai, va Dinh Hoang Phong
da gép ¥ stta doi nhiéu diém trong céc ban nhap.

Ngoai ta, cing xin cdm on nhiing ngusi ban than cta toi tai Penn State (DH
bang Pennsylvania) da luén bén canh t6i trong thsi gian toi thiye hién du an, bao
gom gia dinh anh Triéu Thanh Quang, gia dinh anh Tran Qudc Long, ban than
Nguyén Phuong Chi, va cac dong nghiép tai Phong nghién citu Xit Iy Thong tin
va Thuat toan (Information Processing and Algorithm Laboratory, iPAL).

Cudi cling va quan trong nhat, xin gii 10i cAm on sau sic nhat t6i gia dinh toi,
nhitng ngudi luon tng ho vo dieu kién va hé trg toi hét minh trong qua trinh
thyc hién duy an nay.

0.11. Bang cac ky hiéu

Céc ky hiéu sit dung trong sach dugc liét ké trong Bang 4 trang tiép theo.
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Bang 0.1: Cac quy uéc ky hiéu va tén goi dugc st dung trong sach

’ Ky hiéu ‘Y nghia ‘
x,y, N,k |in nghiéng, thudng hodc hoa, 1a cac sé vo huéng
X,y in dam, chi* thuong, la cac vector
X, Y in dam, chit hoa, la cAc ma tran
R tap hop cac sd thuc
N tap hop cac sd tur nhién
C tap hdp cac sd phiic
R™ tap hop cac vector thuc c¢6 m phan tit
R™*™ tap hop cac ma tran thyc ¢c6 m hang, n cot
N tap hop cac ma tran vuong doi xiing bac n
St tap hgp céc ma tran nita xac dinh duong bac n
Sty tap hop cac ma tran xac dinh duong bac n
€ phan tit thuoc tap hop
E ton tai
v moi
2 ky higu 1a/bdi. Vi du a £ f(z) nghia 1a “ky hicu f(z) béi a”.
T phan ti thid i (tinh tir 1) clia vector x
sgn(z) |ham x4c dinh dau. Bing 1 néu = > 0, bing -1 néu = < 0.
exp(z) |e”
log(x) logarit 1 nhién clia s6 thuc duong

argmin f(x)

gia tri ctia  dé ham f(z) dat gid tri nhé nhat

argmax f(x)|gia tri clia 2 dé ham f(z) dat gia tri 16n nhat
aij phan ti hang thit 4, cot thit j clia ma tran A
AT chuyén vi ctia ma tran A
AT chuyén vi lien hgp (Hermitian) ciia ma tran phic A
AT nghich dio clia ma tran vudng A, néu ton tai
AT gia nghich ddo ciia ma tran khong nhat thiét vuong A
AT chuyén vi ctia nghich dao ctia ma tran A, néu ton tai
Ix||p {, norm ciia vector x
|A|lr  |Frobenius norm ciia ma tran A
diag(A) |dudng chéo chinh ciia ma tran A
trace(A) |trace clla ma tran A
det(A) |dinh thic ciia ma tran vudong A
rank(A) |hang cia ma tran A
oW otherwise — trong cac trudng hgp con lai
% dao ham ctia ham s6 f theo z € R
Vxf gradient clia ham s6 f theo x (x Ia vector hodic ma tran)
Vif gradient bac hai cia ham s6 f theo x, con dugc goi 1a Hesse
Hadamard product (elemenwise product). Phép nhan ting phan ti
© ctia hai vector hodc ma tran cung kich thudc.
o~ ti1é véi

dudng nét lien

duong nét duat

dudng nét chdm (dudng chdm cham)

duong cham gach

nén cham

nén soc chéo
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Chuong 1. On tap Dai sé tuyén tinh

Chuong 1

On tap Dai sb6 tuyén tinh

1.1. Luu ¥ vé ky hidu

Trong cubn sach nay, nhitng s6 vo huéng dude biéu dién béi cac chit cai in nghieng
va c6 theé viét hoa, vi du z1, N, y, k. Cac ma tran dugc biéu dién béi cac chit viét
hoa in dam, vi du X, Y, W. Cac vector dugc biéu dién bdi cac chit cai thuong in
dam, vi du y,x;. Néu khong giai thich gi thém, céc vector duge miic dinh hiéu
la cac vector cot.

Déi véi vector, x = [x1, 2, . . ., 7,,] duge hidu 1a mot vector hang, x = [21; To; . . . ; 2]
duge hiéu 1a vector cot. Chi ¥ syt khac nhau giita dau phay (,) va dau cham phay
(;). Day chinh la ky hieu dugec Matlab st dung. Néu khong gidi thich gi them,
mot chit cai viét thuong in dam dude hicu 1a mot vector cot.

Tuong tu, trong ma tran, X = [x1,Xa, .. .,X,] dudc hiéu la céc vector cot x;
dugce dat canh nhau theo thit tu tit trai qua phai dé tao ra ma tran X. Trong khi
X = [X1;Xg; . . . ; X,n] duge hiéu 1a cac vector x; duge dit chong lén nhau theo thi
tu tit tren xuéng dudi dé tao ra ma tran X. Cac vector duge ngam hiéu la c6 kich
thudc phit hop dé c6 thé xép canh hoiic xép chdng lén nhau. Phan t ¢ hang thi

Cho mot ma tran W, néu khong gidi thich gi thém, ta hiéu ring w; 14 vector
cOt thit i clia ma tran d6. Chu ¥ sy tuong ting gitta ky tu viét hoa va viét thuong.

1.2. Chuyén vi va Hermitian

Cho mot ma tran/vector A € R™* " ta n6i B € R™™ la chuyén vi (transpose)
cia A néu b;; = aj;, V1 <i<n,1<j<m.
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Chuyén vi clia ma tran A dudc ky hiéu la AT. Cu thé hon:

x1
T2
X = . = X —[l’lIg...Z‘m],
Tm
a1 a12 ... Ap a1 a1 ... Am1
a21 Q22 ... A2p 12 22 Am2
A= = AT =
Am1 Gm2 - -« Amp Aip A2n -+« Amp

Néu A € R™" thi AT € R™™, Néu AT = A, ta néi A 1a mot ma tran doi zing.

Trong trudng hop vector hay ma tran cé cac phan tit 1a s6 phiic, viéc lay chuyen vi
thuong di kem véi viec 1ay lien hgp phiic. Ttc 1a ngoai viec doi vi trf clia cac phan
tit, ta con lay lien hgp phtic ctia céc phan tit d6. Teén goi ctia phép toan chuyén
vi va lay lien hgp nay con dude goi 1a chuyén vi lién hgp (conjugate transpose),
va thudng duge ky hiéu bing chit H thay cho chit 7. Chuyén vi lién hgp ciia mot
ma tran A duge ky hieu 1a A?, duge doc 1a A Hermitian.

Cho A € C™" tanéi B € C™™ la chuyén vi lien hop ciia A néu b;; = aj;, V1 <
1 <n,1 <75 <m,trong do a la lién hiép phic ctua a.

Vi du:

142 3—4i w [1-2i —i
A‘{ i 2 ]:A _{3+4¢ 2} (1.1)

Néu A, x la cac ma tran va vector thyc thi A7 = AT xf = xT.

Néu chuyén vi lien hgp ctia mot ma tran vuong phitc bang véi chinh no, A7 = A
ta néi ma tran dé la Hermatian.

1.3. Phép nhan hai ma tran

Cho hai ma tran A € R™" B € R"*P, tich ctia hai ma tran dugc ky hiéu la
C = AB € R™? trong d6 phan tit 6 hang thit ¢, cot thit j clia ma tran két qua
duge tinh béi:

Cz’jzzaikbkja Vi<i<m,1<j<p (1.2)
k=1

Dé nhan dugc hai ma tran, sé cot clia ma tran thit nhat phai bing s6 hang ciia
ma tran thit hai. Trong vi du trén, chiing déu bang n.
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Gia stt kich thuée cac ma tran la phit hgp dé cac phép nhan ma tran ton tai, ta
c6 mot vai tinh chat sau:

a. Phép nhan ma tran khong c6 tinh chéat giao hoan. Thong thuong (khong phai
luon luon), AB # BA. Tham chi, trong nhiéu trudng hop, cac phép tinh nay
khong ton tai vi kich thude cadc ma tran lech nhau.

b. Phép nhan ma tran c6 tinh chat két hgp: ABC = (AB)C = A(BC).

c. Phép nhan ma tran c6 tinh chat phan phoi déi véi phép cong: A(B + C) =
AB + AC.

d. Chuyén vi ctia mot tich bang tich céc chuyén vi theo thi tu nguge lai. Diéu
tuong tu xay ra v6i Hermitian ctia mot tich:

(AB)" = BTAT; (AB)" =B"A" (1.3)

Tich trong, hay tich vo hudng (inner product) ctia hai vector x,y € R™ duge dinh
nghia bdi:

X'y =y'x = Zlﬂiyi (1.4)
i=1

Néu tich vo huéng ctia hai vector khac khong bang khong, ta néi hai vector dé6
truc giao (orthogonal).

Cha ¥, xfy va yHx bang nhau khi va chi khi ching 1a céc sb thue.

xx > 0, ¥x € C" vi tich clia mdt s6 phiic véi lien hiép ctia n6 luon 1a mot s6
khong am.

Phép nhan ciia mot ma tran A € R™*™ v6i mot vector x € R™ 1a mot vector
b e R™:
Ax =b, véi b, = A; x (1.5)

v6i A; . la vector hang thit 7 ctia A.
Ngoai ra, c6 mot phép nhan khac dude goi 1a phép nhan tung thanh phan hay
tich Hadamard (Hadamard product) thuong xuyén duge st dung trong machine

learning. Tich Hadamard ctia hai ma tran cung kich thuéc A, B € R™*", dugc
ky hieu la C= A ©® B € R™ ", trong do:

Cij = aijbij (16)
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1.4. Ma tran don vi va ma tran nghich dao
1.4.1. Ma tran don vi

Duong chéo chinh ciia mot ma tran la tap hop cac diém co chi s6 hang va cot
bing nhau. Cach dinh nghia nay ciing c¢6 thé duge ap dung cho mot ma tran
khong vuong. Cu thé, néu A € R™ " thi dudng chéo chinh ciia A bao gdm
{a11, ag2, ..., ap}, trong d6 p = min{m,n}.

Mot ma tran don vi bac n 14 mot ma tran dic biet trong R™ ™ véi cac phan ti
trén duong chéo chinh bing 1, cdc phan ti con lai bang 0. Ma tran don vi thuong
dude ky hieu 1a I. Khi lam viéc véi nhiéu ma tran don vi véi bac khac nhau, ta
thuong ky kiéu I,, cho ma tran don vi bac n. Dudi day la cac ma tran don vi bac
3 va bac 4:

o[
L=10100, L= 1, (1.7)
001 0001

Ma tran don vi c¢6 mot tinh chat dac biet trong phép nhan. Néu A € R™*",
B € R™"™ va I la ma tran don vi bac n, ta c6: A=A, 1IB = B.

V6i moi vector x € R", ta c6 I,x = x.
1.4.2. Ma tran nghich dao

Cho mot ma tran vuong A € R™™ néu ton tai mot ma tran vuong B € R
sao cho AB =1,,, ta n6i A la khd nghich, va B dugc goi 1a ma tran nghich dao
ctia A. Néu khong ton tai ma tran B thod man diéu kién trén, ta néi ring ma
tran A la khong kha nghich.

Néu A kha nghich, ma tran nghich dao ctia n6 duge ky hieu 1a A=1. Ta cing c6:
ATTA=AAT=1 (1.8)

Ma tran nghich dao thuong dudc st dung dé giai he phuong trinh tuyén tinh.
Gia st A € R™" ]a mot ma tran kha nghich va b 14 mot vector bat ky trong R™.
Khi do, phuong trinh:

Ax=Db (1.9)

c6 nghiem duy nhat x = A~'b. That vay, nhan bén trai ca hai vé ctia phuong
trinh v6i A7 tac6 Ax=b < A'Ax=A"'b & x=A"'b.

Néu A khong khéa nghich, tham chi khong vuong, phuong trinh tuyén tinh (1.9)
c6 thé khong c6 nghieém hodc c¢6 vo s6 nghiem.
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Gia st cac ma tran vuong A, B la kha nghich, khi d6 tich ctia ching cling kha
nghich, va (AB)™! = B7'A~!. Quy tdc nay ciing gidng véi cach tinh ma tran
chuyén vi ctia tich cac ma tran.

1.5. Mot vai ma tran dac biét khac
1.5.1. Ma tran dudng chéo

Ma tran duong chéo 1a ma tran ma cac thanh phan khac khong chi nim trén
dudng chéo chinh. Dinh nghia nay ciing c¢6 thé dude a4p dung lén cic ma tran
khong vuong. Ma tran khong (tat ca cdc phan tit bang 0) va don vi 1a cac ma tran

20] [100] |7
duong chéo. Mot vai vi du vé cac ma tran duong chéo: M 5 {O O} , {0 9 0] 102
00

V6i cac ma tran duong chéo vuong, thay vi viét cd ma tran, ta c6 thé chi liet ke
cac thanh phan trén dudng chéo chinh. Vi dy, mot ma tran duong chéo vuong
A € R™™ c6 thé duge ky higu 1a diag(ayy, ass, - - ., Gmm) Vi ag 14 phan tit hang
th 4, cot thit 7 cia ma tran A.

Tich, téng ctia hai ma tran dudng chéo vuong ciing bac la mot ma tran dudong
chéo. Mot ma tran dudng chéo vuong 1a kha nghich khi va chi khi moi phan tit trén
duong chéo chinh ctia n6 khac khong. Nghich dao ciia mot ma tran dudng chéo kha
nghich ciing 1a mot ma tran dudng chéo. Cu thé hon, (diag(ay,as,...,a,))"! =
diag(a;t a5, . .. a;b).

’'n

1.5.2. Ma tran tam giac

Mot ma tran vuong dude goi 1a ma tran tam gide trén néu tat ci cac thanh phan
ndam phia dudi duong chéo chinh bang 0. Tuong tu, mot ma tran vuong dudge goi
1& ma tran tam gidc dudi néu tat cd cac thanh phan nam phia trén duong chéo
chinh bang 0.

Céc he phuong trinh tuyén tinh v6i ma tran he s6 6 dang tam giac (trén hodc
dudi) c6 thé duge gidi ma khong can tinh ma tran nghich ddo. Xét heé:

1171+ Q1T+ - -+ A1 Tp1+  Q1pTp = by
agTo+ -+ Aop_1Tp_2+ A2, T, = Do
(1.10)
p—1,mn—-1Tn—17+ Ap—1nTn = bn—l
ApnLn = bn

Hé nay c6 thé duge viét gon dudi dang Ax = b v6i A la mot ma tran tam giac
tren. Nhan thiy ring phuong trinh nay c6 thé giai ma khong can tinh ma tran
nghich ddo A~'. That vay, ta c6 thé gidi z,, dua vao phuong trinh cudi cling.
Tiép theo, x,_1 c¢6 thé dugc tim bang cach thay z,, vao phuong trinh thit hai ti
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cudi. Tiép tuc qua trinh nay, ta sé c¢6 nghiém cudi ciing x. Qua trinh giai tit cudi
len dau va thay toan bo cac thanh phan da tim dude vao phuong trinh hién tai
duge goi 1a phép thé nguge. Néu ma tran hé sd 14 mot ma tran tam giac duéi, he
phuong trinh c6 thé duge giai bang mot qua trinh ngudce lai — lan lugt tinh z; 16
Ta, ..., T,. Qua trinh nay dudc goi 1a phép thé zuoi.

1.6. Dinh thiic
1.6.1. Dinh nghia

Dinh thtc ciia mot ma tran vuong A duge ky higéu 1a det(A) hodc det A. C6
nhiéu cach dinh nghia khac nhau ctia dinh thiic. Ching ta sé sit dung cach dinh
nghia diyra trén quy nap theo bac n cuia ma tran.

V6i n = 1, det(A) chinh béng phan tit duy nhat ctia ma tran do.
V6i mot ma tran vuodng bac n > 1:

ail a2 ... Qip
21 A2 ... Q2p

A= N = det(A) =) (—1)"aj; det(A;;) (1.11)

n

Jj=1
Ap1 Ap2 - .. Qpp

Trong d6 ¢ 1a mot s tu nhién bat ky trong khoang [1,n] va A;; 1a phan bu dai
50 ctia A ng vdi phan ti & hang i, cot j. Phan bu dai sd6 nay la mot ma trin
con ctia A, nhan dudc tit A bang cach xoa hang thit ¢ va cot thit j clia né. Day
chinh 1a céch tinh dinh thitc dua trén cach khai trién hang thi i ctia ma tra.

1.6.2. Tinh chét

a. det(A) = det(AT): Mot ma tran vuong bat ki va chuyén vi ciia né cé dinh
thitc nhv nhau.

b. Dinh thic cia mot ma tran duong chéo vuong bang tich cdic phan ti trén
duong chéo chinh. Noi cach khac, néu A = diag(ay, as, .. .,a,) thi det(A) =
a1as ...GQyp.

c. Dinh thic ciia mot ma tran don vi bang 1.
d. Dinh thic ciia mot tich bang tich cdc dinh thiic.
det(AB) = det(A) det(B) (1.12)

v6i A, B 1a hai ma tran vuong cting chiéu.

4 Viéc ghi nhé dinh nghia nay khong thuc sy quan trong bing viéc ta cdn nhé mot vai tinh chét cia
né.
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e. Néu mot ma tran cé mot hang hodc mot cot la mot vector 0, thi dinh thic cia
né bang 0.

f. Mot ma tran la kha nghich khi va chi khi dinh thic cia no khac 0.

g. Néu mot ma tran khd nghich, dinh thiic cia ma tran nghich ddo cia né bang
nghich dao dinh thic ciua no.

det(A~1) — detl( A7 V1 det(A) det(A) = det(AA~) = det(1) = 1. (L13)

1.7. T6 hop tuyén tinh, khong gian sinh

1.7.1. T6 hop tuyén tinh

Cho cac vector khac khong ai, ..., a, € R™ va cac s6 thuc x4, ..., z, € R, vector:
b=uza; +12ay + -+ x4, (1.14)
ducc goi lamot to hop tuyén tinh claay, . .., a,. Xét ma tran A = a1, ag,...,a,] €

R™ " v x = [21, Ty, ..., 2,]T, biéu thitc (1.14) c6 thé dugc viét lai thanh b = Ax.
Ta c6 thé néi rang b 13 mot to hop tuyén tinh cac cot ciia A.

Tap hop céc vector c6 thé biéu dién duge dusi dang mot t6 hop tuyén tinh ciia
mot hé vector duge goi la mot khong gian sinh ctia hé vector d6. Khong gian sinh

ctia mot he vector duge ky hiéu la span(ay, . .., a,). Néu phuong trinh:
0:[E181+I’282+"'+I’nan (115)
c6 nghiem duy nhat xy = zo = --+ = x,, = 0, ta n6i rang he {a;,as,...,a,} 1a

mot he doc lap tuyén tinh. Nguoc lai, néu ton tai x; # 0 sao cho phuong trinh
trén thod man, ta noéi rang doé 1a mot hé phu thuoc tuyén tinh.

1.7.2. Tinh chét

a. Mot hé la phu thuoce tuyén tinh khi va chi khi ton tai mot vector trong hé dé la
to hop tuyén tinh cia cdc vector con lai. That vay, gid sit phuong trinh (1.15))
c6 nghiem khac khong, va hé s6 khac khong 1 z;, ta sé co:

—T1 —Ti—1 —Li41 —In
a;+---+ T a1 + A1 T an (116>
i i i i

a; =

tttc a; 14 mot t6 hop tuyén tinh ctia cac vector con lai.

b. Tap con khdc rong ciia mot hé doc lap tuyén tinh la mot hé doc lap tuyén tinh.
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c. Cdc cot cia mot ma tran khd nghich tao thanh mot hé doc lap tuyén tinh.

Gia st ma tran A kha nghich, phuong trinh Ax = 0 c¢6 nghiém duy nhat
x = A710 = 0. Vi vay, cac cot ciia A tao thanh mot hé doc lap tuyén tinh.

d. Néu A la mot ma tran cao, tic s6 hang lon hon s6 cot, m > n, ton tai vector
b sao cho phuong trinh Ax = b vo nghiém.

Viéc nay c6 thé hinh dung duge trong khong gian ba chiéu. Khong gian sinh
cia mot vector 1a mot dudng thing, khong gian sinh ciia hai vector doc lap
tuyén tinh la mot mit phang, tic chi bieu dién duge cac vector nam trong
mat phang dé6. No6i cach khéc, véi it hon ba vector, ta khong thé biéu dién
dugc moi diém trong khong gian ba chiéu.

Ta ciing c6 thé chiing minh tinh chat nay bing phan ching. Gia st moi vector
trong khong gian m chiéu déu nam trong khong gian sinh ctia n vector cot ctia
mot ma tran A. Xét cac cot ciia ma tran don vi bac m. Vi moi c¢ot ciia ma
tran nay déu c6 thé biéu dién dudi dang mot t6 hop tuyén tinh ctia n vector
da cho nén phuong trinh AX = I ¢6 nghiém. Néu thém céc vector cot bang 0
vao A va cac vector hang bing 0 vio X dé dugc cdc ma tran vuong, ta sé cé

[A 0} Fg] = AX = 1. Viéc nay chi ra ring [A O} la m6t ma tran kha nghich.
Day la mot diéu vo 1y vi dinh thiic ctia [A 0] bang 0.

e. Néun > m, n vector bat ky trong khong gian m chiéu tao thanh mot hé phu
thuoc tuyén tinh.

That vay, gid st {ay,...,a, € R™} 1a mot he doc lap tuyén tinh véi n > m.
Khi d6 tap con ctia né {ai,...,a,,} cing la mot he doc 1ap tuyén tinh, suy ra
A = [ay,...,a,] |3 mot ma tran kha nghich. Khi d6 phuong trinh Ax = a,, 1
c6 nghiem x = A~'a,,,;. Néi cach khac, a,,41 13 mot to hop tuyén tinh ctia
{a;,...,a,}. Diéu nay mau thuan véi gia thiét phan ching.

1.7.3. Co s cia mot khong gian

Mot he cac vector {ay,...,a,} trong khong gian vector m chiéu V = R™ dugc
goi 1a mot co sd néu hai diéu kien sau thod man:

a. V =span(ay,...,a,)

b. {a;,...,a,} 1a mot he doc lap tuyén tinh.
Khi d6, moi vector b € V déu cé thé biéu dién duy nhdat dudi dang mot to hop

tuyén tinh clia cac a;. Tu hai tinh chat cudi 6 Muc ta c6 thé suy ra ring
m=n.
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1.7.4. Range va Null space
V6i moi A € R™*™, ¢6 hai khong gian con quan trong ing véi ma tran nay.
Range cua A, ky hiéu 1a R(A), duge dinh nghia béi

RA)={yeR":Ix e R" Ax =y} (1.17)
No6i céch khac, R(A) chinh la khong gian sinh ctia cac cot cia A. R(A) la mot
khong gian con ctia R™ v6i s6 chiéu bang s6 lugng 16n nhat cac cot doc lap tuyén
tinh cua A.
Null ctia A, ky hieu 1a N (A), duge dinh nghia bdi

N(A)={xeR": Ax =0} (1.18)

Mbi vector trong N (A) tuong tng v6i mot bo cac hé s6 lam cho té hop tuyén
tinh cac cot cia A biang vector 0. N(A) c6 thé duge chitng minh 14 mot khong
gian con trong R™. Khi cac cot cia A 1a doc lap tuyén tinh, phan tit duy nhat

cia N(A)lax=A"10=0.

R(A) va N(A) la cac khong gian con vector véi s6 chiéu lan lugt 1a dim(R(A))
va dim(AN(A)), ta c6 tinh chit quan trong sau day:

dim(R(A)) + dim(N(A)) =n (1.19)

1.8. Hang cua ma tran

Hang cia mot ma tran A € R™ " ky hi¢u la rank(A), duge dinh nghia 1a s6
luong 16n nhat cac cot clia né tao thanh mot hé doc lap tuyén tinh.

Duéi day 1a cac tinh chat quan trong ctia hang.

a. Mot ma tran cé hang bang 0 khi va chi khi né la ma tran 0.
b. Hang ciia mot ma tran bang hang ctia ma tran chuyén vi.
rank(A) = rank(A”)
No6i cach khac, s6 lugng 16n nhat cic cot doc lap tuyén tinh clla mot ma tran
bang véi s6 lugng 16n nhat cac hang doc lap tuyén tinh ctia ma tran d6. T
day ta suy ra tinh chat duéi day.

c. Hang ctia mot ma tran khong thé lon hon sé hang hodc s6 cot ctia no.

Néu A € R™*™ thi rank(A) < min(m,n).
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d. Hang ciia mot tich khong vugt qud hang ciia moi ma tran nhan ti.

rank(AB) < min(rank(A), rank(B))

e. Hang ciia mot tong khong vugt qud tong cic hang.
rank(A + B) < rank(A) + rank(B) (1.20)

Diéu nay chi ra ring mot ma tran c6 hang bang k khong thé duge biéu dién
duéi dang tong ctia it hon k& ma tran c6 hang bang 1. Trong Chuong ching
ta sé thay ring mot ma tran c6 hang bang k c6 thé biéu dién duge dudi dang
ding k ma tran c6 hang bang 1.

f. Bat dang thic Sylvester vé hang: néu A € R™*" B € R™**, thi
rank(A) + rank(B) —n < rank(AB)

Xét mot ma tran vuong A € R™, hai dieu kién bat ky trong cac dieu kien duéi
day la tuong duong;:

e A ]34 mot ma tran kha nghich. e det(A) # 0.

e Céc cot cia A tao thanh mot co s6 e rank(A) =n
trong khong gian n chiéu.

1.9. Hé truc chuan, ma tran truc giao

1.9.1. Dinh nghia

Mot hé co s6 {ug,uy,...,u, € R™} dugc goi 1a tric giao néu mdi vector khac
khong va tich vo huéng ciia hai vector khac nhau bat ky bang khong:
W, #0; wWu=0vV1<i#j<m (1.21)
Mot he co sé {uy, uy, ..., u, € R™} dugc goi la trie chudn néu né 1a mot hé truc
giao va do dai Euclid (xem thém Muc|1.14.1) ctia mdi vector bang 1:
1 néui=yj
T
S = L0 1.22
i 1 { 0 néui # j (1.22)

Goi U = [uy, Uy, ..., w,] vé6i {uj,uy,...,u, € R™} 1a truc chuan. T (1.22)) ta
c6 thé suy ra:

Uu’ =U'U=1 (1.23)
trong d6 I 1a ma tran don vi bac m. Néu mot ma tran thod mén diéu kien ((1.23)),
ta goi n6 la mot ma tran truc giao. Ma tran loai nay khong dugc goi la ma tran
truc chucfn, khong c6 dinh nghia cho ma tran truc chuan.

Néu mot ma tran vuong phitc U thod man UUH = UYU =1, ta néi rang U 1a
mot ma tran unitary.
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1.9.2. Tinh chéat
a. Nghich dao ciua mot ma tran truc giao chinh la chuyén v cua no.
Uu't=0U"
b. Néu U la mot ma tran truc giao thi chuyén vi ctia né UT cing la mot ma
tran truc giao.
c. Dinh thitc ciia mot ma tran truc giao bang 1 hodc —1.

Di¢u nay c6 thé suy ra tit viec det(U) = det(UT) va det(U)det(UT) =
det(I) = 1.

d. Ma tran truc giao thé hién cho phép woay mot vector (xem thém muc [1.10)).

Gia st ¢6 hai vector x,y € R™ va mot ma tran tric giao U € R™*™. Dung
ma tran nay dé xoay hai vector trén ta dugc Ux, Uy. Tich vo huéng ctia hai
vector mdi la:

(Ux)"(Uy) =x"U"Uy =x"y
nhu vay phép zoay khong lam thay doi tich vo hudng gitia hai vector.
e. Giast U € R™ " r < m la mot ma tran con ciia ma tran tryc giao U duge

tao bdi r cot ctia U, ta s6 c6 UTU = I,.. Viec nay c6 thé duge suy ra tir (1.22).

1.10. Biéu dién vector trong cac hé cd sé khac nhau

Trong khong gian m chiéu, toa do ctia mdi diém dude xac dinh dua trén mot he

toa do nao do. O céc he toa do khac nhau, toa do ctia mdi diém ciing khac nhau.

Tap hop cac vector eq, . . ., e, ma mdi vector e; c6 ding 1 phan tit khac 0 6 thanh
phan thit ¢ va phan tit d6 bang 1, duge goi la hé co sd don vi (hodc hé don vi, hodic
hé chinh tac) trong khong gian m chiéu. Néu xép cac vector e;,1 = 1,2,...,m
canh nhau theo ding thit tu do, ta sé duge ma tran don vi m chiéu.

Mbi vector cot X = [z1, T3, ..., 2] € R™ c¢6 thé coi la mot 6 hgp tuyén tinh ciia
cac vector trong hé co s chinh tac:

X =T1€1 + To€y + - + Tm€m (124)

Gia st c6 mot hée co sé doc lap tuyén tinh khac uy, us, ..., u,,. Trong hé co sé
mdéi nay, x dude viét dusi dang

X =y + Yol + - + YUy, :Uy (125)
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Hinh 1.1. Chuyén d&i toa dé

€2 ‘ A 2 p
trong cdc hé co sd khac nhau.
x Uig Trong hé toa d6 Oe; e, x cb toa do
-l Y " Ay
us L2 , 0?}1 la (21, z2). Trong hé toa d6 Ouju,,
S 4 / Ve A N
. S ‘ x ¢6 toa d6 13 (y2,y2).
~ /
\\\ I, //
N ’
~ y 7/
N ’
yf: ’ L e
O L1
voi U = [u; ... u,]. Lac nay, vector y = [y1, 92, ..., Ym]” chinh la biéu dién cta

x trong hé co s6 méi. Biéu dién nay la duy nhat viy = U™'x.

Trong cac ma tran déng vai tro nhu hé co sé, cac ma tran truc giao, titc UTU = 1,
duge quan tam nhiéu hon vi nghich ddo va chuyén vi ctia ching bing nhau,
U~! = UT. Khi d6, y c6 the dugc tinh mot cach nhanh chéng y = UTx. Tt d6
suy ra y; = x1u; = ulx,i = 1,...,m. Duéi géc nhin hinh hoc, hé tryc giao tao
thanh mot hé truc toa do Descartes vuong goc. Hinh 1a mot vi du ve viec

chuyén hé co s6 trong khong gian hai chiéu.
C6 thé nhan thay ring vector 0 dugc bieéu dién nhu nhau trong moi hé co sé.

Viéc chuyén déi hé co s6 st dung ma tran truc giao ¢6 thé duge coi nhu mot phép
xoay truc toa do. Nhin theo moét cach khac, day cling chinh la mot phép xoay
vector dit lieu theo chiéu ngugc lai, néu ta coi cac truc toa do 1a c¢d dinh. Trong
Chuong , chiing ta sé thay mot ng dung quan trong ciia viéc doi hé co sé.

1.11. Tri riéng va vector riéng

1.11.1. Dinh nghia

Cho mot ma tran vuong A € R™" mot vector x € C*(x # 0) va mot s6 vo
huéng A € C. Néu
Ax = )x, (1.26)

ta noi A la mot tr; riéng cia A, x 1a mot vector riéng tng véi tri rieng .

Tu dinh nghia ta ciing ¢6 (A — AXI)x = 0, ttic x 14 mot vector nam trong khong
gian N (A — MI). Vi x # 0, ta ¢c6 A — AI 1a mot ma tran khong kha nghich. N6i
cach khac det(A — AI) = 0, tic A la nghiém cta phuong trinh det(A — ¢I) = 0.
Dinh thic nay la mot da thiic bac n cta t. Da thic nay con duge goi la da thic
ddc trung ctia A, duge ky hiéu 1a pa(t). Tap hop tat ca céc tri rieng clia mot
ma tran vuong con dudc goi la ph5 cia ma tran do.
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1.11.2. Tinh chét

a. Gid st A 1a mot tri rieng cuia A € C™*", dat E\(A) la tap cac vector riéng
ng véi tri rieng A dé. Ban doc ¢6 thé chiing minh duge:

e Néux € E)\(A) thi kx € EA(A),VIC e C.
e Néu X1,X2 € E)\(A) thi x; +x9 € EA(A)

T do suy ra tap hop cac vector riéng ing vdr mot tri riéng cia mot ma trgn
vuong tao thanh mot khong gian vector con, thuong duge goi la khong gian
riéng ing vdi tri rieng do.

. ~ A ~ X ) . RPN 2 2 7o N P
b. Moi ma tran vuong bac n déu co n tri riéng, ké ca lap va phic.
c. Tich cia tat ca cdc tri riéng clia mot ma tran bing dinh thic ciia ma tran do.

Tong tat cd cdc tri rieng cia mot ma tran bang tong cdac phan ti trén duong
chéo cia ma tran do.

d. Pho ciia mot ma tran bing pho ciia ma tran chuyén vi clia né.

e. Neu A, B la cic ma tran vuong cung bic thi pag(t) = pea(t). Nhu vay, tuy
AB c6 thé khac BA, da thiic dac trung cia AB va BA luon bang nhau nhau.
Tic pho ctia hai tich nay la triing nhau.

f. Tat cd cdc tri riéng cia mot ma tran Hermitian la cdc so thuc. That vay, gia
st A la mot tri riéng cuia mot ma tran Hermitian A va x la mot vector riéng
ung v6i tri rieng d6. Tu dinh nghia ta suy ra:

Ax = x = (Ax) = &M = P =x"AT =xTA (1.27)
v6i A 1a lien hiép phic ctia s6 vo huéng A. Nhan ca hai vé vao bén phai véi x

ta co: B B
Mxfx =xTAx = A&xPx = (A - A\xx =0 (1.28)

vi x # 0 nén xx # 0. Tt d6 suy ra A = A, titc A phai la mot s6 thue.

g. Néu (), x) 1a mot cap tri rieng, vector riéng clia mot ma tran kha nghich A, thi

1
(X’ x) 1a mot cap tri rieng, vector rieng ciia A7, vi Ax = \x = = A 'x.

1.12. Chéo hoa ma tran

Viéc phan tich mot dai lugng toan hoc ra thanh cac dai lugng nhd hon mang lai
nhiéu hiéu qua. Phan tich mot s6 thanh tich céc thita sé nguyén t6 gitp kiém tra
mot 6 c6 bao nhieu uéc s6. Phan tich da thic thanh nhan ti gitp tim nghiem
cua da thic. Viéc phan tich mot ma tran thanh tich cia cac ma tran dac biét
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cling mang lai nhiéu l¢i ich trong viéc gidi hé phuong trinh tuyén tinh, tinh luy
thita clla ma tran, xap xi ma tran,... Trong muc nay, ching ta sé on lai mot
phuong phap phéan tich ma tran quen thudc cé tén la chéo hod ma tran.

Gia st x1,...,x, # 0 la cic vector riéng ciia mot ma tran vudong A tng véi cac
tri riéng lap hoac phic Ay, ..., A\t Ax; = \x;, Vi=1,...,n.

bat A = diag(A, Ay, ..., Ay), va X = [xl,XQ, e ,xn}, ta sé c6 AX = XA. Hon
nita, néu cac tri rieng x, . .., X, 1a doc lap tuyén tinh, ma tran X 1l mot ma tran
kha nghich. Khi d6 ta c6 thé viét A dudi dang tich ciia ba ma tran:

A =XAX! (1.29)

Cac vector riéng x; thuong duge chon sao cho XZTXZ' — 1. C4ch biéu dién mot ma
tran nhu (1.29) duge goi 1a phép phan tich tri riéng.

Ma tran céc tri rieng A la mot ma tran dudng chéo. Vi vay, cach khai trién nay
ciing ¢ tén goi 1a chéo hod ma tran. Néu ma tran A c6 thé phan tich duge dudi
dang ([1.29), ta noi rang A 1a chéo hod dugc.

1.12.1. Luu ¥

a. Khai niém chéo hoa ma tran chi 4p dung v6i ma tran vuong. Vi khong c¢6 dinh
nghia vector riéng hay tri riéng cho ma tran khong vuong.

b. Khong phai ma tran vudong nao ciing chéo hoa duge. Mot ma tran vuong bac
n chéo hoa duge khi va chi khi né c¢6 di n vector rieng doc 1ap tuyén tinh.

c. Néu mot ma tran 1a chéo hod dude, c6 nhiéu hon mét cach chéo hoa ma tran

2 3 X 2. . - 2 2 N . - . 2 ~ 2 ~ 2

d6. Chi can doi vi tri cua cac \; va vi tri tuong ng cac cot cia X, ta sé ¢o
mot cach chéo hoa mdi.

d. Néu A c6 thé viét duge dusi dang (1.29)), khi do cac luy thita ¢ né ciing chéo
hoa duge. Cu the:

A? = (XAXH(XAX ™) = XA2X " AP =XA"X! VEe N  (1.30)
Xin chd ¥ rang néu A va x 1a mot cap tri riéng, vector rieng ctia A, thi \¥ va
x 1a mot cap tri rieng, vector rieng ctia A*. That vay, AFx = Akil(AX) =

MAFIx = ..o = Nex,

e. Néu A kha nghich, thi A™! = (XAX )7 = XA1XL
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1.13. Ma tran xac dinh duong
1.13.1. Dinh nghia
Mot ma tran doi X{m A € R™" dudc goi 1a zdc dinh duong néu:

xTAx > 0,Vx € R" x # 0. (1.31)
Mot ma tran déi xing A € R™" dudc goi 1a nia zdc dinh duong néu:

xTAx > 0,¥x € R",x # 0. (1.32)
Trén thiyc té, ma tran nita xac dinh duong dude st dung nhiéu hon.
Ma tran zdc dinh am va nia zdc dinh am cing duge dinh nghia tuong t.

Ky hieu A = 0,> 0, < 0, < 0 lan lugt dé chi mot ma tran la xac dinh duong, nita
xac dinh duong, xac dinh am, va nita xac dinh am. Ky hiéu A > B ciing dugc
diing dé chi ra ring A — B > 0.

1

Vidy, A = {_1

—1 o o . .
1 } la nita xac dinh duong vi v6i moi vector x = {Z] , ta co:
1 -1

X Ax = [u] {_1 :

] [:j] =u? 4+ v —2uv = (u—v)*>0,Vu,v €R (1.33)

Mé rong, mot ma tran Hermitian A € C™ " 1a xac dinh duong néu
xTAx > 0,Vx € C",x # 0. (1.34)

Cac khai niém nita xac dinh duong, xac dinh am, va nita xac dinh duong ciing
duge dinh nghia tuwong tir cho cac ma tran Hermitian.

1.13.2. Tinh chét

a. Moi tri riéng cia mot ma tran Hermitian zdc dinh duong déu la mot so thuc
duwong. Trude hét, cac tri rieng ctia mot ma tran Hermitian 1a cac s6 thuc. Dé
chiing minh chtng la cac sd thuyc duong, ta gia st A 13 mot tri rieng ctia mot
ma tran xac dinh duong A va x # 0 la mot vector riéng ting véi tri riéng do.
Nhan vao bén trai ca hai vé cia Ax = \x véi x ta co:

Mxx = x#Ax > 0 (1.35)
Vi Vx # 0,xx > 0 nén ta phai c6 A > 0. Tuong ti, ta c6 thé chiing minh
duge rang moi tri riéng clia mot ma tran nita xac dinh duong 1a khong am.

5 Chu ¥, ton tai nhitng ma tran khong déi xing thod man diéu kien (1.31)). Ta sé khong xét nhitng ma
tran ndy trong cudn sach.
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b. Moi ma tran zdc dinh duong déu khd nghich. Hon nita, dinh thic cia né la
mot so duong. Dieu nay dugdce tric tiép suy ra tir tinh chat (a). Nhic lai ring
dinh thiic clia mot ma tran bang tich tat ca cac tri riéng ctia no.

c. Tieu chuan Sylvester. Trudc hét, ching ta lam quen véi hai khai niem: ma
tran con chinh va ma tran con chinh trudc.

Gia st A 1a mot ma tran vuong bac n. Goi Z 1a mot tap con khac rong bat ky
ctia {1,2,...,n}, ky hieu Az dé chi mot ma tran con ctia A nhan dugdc bing
cach trich ra cac hang va cot c6 chi s nam trong Z ctia A. Khi d6, A7 duge
goi 1a mot ma tran con chinh ctiia A. Néu Z chi bao gom céc s6 tir nhién lien
tiép ti 1 dén k < n, ta néi Az 1a mot ma tran con chinh trude bac k cltia A.

Tieu chuan Sylvester néi rang: Mot ma tran Hermitian la zdc dinh duong khi
va chi khi moi ma tran con chinh trudc cia no la xac dinh duong.

Cac ma tran Hermitian nita xac dinh duong can dieu kién chat hon: Mot ma
tran Hermitian la nida xac dinh duong khi va chi khi moi ma tran con chinh
cua no la nia wac dinh duong.

d. Véi moi ma tran B khong nhat thiét vuong, ma tran A = BB la nia zdc
dinh duong. That vay, v6i moi vector x # 0 v6i chieu phit hop, x7Ax =
xfB#Bx = (Bx)(Bx) > 0.

e. Phan tich Cholesky: Moi ma tran Hermitian nia xdc dinh duong A déu biéu
dién duge duy nhat dudi dang A = LLT voi L la mot ma tran tam gidc dudi
vdi cde thanh phan trén duong chéo la thuc duong.

f. Néu A la mot ma tran nia zdc dinh duong thi xT Ax =0 < Ax = 0.

Néu Ax = 0, dé thay xTAx = 0. Néu x’Ax = 0, véi y # 0 bat ky c6 cling
kich thude véi x, xét ham sb

fO) = x+2)TAx + )y) (1.36)

Ham s6 nay khong am v6i moi A vi A 1a mot ma tran nita xac dinh duong.
Day la mot tam thitc bac hai cua A:

FO) =y AyA + 2y AxA + x"Ax = yTAy 2 + 2yTAxA  (1.37)
Xét hai truong hop:
e y'Ay = 0. Khi d6, f(\) = 2yTAx\ > 0,V khi v& chi khi y"Ax = 0.

e y'Ay > 0. Khi d6 tam thtic bac hai f(\) > 0,V\ xdy ra khi v& chi khi
A’ = (y'Ax)? < 0. Diéu nay cling dong nghia véi viec y? Ax = 0

Tém lai, y’Ax = 0, Vy # 0. Diéu nay chi xdy ra néu Ax = 0.
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1.14. Chuan

Trong khong gian mot chiéu, khoang cach giita hai diém la tri tuyet doi ctia hieu
giita hai gia tri d6. Trong khong gian hai chiéu, tic mit phang, ching ta thuong
ding khoang céch Euclid dé do khoang céach giita hai diém. Khoang cach Euclid
chinh 1& do dai doan théng néi hai diém trong mat phéng. Doi khi, dé di tit mot
diém nay t6i mot diém kia, ching ta khong thé di bing dudng thang vi con phu
thuoc vao hinh dang dudng di néi giita hai diem.

Viéc do khoang cach gitta hai diém dit liéu nhiéu chiéu rat can thiét trong machine
learning. Day chinh la 1y do khai niém chuan (norm) ra doi. Dé xac dinh khoang
cach gitta hai vector y va z, ngudi ta thuong 4p dung mot ham s6 lén vector hiéu
X =y — z. Ham s6 nay can c6 mot vai tinh chat dac biét.

Dinh nghia 1.1: Chuan — Norm

ot ham s6 f : R® — R dudc goi 1a mot chuan néu né théa man ba diéu
kién sau day:

a. f(x) > 0. Dau bang xdy ra < x = 0.

b. f(ax) = |a|f(x), VaeR

c. f(x1)+ f(x2) > f(x1+%x2), Vxi1,%9 € R"

Diéu kién a) 1a d& hiéu vi khodng cach khong thé 14 mot s6 am. Hon nita, khoéng
cach giita hai diém y va z bang 0 khi va chi khi hai diém dé triing nhau, tic
x=y—z=0.

Diéu kién b) ciing c6 thé dugc ly giai nhu sau. Néu ba diém y, v va z thang hang,
hon nita v — y = a(v — z) thi khodng céch gitta v va y gap |a| lan khoang céch
gitta v va z.

Diéu kién c¢) chinh la bat dang thitc tam gidc néu ta coi x; =y — W, Xo =W — 2
v6i w 1a mot diém bat ky trong ciing khong gian.

1.14.1. Mot s6 chuan vector thudng dung

Do dai Euclid ctia mot vector x € R” chinh 1a mot chuan, chuén nay duge goi la
chuén ¢5 hoic chuan Euclid:

lclle = /a3 +af+ - + a2 (1.38)
Binh phuong ciia chuan ¢, chinh la tich vo huéng ctia mot vector véi chinh né,
13 = x"x.
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4 Hinh 1.2. Minh hoa chuin ¢, va
Ix —ylli = |z1 — y1| + |22 — o chudn ¢, trong khong gian hai chiu.
x Chuan ¢, chinh I3 khodng cich Euclid.
e Trgng khi dé chusn Elvlé quang dudng
R7A ngan nhat gitta hai diém néu chi dugc

di theo cac dudng song song véi cac
|1 — 1] y truc toa dé.

ot -

et — ]

Yar-

N

\4

Ty Y1

Véi p 1a mot s6 khong nhoé hon 1 bat ky, ham s6:
1
[xllp = (lza]” + [z2]” + .. [2a]")? (1.39)

dugc chiing minh théa man ba diéu kién ctia chuan, va duge goi 1a chuan £,,.

Du6i day 1a mot vai gia tri ctia p thuong duge dung.

a. Khi p = 2, ta ¢6 chuan ¢, nhu & trén.

b. Khi p =1, ta ¢6 chuan ¢;: ||x||; = |z1] + |z2| + -+ + |2,] 12 tong cdc tri tuyet
dé6i clia ting phan ti clia x. Hinh la mot vi du sanh chuan ¢; va chuan
{5 trong khong gian hai chiéu. Chuan ¢ chinh 1a khoang céch Euclid gita x
v y. Trong khi d6, khoang céch chuan /; giita hai diém nay (duong gap khiic
xzy) c¢6 thé dién gidi nhu 14 quiang duong tit x t6i y néu chi duge phép di
song song vdi cac truc toa do.

c. Khi p — oo, gid sit i = arg max;j_; 2, |z;|. Khi do:

p p p

1
z Ti— T T, [P\ ?
Ixllp = [z (1+]—1 el 2
xT; ZT; €T; Z;
Ta thay rang
1
P P e N
lim <1_|_‘ﬂ 4+t Li-1 Lit1 _|_...+ﬁ ) =1 (1.41)
P00 i i i T
vi dai lugng trong dau ngodc don khong vuct qua n. Ta c6
PN - ,
Il 2 lim [, = Jo = max | (142

1.14.2. Chuan Frobenius ctia ma tran

V6i mot ma tran A € R™ ", chuan thuong duge dung nhat 1a chuan Frobenius,
ky hieu 1a ||A| r, 1 cin bac hai clia tong binh phuong tat ca cac phan ti clia no:
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Chii ¥ ring chuan £y, ||Al|2, 14 mot chuan khac clia ma tran, khong pho bién bing
chuan Frobenius. Ban doc ¢6 thé xem chuan /¢, ctia ma tran trong Phu luc .

1.15. Vét

Vét (trace) cia mot ma tran vuong A duge ky hiéu la trace(A), 1a tong tat ca
cac phan tit trén duong chéo chinh ctia n6. Ham vét xac dinh trén tap cac ma
tran vuong dude sit dung nhiéu trong téi wu vi né c6 nhitng tinh chat dep.

Cac tinh chat quan trong ctia ham vét, v6i gid sit rdng cac ma tran trong ham
vét 1a vuong va cac phép nhan ma tran thuc hien dugc:

a. Mot ma tran vuong bat ky va chuyén vi ciia né cé vét bang nhau: trace(A) =
trace(AT). Viéc nay dugdc suy ra tit viec phép chuyén vi khong lam thay doi
cac phan tit trén duong chéo chinh ciia mot ma tran.

b. Vét ciia mot tong bang tong cdc vét:
k k
trace(z A) = Z trace(A;)
i=1 i=1
c. trace(kA) = ktrace(A) v6i k 1a mot s6 vo hudéng bat ky.

d. trace(A) = Zil A; vOi A 14 mot ma tran vuong va A\;,i = 1,2,..., N 1a toan
bo céc tri riéng ctua noé, co thé 1ip hoiic phiic. Viéc chting minh tinh chat nay
c6 thé duge dya trén ma tran dac trung ciia A va dinh 1y Viete.

e. trace(AB) = trace(BA). Dang thiic nay dugc suy ra tit viéc da thiic dic
trung ciia AB va BA la nhu nhau. Ban doc ciing c¢6 thé ching minh bing
cach tinh tryc tiép cac phan tit trén duong chéo chinh ctia AB va BA.

f. trace(ABC) = trace(BCA), nhung trace(ABC) khong dong nhat véi trace(ACB).
g. Néu X 13 mot ma tran kha nghich cling chiéu v6i A thi
trace(XAX 1) = trace(X 'XA) = trace(A)

h. ||A||% = trace(ATA) = trace(AAT) v6i A 1a mot ma tran bat ky. T day ta
ciing suy ra trace(AAT) > 0 véi moi ma tran A.
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Chuong 2

Giai tich ma tran

Gia stt rang cic gradient ton tai trong toan bo chuong. Tai lieu tham khao chinh
cia chuong 1a Matriz calculus — Stanford (https://goo.gl/BjTPLr).

2.1. Gradient ctia ham tra vé mot s6 vo huéng

Gradient bac nhat (first-order gradient) hay viét gon la gradient ctia mot ham s6
f(x) : R™ = R theo x, ky hieu 1a V f(x), duge dinh nghia bdi

[ 0f(x) ]

(91’1
0f(x)

Vif(x)2 | 972 | eRm, (2.1)

af(x)
L Oz, -

of(x . N ‘
trong do % la dao ham riéng ciia ham so theo thanh phan thit ¢ ctia vector x.

1
Dao ham nay dugc tinh khi tat ci cac bién, ngoai z;, dude gia st 1a hang s6. Néu
khong c6 them bién nao khac, V, f(x) thuong duge viét gon 1a V f(x). Gradient
ctia ham s6 nay la mot vector cé cling chiéu vé6i vector dang dude lay gradient.
Titc néu vector dude viét § dang cot thi gradient cling phai dude viét & dang cot.

Gradient bac hai (second-order gradient) ctia ham s6 trén con duge goi la Hesse
(Hessian) va dugc dinh nghia nhu sau:
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Prx) Pfx)  Pf(x)]

0r?  Ox10xy ~ Ox101y
0*f(x) 0*f(x) 0? f(x)
V2f(x) £ Owy0xy  0x3 ~ Ox9dzy, c s (2.2)

P f(x) PPflx)  Pf(x)
0r,0x1 0x,0x9 ~  Ox2

Gradient clia mot ham s6 f(X) : R™™ — R theo ma tran X dugc dinh nghia 1a

[ 0f(X) 0f(X)  Of(X)]

8x11 81312 o axlm
07(X) 0f(X)  9F(X)
VIX)=| Ova Owxn Otom | ¢ Rrxm (2.3)

f(X) 9f(X)  9f(X)

- axnl 8an aq}nm -

Gradient ciia ham so f : R™™ — R la mot ma tran trong R™*™,

Cu thé, dé tinh gradient ctia mot ham f : R™*™ — R, ta tinh dao ham riéng ciia
ham s6 d6 theo titng thanh phan ciia ma tran khi toan bo cac thanh phan khac
dude gia st 1a hang s6. Tiép theo, ta sip xép cac dao ham riéng tinh duge theo
ding tht tu trong ma tran.

Vi dy: Xét ham s6 f : R? —» R, f(x) = 2% + 22129 + sin(z;) + 2. Gradient bac
nhét theo x ctia ham s6 do 1a

8f_(x) 211 + 2x9 + cos(zy)
Vi) =| Jn | =
97 (x) .
aZL’Q !

Gradient bac hai theo x, hay Hesse la

*f(x) 0f*(x)
8m% 8x18x2 2- Sin(zl) 2

VQ X) = =
TP 240 o) .
Or90x1 O3
Chu y réang Hesse luon 13 mot ma tran déi xing.
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2.2. Gradient ciia ham tra veé vector

Nhitng ham s6 ma dau ra la mot vector duge goi 1a ham trd vé vector (vector-
valued function).

Xét mot ham tra vé vector véi dau vao 1a mot s6 thyce v(z) : R — R™

Gradient ctia ham s6 nay theo z 13 mot vector hang nhu sau:

Vo(z) 2 [(%1(95) vy () 8vn(x)] . (2.5)
ox or = Ox
Gradient bac hai ctia ham s6 nay c6 dang:
Vi(z) 0?v1(x) O?vy(x) 0?v,, () (2.6)
| 022 or2 T a2 | .

Vi du: Cho mot vector a € R" va mot ham s6 tra vé vector v(x) = za, gradient
va Hesse ctia n6 lan lugt 1a

Vu(z) =a’, V?(r)=0¢c R (2.7)

Xét mot ham tra vé vector véi dau vao 1a mot vector h(x) : R¥ — R", gradient
ctia no6 la

[ Ohi(X) Oha(x)  Ohn(X)]

ox ory Oz
8h16x) Ohy(x) Ohy(x)
Vh(x)£ | Oxy  Oxa  0Ory | = [Vhi(x)... Vh,(x)] € R¥"(2.8)

Ohy(x) Oha(x)  Ohn(x)

Gradient ctia ham s6 g : R™ — R™ la mot ma tran thuoec R™*™,

Gradient bac hai ctia ham s6 trén 13 mot mang ba chiéu. Trong pham vi clia cuén
sach, ching ta sé khong xét gradient bac hai clia cac ham s6 g : R™ — R™.

Trude khi dén phan tinh gradient ctia cac ham s6 thuong gap, ching ta can biét
hai tinh chat quan trong kha giéng véi gradient clia ham mot bién.
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2.3. Tinh chat quan trong cua gradient
2.3.1. Quy tac tich

Gia stt cac bién dau vao 1a mot ma tran va cac ham s ¢6 chiéu phit hop dé phép
nhan ma tran thyc hién duge. Ta cé

V (f(X)Tg(X)) = (Vf(X)) g(X) + (Vg(X)) f(X). (2.9)
Quy tac nay tuwong tu nhu quy tac tinh dao ham ctia tich cac ham f,g: R — R:
(f()g(x)) = f'(x)g(x) + ¢'(x) f(2).

Luu ¥ rang tinh chat giao hoan khong con ding vé6i vector va ma tran, vi vay
nhin chung

V (f(X)"9(X)) # 9(X) (VF(X)) + f(X) (Vg(X)). (2.10)
Biéu thitc bén phai ¢6 thé khong xac dinh khi chiéu ciia caAc ma tran léch nhau.
2.3.2. Quy tac chubi
Quy tac chudi dude 4p dung khi tinh gradient ctia cdc ham hop:

Vxg(f(X)) = (Vxf)(Vyg). (2.11)

Quy tac nay ciing giéng véi quy tac trong ham mot bién:

(g(f(2)))" = f'(z)g'(f)-

Mot luu ¥ nho nhung quan trong khi lam viéc véi tich cac ma tran la sy phu hop
ve kich thuéc clia cdc ma tran trong tich.

2.4. Gradient ctia cac ham sé thudng gap
2.4.1. f(x) = a’x

Gia stt a,x € R, ta viét lai f(x) = alx = ayz1 + aszy + - -+ + ap T

.0
Nhan théy g(x) —a, Yi=1,2....n.

X
Vay, Vx(alx) = [a1 az ... an}T =a.

Ngoai ra, vi a’x = xTa nén V,(x"a) = a.
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2.4.2. f(x) = Ax

Day la mot ham tra vé vector f: R® — R™ véi x € R*, A € R™*", Gi4 sit a; 1a
hang thi ¢ cia ma tran A. Ta c6

a1 x

Tt dinh nghia va cong thic gradient ciia a;x, c6 thé suy ra
Vx(Ax) = [a] a} ...al] = A" (2.12)
Tu day suy ra dao ham ctia ham s6 f(x) = x = Ix la
Vx =1

v6i I 14 ma tran don vi.
2.4.3. f(x) = xTAx

V6i x € R", A € R™" ap dung quy tac tich (2.9) ta ¢
Vf(x)=V((x") (Ax))
=(V(x)) Ax + (V(Ax)) x
=TAx + A'x
= (A + A")x. (2.13)
Tu (2.13) va , ¢6 thé suy ra V2xTAx = AT + A. Néu A 13 mot ma tran
doi xting, ta c6 VxT Ax = 2Ax, VixTAx = 2A.

Néu A 1a ma tran don vi, tiic f(x) = x"Ix = x

Vx| =2x, V?|x|3=2L (2.14)

x = [[x]3, ta c6

2.4.4. f(x) = ||Ax — b||2
C6 hai cach tinh gradient ctia ham s6 nay:

e Cach 1: Trudc hét, khai trién:
f(x)=||Ax — b|3 = (Ax — b)T(Ax —b) = (x" AT — b")(Ax — b)
=x"ATAx — 2b"Ax + b"b.
Lay gradient cho titng sd hang roi cong lai ta c6
V||Ax — b|5 = 2ATAx — 2A"b = 2AT(Ax — b).

e Cach 2: Stt dung V(Ax — b) = AT va V||x||3 = 2x va quy téc chudi (2.11)),
ta ciing sé thu dugc két qua tuong t.
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2.4.5. f(x) = aTxxTb

Viét lai f(x) = (a’x)(x”b) va dung quy téc tich (2.9), ta c6
V(a’xx"b) = ax’b 4 ba’x = ab"x + ba’x = (ab” + ba’)x,

& day ta da st dung tinh chat y'z = z’y.

2.4.6. f(X) = trace(AX)

Gia st A e R X =R™" va B = AX € R"™". Theo dinh nghia cta trace:

f(X) = trace(AX) = trace(B) = Z b = Z Z aji%ji. (2.15)

j=1 i=1

of (X
Tu d6 suy ra —(];( ) _ aji. Theo dinh nghia (2.3)), ta c6 Vxtrace(AX) = AT,
Lij

2.4.7. £(X) = aTXb

Gia stt ring a € R™, X € R™"™ b € R™. Ta c6 thé chitng minh dugc

f(X) = Z Z Tijab;.

i=1 j=1
Tu d6, sit dung dinh nghia (2.3)), ta dat duge

a1b1 a1b2 Ce albn
a2b1 (lgbg Ce agbn

Vx(a'Xb') = . = ab’. (2.16)
ambi ambs ... amby,

2.4.8. F(X) = X2

Gia st X € R™", ta c¢b

XI5 = 303wk = o =20y, = VIX|[} = 2X.

i=1 j=1 J

2.4.9. f(X) = trace(XTAX)

Gia stt rang X = [xl Xy ... xn] € R™ " A € R™*™. Bang cach khai trién
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T T T T
X x; Axy x] Axy ... x7 Ax,
- xJ xTAx; xPAx, ... xPAx,
X'AX = A[Xlxg...,xn]: ,
T T T T
X, x, Ax; x; Ax,y ... X, Ax,

ta tinh dugc trace(XTAX) = >0  x!'Ax;.
Stt dung cong thiic V,,x! Ax; = (A + AT)x;, ta c6

Vxtrace(X'AX) = (A + A7) [x1 x2 ... x,] = (A + AT)X. (2.17)
Béng cach thay A =1, ta ciing thu duge Vxtrace(X?7X) = Vx| X||% = 2X.
2.4.10. f(X) = ||AX — BJ|%
Bang ki thuat hoan toan tuong ti nhu da lam trong Muc , ta thu dugce

Vx||AX — B|% = 2AT(AX — B).

2.5. Bang cac gradient thuong gap

Bang bao gom gradient clia cAc ham s6 thuong gap vé6i bién 1a vector hoic
ma tran.

Béng 2.1: Bang cac gradient co ban.

f(x) V() f(X) Vx f(X)

X trace(X) I

alx a trace(ATX) A

xT Ax (A + AT)x trace(XT AX) (A+AT)X
xI'x = ||x||3 | 2x trace(XTX) = ||X]% | 2X

|Ax — b3 |2AT(Ax —b) || |AX — BJ% 2AT(AX — B)
al(xTx)b | 2a’bx a’Xb ab”

a’xx’b (ab” + ba”)x || trace(ATXB) ABT

2.6. Kiém tra gradient

Viéc tinh gradient ctia ham nhiéu bién thong thuong kha phiic tap va rat dé mac
16i. Trong thuc nghiém, c6 mot cach dé kiém tra lieu gradient tinh dugc c6 chinh
xac khong. Céach nay duya trén dinh nghia ctia dao ham cho ham mot bién.
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2.6.1. Xap xi dao ham citia ham mét bién
Xét cach tinh dao ham ctia ham mot bién theo dinh nghia:

o) — tim L) =),

e—0 g

(2.18)

Trén méay tinh, ta c6 thé chon e rat nhd, vi du 107%, r6i xap xi dao ham nay bdi

flate)— flx)

! ~ .
() ety L) (2.19)
Trén thyec té, cong thidc xap xi dao ham hai phia thuong duge st dung:

2e

Céch tinh nay dugc goi 1la numerical gradient. C6 hai cach giai thich viéc tai sao
cach tinh nhu (2.20) duge st dung rong rai hon:

* Bang gidi tich

St dung khai trién Taylor véi € rat nhd, ta c6 hai xap xi sau:

flx+e) =~ f(x)+ f(x)e + f”2($)52 + f((;) e4... (2.21)
Flo—e) ~ f(z) — f(x)e + fﬂé“’)a? - f? 4. (2.22)
T do ta co:
Tet9 I8 L py+ TPy~ pwyv0). 229)
et @9 o iy + LWty 0. 20

trong d6 O() la Big O notation.

Tu d6, néu xap xi dao ham bang cong thic (2.23), sai s6 s& 1a O(e). Trong khi
d6, néu xap xi dao ham bang cong thic (2.24)), sai s6 sé 1a O(e?). Khi e rat nho,
O(g?) < O(e), tic cach danh gia st dung cong thiic c6 sai s6 nho hon, va
vi vay né dudce stt dung pho bién hon.
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Hinh 2.1. Gidi thich
cich xép xi dao ham
bé”mg hinh hoc

* Bang hinh hoc

Quan sat Hinh vector nét lién 14 dao ham chinh xac ctia ham sb tai diém c6
hoanh do bang . Hai vector nét dit the hién xap xi dao ham phia phai va phia
trai. Vector cham gach thé hién xap xi dao ham hai phia. Trong ba vector xap xi
do, vector cham gach gan véi vector nét lién nhat néu xét theo huéng.

Su khac biét gitta cac phuong phap xap xi con 16n hon nita néu tai diém x, ham
s6 bi bé cong manh hon. Khi d6, xap xi trai va phai sé khac nhau rat nhicu. Xap
xi hai phia sé cho két qua on dinh hon.

2.6.2. Xap xi gradient ctia ham nhiéu bién

V6i ham nhiéu bién, cong thiic duge ap dung cho timg bién khi cac bién
khac c¢6 dinh. Cu thé, ta sit dung dinh nghia gradient ctia ham s6 nhan dau vao
13 mot ma tran nhu cong thic (2.3)). M6i thanh phan ctia ma tran két qua la dao
ham riéng ctia ham s6 tai thanh phan d6 khi ta coi cdc thanh phan con lai ¢6
dinh. Ching ta sé thay ro diéu nay hon & cach 1ap trinh so sanh hai cach tinh
gradient ngay sau day.

Cach tinh gradient xap x{ hai phia thuong cho gi4 tri kha chinh xac. Tuy nhién,
cach nay khong duge st dung dé tinh gradient vi do phiic tap qué cao so véi cach
tinh tric tiép. Tai mdi thanh phan, ta can tinh gia tri cia ham s6 tai phia trai
va phia phai. Viéc lam nay khong kha thi véi cac ma tran 16n. Khi so sanh dao
ham xap xi véi gradient tinh theo cong thiic, ngudsi ta thuong gidm s6 chiéu dit
lieu va gidm s6 diém dit lieu dé thuan tien cho tinh toan. Néu gradient tinh dugc
12 chinh x4c, n6 sé rat gan véi gradient xap xi nay.

Doan code duéi day gitp kiém tra gradient ciia mot ham s6 kha vi f : R™*" — R,
c6 kém theo hai vi du. Dé sit dung ham kiém tra check_grad nay, ta can viét hai
ham. Ham tht nhat 13 ham fn(x) tinh gia tri clia ham s6 tai X. Ham thit hai 1
ham gr(X) tinh gia tri cia gradient ctia fn(X).
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from _ future__ import print_function
import numpy as np

def check_grad(fn, gr, X):

X_flat = X.reshape(-1) # convert X to an 1d array, 1 for loop needed
shape_X = X.shape # original shape of X
num_grad = np.zeros_like (X) # numerical grad, shape = shape of X
grad_flat = np.zeros_like(X_flat) # 1d version of grad
eps = le-6 # a small number, 1le-10 -> le-6 is usually good
numElems = X_flat.shapel[0] # number of elements in X
# calculate numerical gradient
for i in range (numElems) : # iterate over all elements of X
Xp_flat = X_flat.copy ()
Xn_flat = X_flat.copy()
Xp_flat[i] += eps
Xn_flat[1i] —-= eps
Xp = Xp_flat.reshape (shape_X)
Xn = Xn_flat.reshape (shape_X)
grad_flat[i] = (fn(Xp) - fn(Xn))/ (2*eps)

num_grad = grad_flat.reshape (shape_X)

diff = np.linalg.norm(num_grad - gr (X))
print ('Difference between two methods should be small:’, diff)

==== check 1f grad(trace (A*X)) == A"T ====
m, n = 10, 20
A = np.random.rand(m, n)
X = np.random.rand (n, m)
def fnl (X):

return np.trace (A.dot (X))

def grl (X):
return A.T

check_grad(fnl, grl, X)
# ==== check if grad(x"T*A*x) == (A + A"T)*x ====

A = np.random.rand(m, m)
x = np.random.rand(m, 1)
def fn2(x):
return x.T.dot (A) .dot (x)
def gr2(x):

return (A + A.T).dot (x)

check_grad(fn2, gr2, x)

Két qué:

Difference between two methods should be small: 2.02303323394e-08
Difference between two methods should be small: 2.10853872281e-09
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Két qué cho thiy sy khac nhau giita Frobenious norm (norm mic dinh trong
np.linalg.norm) trong két qua ctia hai cach tinh 1a rat nhd. Sau khi chay lai doan
code v6i cic gia tri m, n khac nhau va bién X khac nhau, néu sy khac nhau van
12 nho, ta c6 thé két luan ring gradient ma ta tinh dugc la chinh xéc.

Ban doc c6 thé kiém tra lai cac cong thiic trong Bang bang phuong phap nay.
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Chuong 3

On tap Xac suat

Chuong nay dugc viét dya trén Chuong 2 va 3 ctia cudén Computer Vision: Models,
Learning, and Inference — Simon J.D. Prince (https://goo.gl/GTEXzd).

3.1. Xac suat
3.1.1. Bién ngiu nhién

Mot bién ngau nhién (random variable) x 13 mot bién ding dé do nhing dai
lugng khong xac dinh. Bién nay c6 thé duge dung dé ky hiéu két qua/dau ra
ctia mot thi nghiem, vi du nhu tung dong xu, hoic mot dai lugng bién ddi trong
tu nhién, vi du nhu nhiét do trong ngay. Néu quan sat mot s6 luong 16n dau ra
{x;}L_, clia cc thi nghiém nay, ta c6 thé nhan duge nhitng gia tri khac nhau &
moi thi nghiém. Tuy nhién, sé c¢6 nhiing gia tri xay ra nhiéu lan hon nhiing gia tri
khac, hofic x4y ra gan mot gia tri nay hon nhiing gia tri khac. Thong tin vé dau
ra nay duge do bdi mot phan phoi zdc sudt (probability distribution) duge biéu
dién bing mot ham p(x). Mot bién ngdu nhién c6 thé 1 r5i rac hoac lién tuc.

Mot bién ngau nhién rdi rac sé lay gié tri trong mot tap hop cac diém i rac cho
trude. Vi du tung dong xu thi c¢6 hai kha nang 1a zap va ngia. Tap cac gia tri
nay c6 thé cé thit ty nhu khi tung xtc xic hoac khong c6 tht tu nhu khi dau ra
1 cac gia tri ndng, mua, bao. Mi dau ra c6 mot gia tri xac suat tuong dng véi
né. Cac gié tri xac suat nay khong am va c6 tong bang mot.

Néu z 1a bién ngau nhieén roi rac thi Zp(:p) = 1. (3.1)
Bién ngiu nhién lien tuc lay gia tri 1a cac s6 thie. Nhitng gia tri nay co thé la
httu han, vi du thoi gian lam bai ctia moi thi sinh trong mot bai thi 180 phiit,
hodc vo han, vi du thai gian phai cho t6i khach hang tiép theo. Khong nhu bién
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ngau nhién roi rac, xac suat dé dau ra bang chinh xac mot gia tri nao dé theo
ly thuyét 1a bang khong. Thay vao d6, phan phoi clia bién ngau nhién roi rac
thuong duge xac dinh dua trén xac suat dé dau ra roi vao mot khoang gia tri
nao do6. Viéc nay duge mo ta bdi mot ham s6 dude goi 14 ham mat do zdc suat
(probability density function, pdf). Haim mat do xac suat luon cho gia tri duong,
va tich phan clia n6 trén toan mién gia tri dau ra phai bang mot.

Néu z 1a bién ngau nhien lién tuc thi /p(:z:)dx = 1. (3.2)

Néu x la mot bién ngdu nhién roi rac thy p(z) < 1, Ya. Trong khi dé, néu
x la bién ngdu nhién lién tuc, p(x) cé thé nhan gid tri khong am bat ky,
dieu nay van ddm bdo tich phan cia ham mat do zdc sudt theo toan bo gid
tri cua x bang mot.

3.1.2. XAc suat dong thoi

Néu quan sat s6 luong 16n cac cip dau ra ciia hai bién ngau nhién x va y thi c6
nhitng cap dau ra xay ra thuong xuyén hon nhiing ciap khac. Thong tin nay duge
biéu dién bing mot phan phéi duge goi la wdc sudt dong thoi (joint probability)
clia z va y, dugc ky hicu la p(x,y). Hai bién ngdu nhién x va y c6 thé ciing la
bién ngau nhién rdi rac, lien tuc, hodic mot rdi rac, mot lién tuc. Ludn nhé rang
tong cac xac suat trén moi cap gia tri (x,%y) déu bang mot.

C& x va y 1a roi rac: Zp(x, y) = 1. (3.3)
'Z,7y
Ca z va y 1a lien tuc: /p(a:, y)dzdy = 1. (3.4)

x 10l rac, y lién tuc: Z /p(x, y)dy = / (Zp(m, y)) dy=1. (3.5)

Xét vi du trong Hinh phan “X&c suat dong thoi”. Bién ngau nhién z thé hien
diém thi mon Toan clia hoc sinh ¢ mot truong THPT trong mot ky thi qubc gia,
bién ngau nhién y thé hién diém thi mon Vat Ly ciing trong ky thi dé. Dai lugng
p(z = 2%,y = y*) 1a ti 1¢ gifta tan suat s6 hoc sinh duge dong thoi x* diem mon
Toan va y* diém mon Vat 1y v6i toan bo s6 hoc sinh clia trudng d6. Ti 1é nay
6 thé coi la x4c sudt khi s6 hoc sinh trong truong 1a 16n. O day 2* va y* 1a cac
s6 xac dinh. Thong thudng, xac suat nay duge viét gon lai thanh p(z*,y*), va
p(z,y) duge ding nhu mot ham tong quat dé mo ta cac xac suat.

Gia st them réing diém cac mon la cac sb tu nhién tir 1 dén 10.

Cac 6 vuong mau den thé hién xac suat p(z,y), véi dien tich 6 vuong cang lén
biéu thi x4c suit cang cao. Chi ¥ ring tong cic xac suat nay bang mot.
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Hinh 3.1. Xac suit dong thdi, x4c subt bién, xac suit c6 dién kién va mbi quan hé
gitia ching

C6 thé thiy ring xac sudt dé mot hoc sinh duge 10 diém mon Toan va 1 diém
mon Ly rat thap, diéu tuong tu xay ra v6i 10 diém mon Ly va 1 diém mon Toan.
Xéc suat dé mot hoc sinh duge khoang 7 diém ca hai mon 1a cao nhat.

Thong thuong, ching ta sé lam viéc v6i cac bai toan ¢ d6 xac suat duge xac dinh
trén nhiéu hon hai bién ngiu nhién. Chang han, p(x,y, 2) thé hién xac suat dong
thoi ctia ba bién ngau nhién z,y v z. Khi c¢6 nhiéu bién ngdu nhieén, ta c6 the
viét chiing dudi dang vector. Cu thé, ta c6 thé viét p(x) dé thé hién xac suat clia
bién ngau nhién nhiéu chiéu x = |21, zs, . . ., 2,]*. Khi c6 nhiéu tap cac bién ngiu
nhién, vi du x vd y, ta c6 thé viét p(x,y) dé thé hién xac suat dong thoi clia tat
ci cac thanh phan trong hai bién ngau nhién nhiéu chiéu nay.
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3.1.3. Xac suét bién

Néu biét xac suat dong thoi ctia nhidu bién ngau nhién, ta ciing ¢6 thé xac dinh
dugc phan phdi xéac suat ciia ting bién bing cach lay tong (v6i bién ngau nhién
roi rac) hodic tich phan (véi bién ngau nhien lién tuc) theo tat ca cic bién con lai:

Néu x,y roi rac: p(z) = Zp(x, Y), (3.6)
p(y) =Y plx,y). (3.7)
Néu z,y lien tuc: p(x) = /p(x,y)dy, (3.8)

p(y) = / p(z, y)d. (3.9)

V6i nhiéu bién hon, chdng han bén bién roi rac x,v, z,w, cach tinh duge thuc
hién tuong ti:

plx) = pla,y, z,w), (3.10)

y7z7w

p(z.y) =Y plx,y,z,w). (3.11)

Cach xéac dinh xac suat ctia mot bién dya trén xac suat dong thoi ciia né véi céc
bién khac dugc goi 1a phép bién hod (marginalization). Xac suat d6 duge goi 1a
zdc suat bién (marginal probability).

Tit day tré di, néu khong dé cap gi thém, ching ta sé dimg ky hicu Y dé chi
chung cho ca hai loai bién ngau nhién rdi rac va lién tuc. Néu bién 13 lién tuc, ta
sé ngam hiéu rang dau tong (Y°) can duge thay bang dau tich phan (), bién lay
vi phan chinh 14 bién dugc viét dusi dau . Chang han, trong , néu z la

lién tuc, w 1a roi rac, cong thitc ding sé la

p@,wzz( / p(x,y,z,wmz) - / (;p@,y,z,w)) dz.  (3.12)

w

Quay lai vi du trong Hinh v6i hai bién ngau nhién rdi rac x,y. Lic nay, p()
duge hiéu 1 xac suat dé mot hoc sinh dat duge = diém mon Toan. Xac suat nay
dugce biéu thi ¢ khu vire “Xéc suat bien”. Cé hai cach tinh xéac suat nay. Cach thit
nhéat 1a dém s6 hoc sinh dudc = diém moén toan rdi chia cho tong s6 hoc sinh.
Céch thit hai dua trén xéac suat dong thoi dé mot hoc sinh duge « diém mon Toan
va y diém mon Ly. S6 lugng hoc sinh dat = 2* diém mon Toan sé bang tong
s6 hoc sinh dat x = z* diém mon Toan va y diém mon Ly, véi y 1a mot gia tri
bat ky tit 1 dén 10. vi vay, dé tinh xac suat p(z), ta chi can tinh tdng ctia toan
bo p(z,y) véi y chay tir 1 dén 10.
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Dua trén nhan xét nay, moi gia tri ctia p(x) chinh bing tong cac gia tri trong cot
thit o ctia hinh vuéng trung tam. Mbi gia tri ctia p(y) sé bing téng cac gia tri
trong hang thtt y tinh tit dudi lén ctia hinh vuong dé. Chi ¥ réng tong cic xac
suat luon bang mot.

3.1.4. XAac suat c6 dieu kién.

Dua vao phan phéi diém ciia céc hoc sinh, lieu ta ¢ thé tinh duge xéac suat dé
mot hoc sinh duge diém 10 mon Ly, biét ring hoc sinh dé duge diém 1 mon Toan?

Xéc suat dé mot bién ngdu nhién 2 nhan mot gia tri nao dé biét rang bién ngau
nhién y c6 gia tri y* duge goi 1a zdc sudat cé diéu kién (conditional probability),
ky hieu la p(zly = y*).

Xac suat c6 didu kien p(z|y = y*) c6 thé duge tinh dya trén xac suat dong thoi
p(x,y). Quay lai Hinh|3.1|6 khu viyc “Xac suat c6 diéu kien”. Néu biét rang y = 9,
xac suat p(z|ly = 9) c6 thé tinh dugc dya trén hang thit chin ctia hinh vuong
trung tam, tic hang p(z,y = 9). Xac suat p(zly = 9) 16n néu p(z,y = 9) 16n.
Cht ¥ ring tong cdc xac suat Y p(x,y = 9) nhdé hon mot, va bing tong céc xac
suat tren hang thit chin nay. Dé thoa man diéu kién tong cac xac suat bang mot,
ta can chia méi dai lugng p(z,y = 9) cho tong ctia hang nay, tic la
plr,y=9) _plx,y=9)

p@w:9%22p®w=9f:p@=9)' (3.13)

Tong quat,
o_ play=y) _pEy=y)
plxly=vy") = = , 3.14
(@ ) >Yp(zy=y)  ply=y) (3.14)

¢ day ta da st dung cong thiic tinh x4c suat bien trong (3.7) cho mau s6. Thong
thuong, ta c6 thé viét xac suat c6 diéu kien ma khong can chi ré gia tri y = y*
va c6 cac cong thitc gon hon:

p(z,y) p(y, )
plx|y) = , plylz) = . 3.15
(al) = 2 piyla) = B (3.15)
T do ta c6 quan hé
p(z,y) = p(zly)p(y) = p(ylz)p(z). (3.16)
Khi ¢6 nhiéu hon hai bién ngau nhién, ta c6 cac cong thiic
p(x,y, 2, w) = p(z, y, z[w)p(w) (3.17)
= p(z,y|z, w)p(z,w) = p(z, y|z, w)p(z|w)p(w) (3.18)
= p(|y, 2, w)p(ylz, w)p(z|w)p(w). (3.19)

Cong thitc (3.19)) c6 dang chudi va duge sit dung nhiéu sau nay.
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3.1.5. Quy tac Bayes

Cong thiic ([3.16]) biéu dién xac suat dong thoi theo hai cach. Tit d6 c6 thé suy ra

p(ylz)p(z) = p(z|y)p(y). (3.20)
Bién déi mot chit:
_ plzly)py)
plylz) = @) (3.21)

p(zly)p(y)
Zp(a: ” (3.22)

)
plzly)ply)

Zp(wly)p(y) (3.23)

Trong dong thi hai va thi ba, cic cong thiic vé xac suat bién va xac suat dong
thoi ¢ mau s6 da dugde sit dung. Tu ta c6 thé thay rang p(y|r) hoan toan
c6 thé tinh duge néu ta biét moi p(z|y) va p(y). Tuy nhién, viéc tinh trye tiép
x4c suat nay thuong phtic tap.

Ba cong thic (3.21)-(3.23) thuong dude goi 1a quy tdc Bayes. Ching dudc st
dung rong rai trong machine learning

3.1.6. Bién ngiu nhién doc lap

Néu biét gia tri clia mot bién ngiu nhién x khong mang lai thong tin vé viéc suy
ra gia tri clia bién ngau nhién y va ngudc lai, thi ta néi ring hai bién ngau nhién
nay 1a doc lap. Chang han, chiéu cao ctia mot hoc sinh va diém thi mon Toén ctia
hoc sinh dé c6 thé coi 1a hai bién ngau nhién doc lap. Khi hai bién ngau nhién
va y la doc lap, ta co

p(zly) = p(), (3.24)
p(ylz) = p(y). (3.25)

Thay vao bicu thitc xac suat dong thai trong (3.16)), ta co

p(x,y) = p(|y)p(y) = p(x)p(y). (3.26)

3.1.7. Ky vong

Ky vong (expectation) ctia mot bién ngau nhién x duge dinh nghia bdi

= Z xp(x) néu z 1a roi rac. (3.27)
E[z] = /xp(x)dx néu z 1a lien tuc. (3.28)
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Gia st f(.) 1a mot ham s6 tra vé mot s6 v6i moi gia tri z* clia bién ngau nhien
x. Khi d6, néu x 1a bién ngau nhién roi rac, ta ¢

E[f(x)] =) f(@)p(x). (3.29)

Cong thiic cho bién ngau nhién lién tuc ciing duge viét tuong tu.
Véi xac suat dong thoi, ky vong clia mot ham ciing duge xac dinh tuong tu:

Elf(x,9)] = > fla,y)p(z, y)dzdy. (3.30)

C6 ba tinh chat can nhé vé ky vong:

a. K¥ vong clia mot hing sé theo mot bién ngau nhién z bat ky bang chinh hang
s6 do:
Elo] = a. (3.31)

Elaz] = aE[z], (3.32)
E[f(z) + g(x)] = E[f ()] + E[g(2)]. (3.33)
c. Ky vong ctia tich hai bién ngau nhién doc lap bang tich ky vong ctia chiing:
E[f(x)g(y)] = E[f (2)]E[g(y)]. (3.34)
Khéi niem ky vong thudng di kém vé6i khéai niém phuong sai (variance) trong
khong gian mot chiéu va ma tran hiép phuong sai (covariance matrix) trong
khong gian nhiéu chicu.

3.1.8. Phuong sai

Cho N gia tri z1, xa, ..., zy. Ky vong va phuong sai ctia bo dit lieu nay duge tinh
theo cong thiic
N
_ 1 1
N
2 —\2
o= ;(% — )% (3.36)
vl X = [xl, To,. .. ,:L'N], va 1 € R 1a vector cot chita toan phan ti 1. Ky vong

don gian la trung binh cong cia toan bo cic gia tri. Phuong sai la trung binh
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Hinh 3.2. Vi du vé ky vong va phuong sai. (a) Dit liéu trong khdng gian mét chiéu.
(b) Dt liéu trong khéng gian hai chiéu ma hai chiéu khéng tuong quan. Trong trudng
hop nay, ma tran hiép phuong sai 13 ma tran dudng chéo véi hai phan ti trén dudng
chéo 13 01,04, day cling chinh I3 hai tri riéng cia ma tran hiép phuong sai va la
phuong sai clia mdi chiéu dif liéu. (c) Dir liéu trong khdng gian hai chiéu c6 tuong
quan. Theo mdi chiéu, ta c6 thé tinh duoc ky vong va phuong sai. Phuong sai cang
I6n thi dit liéu trong chiéu d6 cang phan tan. Trong vi du nay, dif liéu theo chiéu tha
hai phan tan nhiéu hon so véi chiéu tha nht.

cong ctia binh phuong khoadng cach tit méi diém t6i ky vong. Phuong sai cang
nho, cac diém dit lieu cang gan véi ky vong, tic cac diém dit lieu cang giéng
nhau. Phuong sai cang 16n, dit lieu cang c6 tinh phan tan. Vi du vé ky vong va
phuong sai ciia dit lieu mot chidu c6 thé duge thiy trong Hinh [3.2a]

Can bac hai ctia phuong sai, o con duge goi 1a do léch chuan (standard deviation)
cua du liéu.

3.1.9. Ma tran hiép phuong sai

Cho N diém dit lieu dude biéu dién béi cac vector ¢ot x1, ..., Xy, khi d6, vector
ky vong va ma tran hiép phuong sai ctia toan bo dit lieu duge dinh nghia la

1 N

< N;X”’ (3.37)
1 & 1.

S — ~ ;(xn —%)(x, —%)T = NXXT. (3.38)

X, = X, — X. (3.39)
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Mot vai tinh chéat ciia ma tran hiép phuong sai:

a. Ma tran hiép phuong sai 1a mot ma tran déi xitng, hon ntta, né la mot ma
tran nita xac dinh duong.

b. Moi phan tit trén duong chéo clia ma tran hiép phuong sai 14 cac s6 khong
am. Ching chinh 13 phuong sai ctia ting chiéu dit lieu.

c. Céc phan tit ngoai dudng chéo s;;,i # j thé hién su tuong quan giita thanh
phan thit 4 va thit j ctia dit lieu, con duge goi 1a hiep phuong sai. Gia tri nay
c6 thé duong, am hoac bing khong. Khi né bing khong, ta néi rang hai thanh
phan i, j trong dit liéu 1a khong tuong quan.

d. Néu ma tran hiép phuong sai 1a ma tran dudng chéo, ta c6 dit licu hoan toan
khong tuong quan giita cac chiéu.

Vi du vé sy tuong quan ciia dit lieu dude cho trong Hinh va .
3.2. M6t vai phan phdi thudng gap
3.2.1. Phan phéi Bernoulli

Phan phdi Bernoulli 1a mot phan phoi rdi rac mo ta cac bién ngau nhién nhi phan
v6i dau ra chi nhan mot trong hai gia tri x € {0,1}. Hai gia tri nay c6 thé la
zdp va ngia khi tung dong xu; c¢6 thé 1a giao dich lia ddo va giao dich thong
thuong trong bai toan xac dinh giao dich lita ddo trong tin dung; c6 theé 1a nguoi
va khong phai nguoi trong bai toan xac dinh xem trong mot btic anh c¢6 ngusi
hay khong.

Phan phéi Bernoulli duge mo ta bang mot tham so6 A € [0, 1]. Xac suat clia mdi
dau ra la

pr=1)=X\ pae=0)=1-plr=1)=1-A\ (3.40)
Hai déng thitc nay thuong dude viét gon lai thanh
p(z) = (1 =\, (3.41)

v6i gid dinh 0° = 1. That vay, p(0) = \°(1-X)' =1-X, vap(l) = A1 (1-N\)" =\
Phan phéi Bernoulli thuong duge ky hiéu ngan gon dudi dang

p(z) = Berng[\]. (3.42)
3.2.2. Phan phbi categorical

Trong nhiéu trusng hop, dau ra ciia bién ngau nhién roi rac ¢6 thé nhan nhiéu
hon hai gia tri. Vi dy, mot biic anh c6 thé chita mot chiéc xe, mot ngudsi, hoic
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mot con meo. Khi do, ta diing mot phan phdi tong quat ctia phan phéi Bernoulli,
dude goi 1a phan phoi categorical. Cac dau ra dude mo ta bdi mot phan tit trong
tap hop {1,2,..., K}.

Néu c6 K dau ra, phan phoi categorical sé duge mo ta béi K tham s6, viét duéi
dang vector A = [\, Ay, ..., Ag] V6i cac A, khong am va c6 tong bang mot. Mdi
gia tri A, thé hién x4c suat dé dau ra nhan gia tri k: p(z = k) = M.

Phan phdi categorical thuong duge ky hieu dudi dang:
p(x) = Caty[)\]. (3.43)
Céach biéu dién dau ra la mot s6 k trong tap hop {1,2,..., K} ¢6 thé dugc thay

bang bicu dién one-hot. Mdi vector one-hot la mot vector K phan ti, trong do6
K — 1 phan tit bang 0, mot phan tit bang 1 tai vi trf tng v6i dau ra k. Néi cach

khéc, moi dau ra 1a mot trong cac vector don vi bac K: {e;,ey,...,ex}. Ta co
thé viét
K
plx=k)=px=e) = H A = A (3.44)
j=1

Dau bang cudi cung xdy ra vi zp = 1,2; = 0 Vj # k.
3.2.3. Phan phdi chuan mot chiéu

Phan phéi chuan mot chiéu (univariate normal distribution) dugc dinh nghia trén
cac bién lien tuc nhan gia tri z € (—oo, 00). Day la mot phan phdi duge st dung
nhiéu nhat v6i cidc bién ngau nhién lien tuc. Phan phoi nay dude mo ta béi hai
tham so: k¥ vong p va phuong sai o2.

Ham mat do xac suat ctia phan phdi nay duge dinh nghia bdi

pla) = \/% exp (—(5'32%‘;”2) . (3.45)

Ham mat do nay thuong duge viét gon dudi dang p(x) = Norm,[u,o?] hodc
N(u,0?).

Vi du vé do thi ham mat do xac suat clia phan phdi chuan mot chidu duge biéu

thi trén Hinh .
3.2.4. Phan phdi chuan nhiéu chiéu

Phan phoi chudn nhiéu chiéu (multivariate normal distribution) 1a trudng hop
tong quat ctia phan phdi chuan khi bién ngdu nhién 1a nhiéu chiéu, gia st la D
chi¢u. C6 hai tham s6 mo ta phan phéi nay 1 vector ky vong p € RP va ma tran
hiép phuong sai ¥ € S” 14 mot ma tran déi xiing xac dinh duong.

Machine Learning co ban 63

https://thuviensach.vn



Chuong 3. On tap Xac suit
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Hinh 3.3. Vi du vé ham mat dé xac sult cla (a) phan phbi chuin mét chiéu, va
(b) phan phdi chuén hai chiéu.

Ham mat do xic suat c6 dang

p) = g~y W), (G40

v6i |X| la dinh thite clia ma tran hiép phuong sai 3.

Ham mat do nay thuong duge viét gon lai dudi dang p(x) = Normy[u, 3] hodc
N(p, %).

Vi du vé ham mat do xac suét ctia mot phan phdi chuan hai chidu duge mo ta béi
mot mat cong trén Hinh Néu cit mat nay theo cadc mit phing song song
v6i mat day, ta sé thu dugce cac hinh ellipse dong tam.

3.2.5. Phan phbi Beta

Phan phdi Beta 1a mot phan phoi lien tuc dude dinh nghia trén mot bién ngau
nhién A € [0, 1]. Phan phdi Beta dugc diing dé mo ta tham sé cho mot phan phdi
khéc. Cu thé, phan phoi nay phit hop véi viec mo ta sy bién dong cia tham sb6 A
trong phan phéi Bernoulli.

Phan phdi Beta dude mo ta béi hai tham sé6 duong a, 8. Ham mat do xéac suat
ctia né duge cho bdi

Ia+8) a1 -1
p(\) = ————L N1 — NP 3.47
) = Frrp = (3.47)
v6i I'(.) 1a ham s6 gamma, duge dinh nghia bdi
r(z) = / £ oxp(—t)dt. (3.48)
0
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Hinh 3.4. Vi du v& ham mat d xac suit clia phan phdi Beta. (a) o = (3, db thi
ham so 1a doi xing. (b) a < /3, d6 thi ham s6 léch sang tréi, ching té xac suat A
nhd 13 16n. (c) o > 3, dd thi ham so |éch sang phai, chiing t6 x4c suat A 16n 13 16n.

Trén thuc té, viec tinh gia tri cia ham s6 gamma khong thuc sy quan trong vi
né6 chi mang tinh chuan hoéa dé tong xac suat bang mot.

Phan phoi Beta thuong duge ky hieu 1a p(\) = Betay[a, 3].

Hinh minh hoa ham mat do xac suat ctia phan phdi Beta v6i cac cap gia tri
(o, B) khéac nhau.

e Trong Hinh [3.4al khi o = /3. Do thi clia cac ham mat do xéac suat déi xing
qua dudng thang A = 0.5. Khi a = 8 = 1, thay vao (3.47), ta thay p(\) =1
véi moi \. Trong trudng hop nay, phan phéi Beta tré thanh phan phoi déu
Khi o = 8 > 1, cac ham s6 dat gié tri cao tai gan trung tam, tic A sé nhan
gia tri xung quanh diém 0.5 véi xac suat cao. Khi @ = 8 < 1, ham s6 dat gia
tri cao tai cac diém gan 0 va 1.

e Trong Hinh [3.4b| khi o < 3, ta thay rdng do thi c¢6 xu hudéng lech sang beén
trai. Céc gia tri (o, 8) nay nen duge st dung néu ta dy doén rang A 13 mot
s6 nhé hon 0.5.

e Trong Hinh [3.4d khi a > 3, diéu ngudc lai xéy ra vi cac ham s6 dat gid tr
cao tai cac diém gan 1.
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3.2.6. Phan phéi Dirichlet

Phan phoi Dirichlet chinh 1a truong hgp tong quat ctia phan phdi Beta khi duge
diing dé mo ta tham sé ctia phan phdi categorical. Nhic lai ring phan phdi
categorical 1a truong hop téng quat ctia phan phdi Bernoulli.

Phan phdi Dirichlet duge dinh nghia trén K bién lién tuc A, ..., \x trong d6 cac
M\r khong am va c6 tong bang mot. Béi vay, né phit hgp dé mo ta tham sb ciia
phan phoi categorical. C6 K tham s6 duong dé mo td mot phan phoi Dirichlet:
A1,...,0K.

Ham mat do xac suat ctia phan phdi Dirichlet dude cho bdi

D(Cy o) 17
P ) = —=k=lTh ¢) H Aok (3.49)
Hk o) 2
Dang thu gon ctia n6 1a p(A1,..., Ax) = Diry, _aclaq, ..., okl
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Chuong 4

Ué6c luong tham sé6 moé hinh

4.1. Giéi thigu

C6 rat nhiéu mo hinh machine learning dude xay dung dua trén cac mo hinh
thong ke. Cac mo hinh théng ké thuong dya trén cac phan phdi xac suat da duge
dé cap trong Chuong [3| V6i mot mo hinh thong ke bat ky, ky hiéu 6 14 tap hop
tat ca cac tham s6 ctia mo hinh d6. Véi phan phdi Bernoulli, tham s6 1& bién .
V6i phan phdéi chuan nhiéu chiéu, cac tham s6 la vector k¥ vong p vi ma tran
hiép phuong sai X. “Learning” chinh 13 qué trinh u6c lugng bo tham s6 6 sao cho
mo hinh tim duge khép véi phan phdi ciia dit lieu nhat. Qua trinh nay con duge
goi 1a wdc lugng tham so (parameter estimation).

Cé6 hai cach uéc lugng tham s6 thuong duge dung trong cdc mo hinh machine
learning thong ke. Cach thit nhat chi dya trén dit lieu da biét trong tap huan
luyén, dugc goi la wdc luong hop ly cuc dai(maximum likelihood estimation hay
ML estimation hoiic MLE). Cach thit hai khong nhiing dya trén tap huan luyen
ma con dita trén nhitng thong tin biét trude clia cdc tham s6. Nhiing thong tin
nay c6 thé cé duge bang cdm quan ciia ngudi xay dung mo hinh. Cam quan cang
1o rang, cang hop 1y thi kha nang thu duge bo tham s6 t6t cang cao. Chang han,
thong tin biét trude ctia A trong phan phoi Bernoulli 1a viec né 1a mot s6 trong
doan [0, 1]. V6i bai toan tung dong xu, véi A 1a xac suat c6 duge mat xap, ta du
doan dudc rang gia tri nay 1a mot s6 gan véi 0.5. Cach ude luong tham sb thit hai
nay duge goi 1a wdc luong hau nghiém cuc dai (maximum a posteriori estimation
hay MAP estimation). Trong chuong nay, chiing ta cting tim hiéu y tudng va cach
gidi quyét bai todn ude lugng tham s6 mo hinh theo MLE hosic MAP.
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4.2. Uéc luong hop 1y cuc dai

4.2.1. Y tuéng

Gia st ¢6 cac diém dit lieu x;, X, . .., Xy tudn theo mot phan phdi ndo dé duge
mo ta bdi bo tham s6 0. Udc lugng hop 1y cuc dai 1a viec di tim bo tham s6 6 dé

= argmax p(xy,...,Xy|0). (4.1)
9

Bai toan (4.1)) c6 ¥ nghia nhu thé nao va vi sao viéc nay hop 1y?

Gia stt rang ta da biét rang mo hinh c6 dang dic biet duge mo ta béi bo tham s
6. Xac suat c6 diéu kién p(x;|#) chinh 1a x4c suat xdy ra sy kién x; trong truong
hgp mo hinh duge mo ta bdi bo tham sb 6. Tuong tu, p(xy, ..., xx|0) 1a xac suat
dé toan bo cac su kien X;,X, ..., Xy dong thoi xay ra, xac suat dong thoi nay
con duge goi la sy hgp Iy (likelihood).

Phan phéi ctia dit lieu va ban than dit lieu c6 thé lan lugt dude coi la nguyeén
nhan va két qua. Ta can tim nguyén nhan (bo tham s6 ) dé kha nang xay ra két
qué (ham hop 1y) 1a cao nhat.

4.2.2. Gia st ve su doc lap va log-likelihood

Ngudi ta thuong it khi giai trie tiép bai toan (4.1]) vi kho tim duge mot mo hinh
xac suat dong thoi cho toan bo dit lieu. Mot cach tiép can pho bién 1a don gidn
ho4 mo6 hinh bang cach gid si cac diem dit lieu x,, doc 1ap v6i nhau khi biét bo
tham s6 6. N6i cach khac, ham hop 1y trong duge xap xi bo{

N
n=1
Ltc do, bai toan (4.1]) c6 thé duge giai quyét bang cach giai bai toan t6i uu
N
0 = argmax | | p(x,|0 4.3
s [Tt (13

Mbi gid tri p(x,]0) 1& mot s6 duong nhé hon mot. Khi N 16n, tich clia cac sb
duong nay rat gan véi 0, may tinh c¢6 thé khong Iuu chinh xac duge do sai s6 tinh
toan. Dé tranh hién tuong nay, viec t6i da ham muc tieu thuong dude chuyéen ve
viéc tbi da logari cua ham muec tiéu:

N N
f = argmaxlo X,|0) | = argmax lo X,|0)) . 4.4
gmax log (L[lp( | )) en ; g (p(x,10)) (4.4)

6 Nhic lai ring néu hai sy kién x,y 1a doc 1ap thi xac sudt ddng thoi bing tich xac suét clia tiing su
kien: p(z,y) = p(z)p(y). V6i xac suht c6 diéu kién, p(x,y|z) = p(z|2)p(y|z).
7 Logarit 14 mot ham déng bién.
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4.2.3. Vi du
Vi du 1: Phan phéi Bernoulli

Bai toan: Gia sit tung mot dong xu N lan va nhan dudc n mit ngita, hiay uée
luong xac suat nhan duge mit ngita khi tung dong xu dé.

Loi gidi

Mot cach tiy nhién, ta cé thé uéc lugng xac suat dé 1a A = +- Ching ta cung udc
lugng gia tri ndy bang phuong phap MLE.

Dit A 1a xac suat dé nhan dugc mot mat ngla va 1, 2o, ..., oy la cac dau ra
quan sat thay. Trong N gia tri nay, c6 n gia tri bang 1 tuong tng v4i mit ngia
vam = N —n gia tri bang 0 tuong ing v6i mat xap. Nhan thay

N N
in:n, N—Zmi:N—n:m. (4.5)
i=1 i=1

Vi day 1a mot xac suat cia bién ngau nhién nhi phan rdi rac, sy kién nhan duge
mit ngita hay xap khi tung dong xu tuan theo phan phdéi Bernoulli:

plailA) = A (1= ), (4.6)

Khi d6 tham s6 mo hinh A c¢6 thé dude udc lugng bang viec giai bai toan tbi uu
sau day, vdi gid sit rang két qua clia cac lan tung dong xu doc lap véi nhau:

N
A = argmax [p(z1, Za, . .., xy|A)] = argmax [Hp(xlp\)] (4.7)
A A Pl

N
— argmax [H ATi(1 - A)lwi] — argmax [AZfilwi(l - A)N*Zfilmi] (4.8)
A Pl A
= argmax [A"(1 — \)™] = argmax [nlog(\) +mlog(l — \)] (4.9)
N N
T6i day, bai toan t6i wu ([(£.9) c6 thé duge gidi bing cach gidi phuong trinh dao
ham ctia ham muc tiéu bang 0. Ttic A 1a nghiém ctia phuong trinh
n m n m n n

noomo g m _n 41
S U U s W ety (4.10)

Vay két qua ude lugng ban dau 1a c6 co sé.
Vi du 2: Phan phdi categorical

Bai toan: Gia st tung mot vién xic xic sau mat co6 xac suat roi vao cac mit
khong déu nhau. Gia st trong N lan tung, s6 lugng xuat hién cdc mit thi nhat,
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th hai,. .., thi sau lan lugt 1a nq, ne, ..., ng lan véi Z n; = N. Tinh xac suat
roi vao moi mit. Gid st them rang n; >0, Vi=1,...,6.
Lot giai:

Bai toan nay phtic tap hon bai toan trén, nhung ta ciing c6 thé du doan dudc
ude lugng t6t nhat clia xac suat roi vao mat thi ¢ 1a A, = 5t

M4 hoa mdi két qua dau ra thit ¢ bdi mot vector 6 chiéu x; € {0, 1}° trong d6 céc
phan tit cia no bang 0 tru’ phan t1t tuong ting v6i mét quan sat duge bang 1. Ta
co ZZ LT =mnj, Vj = , 6, trong do azf 13 thanh phan thit j clia vector x;.

Nhan thay rang xac suat roi vao mdi mat tuan theo phan phdi categorical véi cac
tham s6 \; > 0,7 =1,2,...,6. Ta ding X dé thé hién cho ca sau tham s6 nay.

V6i cac tham sb6 A, xac suat dé sy kien x; xay ra la
p(xi|A) = Hw (4.11)

Khi d6, van v6i gia st ve sit doc 1ap gitta cac lan tung xtc xac, udc lugng bo tham
s6 A dua trén viec toi da log-likelihood ta co:

A= arginax ﬁp(xi\)\)] = arg;nax [ﬂ ﬁ X;g] (4.12)
:zzl ZN j 2:61 7=1
_ i=1% | nj
= arginax _].1_[1 A = arg;nax Ll_[l Aj ] (4.13)
= arginax an log()\j)] . (4.14)
=

Khac véi bai toan (4.9), ching ta khong duge queén diéu kien Z?zl Aj=1.Taco
bai toan t6i uu c6 rang buoc sau day:

6 6
mfxxz_:nj log(A;) thoa man: Z Aj=1 (4.15)

=1

Bai toan tdi wtu nay c6 thé dugde gidi bing phuong phap nhan ti Lagrange (xem
Phu luc |A).

Lagrangian ctia bai toan nay la

6
Z njlog(A;) + p(1 Z Aj) (4.16)
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Nghiém ciia bai toan la nghiém ctia heé dao ham £(.) theo ting bién bang 0:

OLA 1) ny :
— = =1,2,....6; 4.1
8)\] )\J lu’ 07 vj ) ) 767 ( 7)
IL(\, p) -
T:1—2Aj:0. (4.18)

Tir (4.17) ta c6 A; = 7. Thay vao (4.18):

6

6
S U etsu=Yn=N (4.19)
= P j=1

Tir d6 ta 6 uée lugng \; = 52, Vj=1,2,...,6.

Qua hai vi du trén ta thay MLE cho két qua kha hop 1y.
Vi du 3: Phan phéi chuan maot chiéu

Bai toan: Khi thuc hien mot phép do, gia st ring rat khé dé c¢6 thé do chinh
xac do dai ctia mot vat. Thay vao d6, ngudi ta thuong do vat d6 nhiéu lan roi
suy ra két qua, vdi gia thiét ring cidc phép do doc lap v6i nhau va két qui moi
phép do tuan theo mot phan phdi chuan. Hay udc luong chiéu dai ctia vat dé dua
trén cac két qua do dugc.

Li gidi:

Vi da biét két qua phép do tuan theo phan phéi chuan, ta sé di tim phan phdi
chuan d6. Chiéu dai ctia vat ¢6 thé duge coi la gia tri ma ham mat do xac suét
dat gi4 tri cao nhat. Trong phan phdi chuan, ta biét ring ham mat do xac suat
dat gia tri 16n nhat tai ky vong ctia phan phéi d6. Chu ¥ rang ky vong clia phan
phéi va k¥ vong ctia dit lieu quan sat duge cé thé khong bang nhau, nhung rat
gan nhau. Néu uéc lugng k¥ vong ctia phan phéi bang MLE, ta sé thay rang ky
vong clia dit lieu chinh 14 danh gia t6t nhat cho ky vong ctia phan phdi.

That vay, gia st cac kich thudc quan sat duge 1a z1,29,...,2y5. Ta can di tim
mot phan phoi chuan, dude mo ta béi gia tri ky vong p va phuong sai 02, sao cho
cac gid tri o1, 9, ..., oy 12 hop 1y nhat. Ta da biét ring, ham mat do xac suat
tai z; clia mot phan phdi chuan cé ky vong p va phuong sai o2 1a

p(@il, 02) = — exp<—M>. (4.20)

2o 20?2

Dé danh gia p va o, ta st dung MLE v6i gia thiét ring két qua cac phép do la
doc lap:
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TN
L, 0 = argmax Hp(:vi|,u, 02)] (4.21)
o =1
1 Sy = p)?
= argﬂr;lax W exp <— 952 (422)
- N
= argmax |—N log(o) — Zi:l(;; M 2 J(,u,a)] : (4.23)
w,o o

Ta da lay logarit ctia ham bén trong dau ngodic vuong cia (4.22)) dé duge (4.23)),
phan hang s6 c6 chita 27 cling da duge bé di vi khong anh hudng té6i két qua.

Dé tim g va o, ta gidi hé phuong trinh dao ham ctia J(u, o) theo mdi bién bing
khong:

oJ 1
i=1
8] N 1<« )
D I ;= =0 4.25
B = o o ) (4.2
Z]'L Li 2 Z]\il(xl — p)?
1 N N (4.26)
Két qua thu dugc khong c6 gi bat ngo.
Vi du 4: Phan phéi chudan nhiéu chiéu
Bai toan: Gia st tap dit lieu ta thu duge la cac gia tri nhiéu chiéu x;,...,xyx
tuan theo phan phéi chuan. Hay danh gia vector ky vong g va ma tran hiep
phuong sai ¥ clia phan phéi nay bang MLE, gid st rang cac xi,...,xy doc lap.
Lot giai:
Viéc chiing minh cac cong thitc
Z]‘\il X;
© N (4.27)
N
S = S p)” (125)

i=1

xin duge danh lai cho ban doc nhu mdt bai tap nhé. Duéi day la mot vai goi y:

e Ham mat do xac suat ctia phan phdi chuan nhiéu chiéu l1a
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i) = oo (<5 WS ) ) (429

Cha y rang ma tran hiép phuong sai ¥ 1a xac dinh duong nén c¢6 nghich déo.
e Mot vai dao ham theo ma tran:

Vslog|Z| = (=) £ 27 (chuyén vi ciia nghich déo)
(4.30)

Va(xi—p) 27 (% —p) = =270 — p)(xi — p) B (4.31)

(Xem them Matriz Calculus, muc D.2.1 va D.2.4 tai https://goo.gl/JKg631.)
4.3. Uéc luwong hau nghiém cuc dai

4.3.1. Y tudng

Quay lai v6i Vi du 1 vé bai toan tung dong xu. Néu tung dong xu 5000 lan va
nhan duge 1000 1an ngita, ta c6 thé danh gia xac suat nhan duge mat ngiia 1 1/5
va viec danh gia nay 14 dang tin vi s6 mau 16n. Néu tung nam lan va chi nhan
duge mot mit ngiia, theo MLE, xac suat dé c6 mot mat ngita dude ude luong 1a
1/5. Tuy nhién v6i chi nam két qua, wée lugng nay 1a khong dang tin. Khi tap
huan luyén qui nhd, ta can quan tam thém téi mot vai gid thiét clia cdc tham
s0. Trong vi du nay, mot gid thiét hop 1y 1a x4c suat nhan dudgec mit nglia gan
voi 1/2.

Udc higng hau nghiém cuc dgi (maximum a posteriori, MAP) ra doi nham giai
quyét van dé nay. Trong MAP, ta gi6i thieu mot gia thiét biét trude ctia tham s6
6. Tit gia thiét nay, ta c6 thé suy ra cac khoang gia tri va phan bo clia tham sé.

Khéc v6i MLE, trong MAP, ta danh gia tham s6 nhu mot xac suat co diéu kién
cua dw lidu:

0 = argmax p(0|xy,...,Xy). (4.32)

9 ~~ 4
hau nghiém

Biéu thiic p(A|xi,...,xy) con duge goi la xac suat hau nghiém ctia §. Chinh vi

vay, viéc uée lugng 6 theo (4.32)) duge goi 1a wde lugng hau nghiém cue dai.

Thong thudsng, ham tbi wu trong kho xac dinh dang mot cach triue tiép.
Ching ta thuong biét didu ngudc lai, titc néu biét tham sb, ta cé thé tinh dugc
ham mat do xac suat clia dit lisu. Vi vay, dé gidi bai toan MAP, quy tic Bayes
thuong duge st dung. Bai toan MAP dugc bién doi thanh
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ham hgp 1y tién nghiém
"

~

- ~~
p(X1,...,xx[0) p(0)
p(X1,. .., XN)

(4.33)

§ = argmax p(f|xy,...,Xy) = argmax
0 0

= argznax [p(x1,...,xn|0)p(0)] (4.34)

= argmax [H p(xﬂ@)p(@)] : (4.35)

=1

Diang thitc (4.33) x4y ra theo quy tac Bayes. Dang thiic (4.34) xay ra vi mau sb
ctia (4.33) khong phu thuoc vao tham sé 6. Dang thitc (4.35]) x4y ra néu c6 gia
thiét vé sy doc lap gitta cac x;.

Nhu vay, diém khac biét 16n nhat giita hai bai toan t6i vu MLE va MAP la viéc
ham muc tieu cia MAP ¢6 them p(6), titc phan phdi ctia . Phan phdi nay chinh
1a nhitng thong tin biét trude ve 0 va duge goi 1a tién nghiém (prior). Ta két luan
rang hau nghiem ti 1é thuan véi tich ctia ham hop 1y va tién nghiem.

Dé chon tién nghiém ching ta ciing lam quen v6i mot khai niem méi: tién nghiem
lién hop (conjugate prior).

4.3.2. Tién nghiém lién hgp

Néu phan phéi hau nghiem p(f|xy,...,Xy) c6 cung dang v6i phan phdi tien
nghiém p(f), hai phan phéi nay dugce goi 1a cap phan phoi lién hgp (conju-
gate distribution), va p(f) dugc goi 1a tién nghiém lién hgp cia ham hgp ly
p(x1,...,%xy|0). Ta s& thay rang bai toan MAP va MLE c¢6 cau tric giong nhau.

Mot vai cap phan phéi lien hopfk
e Néu ham hop Iy va tien nghiém cho vector k¥ vong 1a cic phan phéi chuan thi

phan phéi hau nghiém ciing 14 mot phan phdi chuan. Ta néi ring phan phdi
chuan lién hgp vé6i chinh né, hay con goi la tu lién hop (self-conjugate).

e Néu ham hgp 1y 1a mot phan phdi chuan va tien nghieém cho phuong sai 1a mot
phan phdi gamma, phan phoéi hau nghiém ciing 1a mot phan phoi chuan. Ta
n6i ring phan phéi gamma I3 tién nghiém lién hgp cho phuong sai ctia phan
phdi chuan.

e Phan phdi beta la lien hop ctia phan phoi Bernoulli.

e Phan phdi Dirichlet 14 lién hop clia phan phoi categorical.

8 Doc them: Conjugate prior — Wikipedia (https://goo.gl/E2SHbD).
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4.3.3. Siéu tham s6
Xét phan phdi Bernoulli v6i ham mat do xac suat
p(z|\) = A (1 — M) (4.36)

va lien hgp ctia n6é, phan phdi beta, c6 ham phan mat do xac suat

I'a+p)

a—=1¢1 _ y\B-1
T (1— )P (4.37)

p(A) =

Bé qua thanh phan hing sé chi mang muc dich chuén ho4, ta c6 thé nhan thiy
rang phan con lai clia phan phéi beta c6 ciing dang véi phan phéi Bernoulli. Cu
the, néu sit dung phan phdi beta lam tién nghiém cho tham sé ), va bé qua phan
thita s6 hang s6, hau nghiém sé c6 dang

p(Az) o< p(x|\)p(A)
oc XZPeT( — \)trethl (4.38)

Nhan thay (4.38) van c¢6 dang ctia mot phan phoi Bernoulli. Vi vay, phan phoi
beta 1a mot tién nghiém lien hop cia phan phéi Bernoulli.

Trong vi du nay, tham s6 A phu thudc vao hai tham s6 khac 1 o va 3. Dé tranh
nham 1an, hai tham s6 (o, ) duge goi 1a cic siéu tham so (hyperparameter).

Quay trd lai vi du vé bai toan tung dong xu N lan c¢6 n lan nhan dude méit ngiia
va m = N — n lan nhan dudc mat xap. Néu st dung MLE, ta nhan dudc uée
lugng A = n/M. Néu sit dung MAP véi tien nghiem 1a mot beta[a, 8] thi két qua
sé thay ddi thé nao?

Bai toan t6i uu MAP

A= argmax (1, ..., 2N |N)D(N)]

= argmax [(H A¥i(1 — /\)1_‘“') A1 — /\)5_1]
= argmax [)\ i= Fite—l( )\)N*Zfilwﬂrﬁfl]
= argmax (AT (1 — Ay (4.39)

Bai toan tdi wu (4.39) chinh 1 bai todn téi wu (£.9) véi tham sé thay ddi mot
chat. Tuong tu nhu (4.10)), nghiém cta (4.39) la

B n+aoa—1 B n+oa-—1
T n+m+a+B-2 N+a+pB-2

(4.40)
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Hinh 4.1. D4 thi ham mat dé xéac
sult clia phan phéi beta khi o = 3
va nhan céac gid tri khac nhau. Khi
ca hai gid tri nay 1én, xac sult d&é \
gan 0.5 s& cao hon.

000 025 050 075 1.00
A

Viéc chon tién nghiém phut hgp da khién cho viéc t6i uu bai toan MAP ducc
thuan lgi.

Viéc con lai 1a chon cap siéu tham s6 a va 3.

Chiing ta cuing xem lai dang ctia phan phoi beta va thiy réng khi o = 8 > 1,
ham mat do x4c suat ctia phan phdi beta ddi xiing qua diém 0.5 va dat gia tri
cao nhét tai 0.5. X6t Hinh J4.1] ta thay ring khi @ = 8 > 1, mat do xéc suit xung
quanh diém 0.5 nhan gia tri cao, diéu nay ching t6 A ¢6 xu huéng gan 0.5.

Néu chon o = 8 = 1, ta nhan dugc phan phdi déu vi do thi ham mat do xac suat
I3 mot dudng théng. Lic nay, xac suat ctia A tai moi vi trf trong khoang [0, 1] 1a
nhu nhau. Thyec chat, néu ta thay a = = 1 vao ta s& thu duge A = n/N,
day chinh 1& uwéc luong thu duge bang MLE. MLE 1a mot truong hop dac biet
ctia MAP khi prior 1a mot phan phéi deéu.

n+1

Néu ta chon o = 8 = 2, ta sé thu duge: \ = N12 Chang han khi N =5,n =1

nhu trong vi du. MLE cho két qua A = 1/5, MAP sé cho két qua A\ = 2/7, gan
v6i 1/2 hon.

Néu chon v = 8 =10 ta sé ¢c6 A = (1 +9)/(5 + 18) = 10/23. Ta thay rang khi
a = 3 va cang 16n thi ta sé thu duge A cang gan 1/2. Diéu nay c6 thé dé nhan
thay vi prior nhan gia tri rat cao tai 0.5 khi cic siéu tham s6 o = 3 16n.
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4.4. Té6m tit

e Khi stt dung cdc mo hinh théng ké machine learning, chiing ta thuong xuyén
phéi u6c lugng cac tham sé ctia mo hinh 6. C6 hai phuong phap phd bién
duge stt dung dé wéce lugng 6 1a uée lugng hop 1y cuc dai (MLE) va udc lugng
hau nghié cuc dai (MAP).

e V6i MLE, viéc xac dinh tham s6 6 duge thyc hién bang cach di tim cac tham
s6 sao cho x4c suat ctia tap huan luyén, duge xac dinh bang ham hop 1y, 1a
16n nhat:

0 = argmax p(xy,...,Xy|0). (4.41)
0

e D¢ giai bai toan toi uu nay, gid thiét cac dit lieu x; doc lap thuong duge st
dung. Va bai toan MLE tré thanh

N
f = argmax X;|0). 4.42
s [ [ 19 (142
e V6i MAP, cic tham s6 duge danh gid bang cach t6i da hau nghiem:

6 = argmax p(6|x1,...,Xn) (4.43)
6

e Quy tiac Bayes va gid thiét ve sy doc lap cia dit lieu thuong dude st dung:
N
f = argmax [H p(xiye)p(e)] (4.44)
0 i=1
Ham muc tiéu & day chinh 1a tich cia ham hgp 1y va tién nghiém.

e Tién nghiém thuong dude chon dya trén cac thong tin biét trude ciia tham
s6, va phan phdi dude chon thudng 1& cac phan phéi lien hop ctia likelihood.

e MAP c6 thé dudc coi nhu mot phuong phap giap tranh thién lech khi cé it
dit lieu huan luyén.
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Chuong 5

Cac khai niém co ban

5.1. Nhiém vu, kinh nghiém, phép danh gia

Mot thuat toan machine learning la mot thuat toan c¢6 kha nang hoc tap tu dua
lieu. Vay thuc su “hoc tap” c¢6 nghia nhu thé ndo? Theo Mitchell [M*97], “A
computer program is said to learn from experience E with respect to some tasks
T and performance measure P, if its performance at tasks in T, as measured by
P, improves with experience E.”

Tam dich:

Mot chuong trinh mdy tinh duoc goi la “hoc tap” tw kinh nghiém E dé hoan
thanh nhiém vu T vdi hiéu qud dude do bang phép ddanh gia P, néu hiéu
qud cua no khi thuc hién nhiém vu T, khi dugc danh gid bdi P, cai thién
theo kinh nghiém E.

\ J

Lay vi du vé mot chuong trinh mAy tinh c6 kha nang ti choi co vay. Chuong
trinh nay tu hoc tit cac van cd da choi trude do clia con ngudi dé tinh toan ra cac
chién thuat hop 1y nhat. Muc dich ciia viéc hoc nay 1a tao ra mot chuong trinh
c6 kha nang gianh phan thing cao. Chuong trinh nay ciing c6 thé tiy cai thien
kha ning ctia minh bang cach choi hang trieu van cd véi chinh né. Trong vi du
nay, chuong trinh may tinh ¢6 nhiém vu chai ¢6 vay thong qua kinh nghiém la
cac van co da choi véi chinh n6 va ctia con ngusi. Phép danh gia ¢ day chinh la
kha nang gianh chién thing ctia chuong trinh.

Dé xay dung mot chuong trinh méy tinh c6 kha ning hoc, ta can xac dinh ré ba

yéu t6: nhiem vu, phép danh gia, va nguon dit lieu huan luyén. Ban doc sé hiéu
1o hon vé cac yéu t6 ndy qua cac muc con lai ciia chuong.
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5.2. D lidu

Cac nhiém vu trong machine learning dude mo ta thong qua viéc mot hé thong
xtt 1§ mot diém dit lieu dau vao nhu thé nao.

Mot diém dit lieu c6 thé 1a mot bic &nh, mot doan am thanh, mot vin ban, hodc
mot tap cac hanh vi ctia ngudi diing trén Internet. Dé chuong trinh may tinh c6
thé hoc dugc, cac diém dit lieu thudng duge dua vé dang tap hop céc con sd ma
mdi s6 duge goi 1a mot dac trung (feature).

C6 nhitng loai dit lieu duge bicu dién dudi dang ma tran hodc mang nhiéu chiéu.
Mot bitc &nh xam c6 thé duge coi la mot ma tran ma méi phan ti 1a gia tri do
sang clia diem anh tuong tng. Mot bitc anh mau ba kenh dé, luc, va lam c6 thé
dugce biéu dién béi mot mang ba chiéu. Trong cudn sach nay, cac diem dit lieu
déu duge biéu dién dudi dang mang mot chiéu, con dude goi 1a vector dic trung
(feature vector). Vector dic trung ctia mot diém dit lieu thuosng duge ky hieu 1a
x € R? trong d6 d 1a s6 luong dac trung. Cac méang nhiéu chidu duge hiéu 1a da
bi vector hod (vectorized) thanh méng mot chieu. K¥ thuat xay dung vector dic
trung cho dit lieu duge trinh bay cu thé hon trong Chuong @

Kinh nghiém trong machine learning 1a bo dit licu duge stt dung dé xay dung mo
hinh. Trong quéa trinh xay dung moé hinh, bo dit liéu thuong duge chia ra lam ba
tap dit lieu khong giao nhau: tap huan luyén, tap kiém tra, va tap xéac thue.

Tap hudn luyén (training set) bao gom cac diém dit lieu duge sit dung true tiép
trong viéc xay dung mo hinh. Tap kiém tra (test set) gdm cac dit licu duge dung
dé danh gia hiéu qua ctia mo6 hinh. Dé dam bao tinh phd quat, dit lieu kiém tra
khong dude sit dung trong qua trinh xay dung mo hinh. Diéu kién can dé mot
mo hinh hiéu qua 1a két qua danh gia tren ca tap huan luyen va tap kiém tra déu
cao. Tap kiém tra dai dién cho dit lieu ma mo hinh chua timg thay, cé thé xuat
hién trong qué trinh van hanh mo hinh trén thuyc té.

Mot mo6 hinh hoat dong hiéu qua trén tap huan luyén chua chic da hoat dong
hiéu qua trén tap kiém tra. Dé tang hiéu qua clia mo hinh trén di liu kiém tra,
ngudi ta thuong st dung mot tap dit lieu nita duge goi la tap xac thuc (validation
set). Tap xac thyc nay duge st dung trong viec lya chon cac siéu tham s6 mo
hinh. Cac khai niém nay sé dugc lam r6 hon trong Chuong .

Luu y: Ranh giéi gitta tap huan luyen, tap xac thuc, va tap kiém tra doi khi
khong ro rang. D1t lieu thyc té thuong khong ¢6 dinh ma thuong xuyen duge cap
nhat. Khi c6 them dit lieu, dit lieu kiém thit 6 mo hinh cit c6 thé tré thanh dit
lieu huan luyén trong mo hinh méi. Trong pham vi cudn sach, chiing ta chi xem
xét cac mo hinh ¢6 dit lieu ¢6 dinh.

Machine Learning co ban 81

https://thuviensach.vn



Chuong 5. Cac khai niém co ban

5.3. Cac bai toan co ban trong machine learning

Nhiéu bai toan phiic tap c6 thé duge giai quyét bing machine learning. Dudi day
1a mot s6 bai toan pho bién.

5.3.1. Phan loai

Phan loai (classification) 1a mot trong nhitng bai toan dugc nghién cttu nhiéu
nhat trong machine learning. Trong bai toan nay, chuong trinh duge yéu cau xac
dinh Idp/nhéin (class/label) ctia mot diém dit lieu trong s6 C' nhan khac nhau.
Cap (dt liéu, nhan) duge ky hiéu 1a (x,y) v6i y nhan mot trong C' gia tri trong
tap dich ). Trong bai toan nay, viéc xay dung mo hinh tuong duong véi viéc di
tim ham s6 f 4nh xa mot diém dit lieu x vho mot phan tiiy € YV : y = f(x).

Vi du 1: Bai toan phan loai anh chit s6 viét tay c¢6 muoi nhan 1a cic chit sd tir
khong dén chin. Trong bai todn nay:

e Nhiém vu: xac dinh nhan ctia mot anh chit s6 viét tay.

e Phép danh gia: s6 lugng anh duge gan nhan dung.

e Kinh nghiem: dit licu gom céc cap (dnh chit s6, nhan) biét trude.
Vi du 2: Bai toan phan loai email rac. Trong bai todn nay:

e Nhiém vu: xdc mot email méi trong hop thu dén 14 email rac hay khong.
e Phép danh gia: ti lé email rac tim thay email thuong duge xac dinh ding.

e Kinh nghiém: cap céc (email, nhan) thu thap duge trude do.

5.3.2. Héi quy

Néu tap dich Y gom cac gia tri thyc (c6 thé vo han) thi bai toan dude goi 1a hoi
quyﬂ (regression). Trong bai toan nay, ta can xay dyng mot ham s6 f : R? — R.

Vi du 1: USc lugng gia clia mot cian nha rong  m?, ¢6 y phong ngti va cach trung

tam thanh phd z km.

Vi du 2: Microsoft c6 mot tng dung du doan gisi tinh va tudi dua trén khuon
mit (http://how-old.net/). Phan dy doan gidi tinh c6 thé duge coi la mot mo
hinh phan loai, phan du doan tudi c6 thé coi ld mot mo hinh hoi quy. Chd ¥ ring
néu coi tudi 1a mot s6 nguyen duong khong 16n hon 150, ta c6 150 nhan khéc
nhau va phan xac dinh tudi c¢6 thé dude coi 1 mot mo hinh phan loai.

9 ¢6 tai lieu goi 1a tién lugng
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Bai toan hdi quy c6 thé mé rong ra viec du doan nhiéu dau ra cting mot ldc, khi
do6, ham can tim sé 1a f : RY — R™. Mot vi du la bai toan tao anh do phan giai
cao tit mot anh c6 do phan giai thap hd. Khi dé, viec du doan gia tri cac diém
trong anh dau ra 1a mot bai toan hoi quy nhiéu dau ra.

5.3.3. May dich

Trong bai toan mdy dich (machine translation), chuong trinh méy tinh duge yéu
cau dich mot doan van trong mot ngon ngit sang mot ngon ngit khac. Dit lieu
huan luyén la cac cip van ban song ngit. CAc vin ban nay c6 thé chi gom hai
ngon ngtt dang xét hodc ¢6 thém cac ngén nglt trung gian. Laoi giai cho bai toan
nay gan day da cé nhiéu bude phat trién vugt bac dua trén cac thuat toan deep
learning.

5.3.4. Phan cum

Phan cum (clustering) 1a bai todn chia dit lieu X' thanh cédc cum nhé duya trén
sy lien quan gitta cac dit lieu trong mdi cum. Trong bai toan nay, dit lieu huan
luyén khong ¢6 nhan, mo hinh ty phan chia dit liéu thanh cac cum khac nhau.

Diéu nay giéng vé6i viec yéu cau mot dita tré phan cum cac manh ghép véi nhieu
hinh thit vA mau sac khac nhau. Mac du khong cho tré biét manh nao tuong ng
v6i hinh nao hosic mau nao, nhiéu kha nang ching van c6 thé phan loai cdc manh
ghép theo mau hoic hinh dang.

Vi du 1: Phan cum khach hang dya trén hanh vi mua hang. Dya trén viéc mua
ban va theo doi ciia ngusi dung trén mot trang web thuong mai dién tit, mo hinh
c6 thé phan ngusi diing vao cac cum theo s thich mua hang. Tit d6, mo hinh c6
thé quang cdo cac mat hang ma ngusi ding c6 thé quan tam.

5.3.5. Hoan thién dw liéu — data completion

Mot bo dit liéu c6 thé c6 nhiéu dac trung nhung viec thu thap dac trung cho ting
diém dit lieu doi khi khong kha thi. Chang han, mot bitc anh c6 thé bi xudc khién
nhiéu diém &nh bi mat hay thong tin vé tudi ctia mot s6 khach hang khong thu
thap duge. Hoan thién d@ liéu (data completion) la bai toan dy dodn cac trudng
dit lieu con thiéu d6. Nhiém vu ctia bai toan nay 13 dya trén méi tuong quan giita
cac diem dit lieu dé dy doan nhitng gia tri con thiéu. Cac hé théng khuyén nghi
1a mot vi du dién hinh ctla loai bai toan nay.

Ngoai ra, c¢6 nhiéu bai toan machine learning khac nhu zép hang (ranking), thu
thdap thong tin (information retrieval), gidm chiéu di liéu (dimentionality reduc-
tion),...

10 single image super resolution trong tiéng Anh
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5.4. Phan nhém cac thuat toan machine learning

Dua trén tinh chat ciia tap dit lieu, cac thuat toan machine learning c6 thé duge
phan thanh hai nhém chinh 1a hoc c6 gidm sdat va hoc khong giam sat. Ngoai ra,
c6 hai nhém thuat toan khac gay nhieu chi ¥ trong thoi gian gan day 1a hoc ban
gidm sdt va hoc ciung co.

5.4.1. Hoc c6 giam sat

Mot thuat toan machine learning duge goi la hoc ¢d giam sat (supervised learning)
néu viec xay dung mo hinh dy doan méi quan hé gitta dau vao va dau ra duoge
thyc hién dya trén cac cip (dau vao, dau ra) da biét trong tap huan luyen. Day
la nhom thuat toan pho bién nhat trong céc thuat toan machine learning.

Céc thuat toan phan loai v hdi quy 1a hai vi du dién hinh trong nhém nay. Trong
bai toan xac dinh xem mot biic anh c6 chita mot xe may hay khong, ta can chuan
bi cac anh chita va khong chita xe may cung v6i nhan cua ching. D lieu nay
duge dung nhu dit lieu huan luyén cho mo hinh phan loai. Mot vi du khéc, néu
viéc xay dyng mot mo hinh méy dich Anh — Viét duge thyc hién dya trén hang
triéu cap van ban Anh — Viét tuong tng, ta cling néi thuat toan nay la hoc ¢
giam sat.

Cach huan luyén mo hinh hoc may nhu trén tuong ti v6i cach day hoc sau day
clia con ngudi. Ban dau, co gido dua cac biic anh chita chit s6 cho mot dia tré va
chi ra dau la chit s6 khong, dau 1a chit s6 mot,... Qua nhiéu lan huéng dan, dia
tré c6 thé nhan duge céc chit sé trong mot biic Anh chiing tham chi chua nhin
thay bao gio. Qua trinh co gido chi cho dia tré tén ciia ting chit s6 tuong duong
v6i viec chi cho mo hinh hoc méy dau ra tuong dng ctia mdi diém dit lieu dau
vao. Tén goi hoc cé gidm sdt xuat phat tir day.

Dién gidi theo todn hoc, hoc c¢6 giam sat xdy ra khi viec duy doan quan
hé gitta dau ra y va dit lieu dau vao x dugc thuc hién dya trén cac cap
{(x1,¥1), (x2,¥2), ..., (Xn,yn)} trong tap huén luyén. Viec huan luyén 1a viec
xay dung mot ham s6 f sao cho v6i moi i =1,2,..., N, f(x;) gan v6i y; nhat ¢6
thé. Hon thé nita, khi c6 mot diém dit lieu x ndm ngoai tap huén luyeén, dau ra
dy doan f(x) cling gan véi dau ra thyc sy y.

5.4.2. Hoc khoéng giam sat

Trong mot nhom cac thuat toan khac, dit lieu huan luyén chi bao gom céc dit
licu dau vao x ma khong c6 dau ra tuong tng. Cac thuat toan machine learning
c6 thé khong dit doan duge dau ra nhung van trich xuat duge nhitng thong tin
quan trong dia trén méi lien quan giita cac diém dit lieu. Cac thuat toan trong
nhém nay duge goi 1a hoc khong giam sat (unsupervised learning).
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Cac thuat toan gidi quyét bai toan phan cum va gidm chiéu dit lieu 1a cac vi du
dién hinh ctia nhom nay. Trong bai toan phan cum, c6 thé mo hinh khong tric
tiép dur doan duge dau ra ctia dit lieu nhung van c¢6 kha nang phan céac diém dit
licu c6 dic tinh gan giéng nhau vao tiing nhom.

Quay lai vi du trén, néu co gido giao cho dita tré cac biic anh chita chit s6 nhung
khong néu ro tén goi clia chiing, dita tré sé khong biét tén goi ciia ting chit so.
Tuy nhién, dita tré van c6 theé tu chia cac chit s6 c6 nét gidng nhau vao cling mot
nhom va xéac dinh duge nhom tuong ting ciia mot bitc anh méi. Dia tré cé thé
tu thue hién cong viec nay ma khong can sy chi bdo hay giam sat ciia co gido.
Ten goi hoc khong giam sdt xuat phat tir day.

5.4.3. Hoc ban giam sat

Ranh gidi gitta hoc c¢6 giam sat va hoc khong giam sat doi khi khong ro rang.
C6 nhiing thuat toan ma tap huan luyen bao gom cac cip (dau vao, dau ra) va
dit lieu khéc chi c¢6 dau vao. Nhitng thuat todn nay duge goi 1a hoc ban gidm sat
(semi-supervised learning).

Xét mot bai toan phan loai ma tap huan luyén bao gom cac bitc anh dude gan
nhan ‘ché’ hofic ‘meo’ va rat nhiéu bitc 4nh thi cung tai tit Internet chura c6 nhan.
Thuec té cho thay ngay cang nhiéu thuat toan roi vao nhém nay vi viéc thu thap
nhan cho dit liéu ¢6 chi phi cao va tén thoi gian. Chang han, chi mot phan nhé
trong cac biic anh y hoc ¢6 nhan vi qua trinh gan nhan tén thoi gian va can su
can thiép ciia cac chuyéen gia. Mot vi du khac, thuat toan do tim vat thé cho xe
tu lai duge xay dung trén mot lugng 16n video thu duge tit camera xe hoi; tuy
nhién, chi mot lugng nho cac vat thé trong cac video huan luyeén d6 dude xéc
dinh cu thé.

5.4.4. Hoc ciing cb

C6 mot nhém cac thuat toan machine learning khac c6 thé khong yeu cau dit
lieu huan luyén ma mo hinh hoc cach ra quyét dinh bang cach giao tiép véi moi
truong xung quanh. Cac thuat toan thuoc nhém nay lién tuc ra quyét dinh va
nhan phan hodi tit moi truong dé tu ciing ¢d hanh vi. Nhém céac thuat toan nay
c6 tén hoc ciing co6 (reinforcement learning).

Vi du 1: Gan day, AlphaGo tré nén ndi tiéng véi viec choi ¢ vay thang ca con
ngudi (https://goo.gl/PzKcvP). Cs vay duge xem la trd choi ¢6 do phiic tap cuc
k3 ca v6i tong s6 thé cd xap xi 107!, con s6 nay & ¢d vua la 10?0 va tong s6
nguyén tit trong toan vii tru 1a khodng 108°!! Hé théng phai chon ra mot chién
thuat t6i uwu trong s6 hang nhiéu ti ti lya chon, va tat nhién viéc thit tat ca cac
lita chon 1a khong kha thi. Vé co ban, AlphaGo bao gdom cac thuat toan thuoc
ca hoc c6 gidm sat va hoc ciing ¢d. Trong phan hoc c6 giam sat, dit lieu tir cac

1 Google DeepMind’s AlphaGo: How it works (https://goo.gl/nDNcCy).
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van ¢5 do con ngudi choi véi nhau dude dua vao dé huan luyen. Tuy nhién, muc
dich cudi cting ctia AlphaGo khong dimg lai ¢ viéc choi nhu con ngudi ma tham
chi phai thang ci con ngudi. Vi vay, sau khi hoc xong cic van cd clia con nguoi,
AlphaGo ty chai v6i chinh n6 qua hang triéu van cd dé tim ra cac nuée di tdi uu
hon. Thuat toan trong phan tu choi nay dude xép vao loai hoc cling cd.

Gan day, Google DeepMind da tién thém mot budc dang ké véi AlphaGo Zero.
Hé théng nay tham chi khong can hoc tit cic van ¢5 clia con ngudi. N6 c6 thé
tur choi véi chinh minh dé tim ra cac chién thuat t6i wu. Sau 40 ngay duge huan
luyén, né da thing tat ci cac con ngudi va he théng khac, bao gdm AlphaGd]

Vi du 2: Huan luyen cho may tinh choi game Mari. Day la mot chuong trinh
thit vi day may tinh choi tro choi dién tt Mario. Tro choi nay don gian hon co
vay vi tai mot thoi diém, tap hop cac quyét dinh c6 thé ra gom it phan tit. Nguoi
choi chi phai bam mot s6 luong nho céc nit di chuyén, nhay, bin dan. Dong thai,
moi truong ciing don gian hon va lap lai ¢ méi lan choi (tai thoi diém cu thé sé
xuat hien mot chuéng ngai vat ¢6 dinh & mot vi tri ¢6 dinh). Dau vao clia 1a so
do ctia man hinh tai thoi diém hién tai, nhiém vu ciia thuat toan la tim t6 hop
phim duge bam v6i mdi dau vao.

Viéc huan luyén mot thuat toan hoc cing c6 thong thuong dya trén mot dai
luong dude goi 1 diém thudng (reward). Mo hinh can tim ra mot thuat toan toi
da diém thuéng d6 qua rat nhiéu lan choi khac nhau. Trong tro choi cd vay, diém
thudng c6 thé la s6 lugng van thang. Trong tro choi Mario, diém thuéng duge
xac dinh dya trén quang duong nhan vat Mario di duge va thoi gian hoan thanh
quiang duong dé. Diém thudng nay khong phai la diém ctia tro choi ma la diém
do chinh ngudi lap trinh tao ra.

5.5. Ham méat mat va tham s6 mo hinh

Mbi mo6 hinh machine learning duge mo ta bdi bo cdc tham s6 mo hinh (model
parameter). Cong viéc clia mot thuat toan machine learning la di tim cac tham
s6 mo hinh t6i wu cho mdi bai toan. Viéc di tim cac tham s6 mo hinh c6 lien quan
mat thiét dén cac phép danh gid. Muc dich chinh 1a di tim céc tham s6 mo hinh
sao cho cac phép danh gia dat két qua cao nhat. Trong bai toan phan loai, két
qua t6t ¢6 thé duge hiéu 1a ¢6 it diém di lieu bi phan loai sai. Trong bai toan hoi
quy, két qua tot 1a khi sy sai lech gitta dau ra du doan va dau ra thuyc sy 1a nho.

Quan heé gitta mot phép danh gia va cac tham s6 mo6 hinh duge mo ta thong qua
mot ham s goi 1a ham mat mat (loss function hofic cost function). Ham s6 nay
thuong c6 gia tri nhé khi phép danh gia cho két qua toét va ngude lai. Viec di
tim cac tham s6 mo hinh sao cho phép danh gia tra vé két qua tét tuong duong

12 AlphaGo Zero: Learning from scratch (https://goo.gl /xtDjoF).
13 Marl/O - Machine Learning for Video Games (https://goo.gl/QekkRz)
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v6i viec toi thieu ham mat mat. Nhu vay, viec xay dung mot mo hinh machine
learning chinh 13 viée di gidi mot bai toan t6i wu. Qua trinh d6 dudc coi la qua
trinh learning cua machine.

Tap hop cac tham s6 mo6 hinh dude ky hiéu bang 6, ham mat méat ctia mo hinh
duge ky hieu 1a £(6) hodc J(). Bai toan di tim tham s6 mo6 hinh tuong duong
v6i bai toan toi thitu ham mat mat:

0" = argmin £(6). (5.1)
0

Trong d6, ky hiéu argmin £(#) dudc hieu 1a gia tri ctia  dé ham s6 £(6) dat gia
0

tri nhé nhat. Bién s6 dude ghi dudi dau argmin 1a bién dang duge toi wu. Bién
sO nay can duge chi ro, trit khi ham mat mat chi phu thuoc vao mot bién duy
nhat. Ky hiéu argmax ciing dugc stt dung mot cach tuong tu khi can tim gia tri
clia cac bién s6 dé ham s6 dat gia tri 16n nhat.

Ham s6 £(0) c6 thé khong c6 chan dudi hogic dat gia tri nhé nhat tai nhiéu gia tri
0 khac nhau. Tham chi, viéc tim gia tri nhd nhat ctia ham s6 nay doi khi khong
kha thi. Trong cac bai toan t6i uu thiyc té, viéc chi can tim ra mot bo tham s6 0
khién ham mat mat dat gia tri nhé nhat hodc tham chi mot gia tri cuc tiéu cling
c6 thé mang lai cac két qua kha quan.

Dé hiéu ban chét ctia cac thuat toan machine learning, viéc ndm ving céc ki thuat
t6i uu co ban 1a can thiet. Cudn sach nay ciing cung cap kién thiic nén tang cho
viée gidi cdc bai toan t6i uu, bao gom t6i wu khong rang buoc (Chuong va
t6i wu c6 rang buoc (xem Phan [VII).

Trong cac chuong tiép theo clia phan nay, ban doc sé dan lam quen véi cac thanh
phan co ban ctia mot hé thong machine learning.
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Chuong 6

Cac ky thuat xay dung dac trung

6.1. Gidi thigu

Mbi diém dit lieu trong mot mo hinh machine learning thuong duge biéu dién
bang mot vector duge goi 1a vector dic trung (feature vector). Trong cting mot
mo hinh, céc vector dic trung ctia cac diem thuong c6 kich thude nhu nhau. Diéu
nay 1& can thiét vi cdc mo hinh bao gom cac phép toan véi ma tran va vector,
cac phép toan nay yeéu cau dit lieu c6 chiéu phit hop. Tuy nhién, dit lieu thuc té
thuong 6 dang tho véi kich thude khac nhau hoadc kich thude nhu nhau nhung s6
chiéu qua 16n gay trd ngai trong viéc luu trit. Vi vay, viéc lya chon, tinh toan dac
trung phtt hgp cho mdi bai toan 1a mot bude quan trong.

Trong nhitng bai toan thi gidc may tinh, cac bitc anh thuong la cac ma tran hoac
mang nhiéu chiéu véi kich thuée khac nhau. Cac biic anh nay c6 thé duge chup
bdi nhiéu camera trong cic diéu kién 4nh sang khac nhau. Céc biic &nh nay khong
nhitng can dugc dua vé kich thuée phit hgp ma con can dude chuan hoé dé ting
hiéu qua ctia mo hinh.

Trong céc bai toan xtt 1§ ngon ngit ty nhién, do dai van ban c6 thé khac nhau,
dugc viét theo nhitng van phong khac nhau. Trong nhiéu truong hop, viéc them
b6t mot vai tit vio mot vin ban cé thé thay doi hoan toan noi dung ctia n6. Hodic
cting 14 mot cau néi nhung téc do, am giong clia moéi ngudi 1a khac nhau, tai
céc thai diém khéac nhau 14 khac nhau. Khi lam viéc v6i cac bai toan machine
learning, nhin chung ta chi c6 dugce dit lieu tho chua qua chinh stta va chon loc.
Ngoai ra, ta ¢6 thé phai loai bé nhing dit lieu nhidu va dua dit lieu tho véi kich
thudce khéc nhau vé ciing mot chuan. Dit lieu chuan nay phai dam bao giit duge
nhitng thong tin dic trung ctia dit lieu tho ban dau. Khong nhiing thé, ta can
thiét ké nhitng phép bién ddi dé c6 nhiing dic trung phit hgp cho timg bai toan.
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Hinh 6.1. M5 hinh chung trong cic bai todn machine learning

Qué trinh quan trong nay duge goi la trich chon dac trung (feature extraction
hodc feature engineering).

Dé c6 cai nhin tong quan, ching ta can dit budc trich chon déc trung nay trong
cd quy trinh xay dung mot moé hinh machine learning.

6.2. M6 hinh chung cho cac bai toan machine learning

Phan 16n cédc mo hinh machine learning cé thé duge minh hoa trong Hinh .
C6 hai pha 16n trong méi bai todn machine learning 1a pha huan luyén (training
phase) va pha kiém tra (test phase). Pha huan luyén xay dung mo hinh dya trén
dit lieu huén luyen. D lieu kiém tra dudc st dung dé danh gia hiéu qui mo

hin.

 Truge khi danh gid mot mo hinh trén tap kiém tra, ta cAn dam bao ring moé hinh dé da lam viec
t6t trén tap huan luyén.
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6.2.1. Pha huan luyén
C6 hai khéi ¢6 nén mau xam can duge thiét ké:

Khéi trich chon dac trung c6 nhiem vu tao ra mot vector dac trung cho méi diém
dit lieu dau vao. Vector dac trung nay thuong cé kich thude nhu nhau, bat ké dit
lieu dau vao c6 kich thude nhu thé ndo.

Dau vao ctia khéi trich chon diic trung co thé la cac yéu t6 sau:

e Dit liéu huan luyén dau vao ¢ dang thé bao gom tat ca cac thong tin ban dau.
Vi duy, dit licu tho ctia mot anh 1a gia tri clia ting diém anh, clia mot vin
ban la tiing ti, ting cau; cia mot file am thanh 14 mot doan tin hiéu; cta
thoi tiét 1a thong tin vé huéng gié, nhiét do, do am khong khi,... Dt liéu tho
nay thuong khong & dang vector, khong c6 sd chiéu nhu nhau hodc mot vai
thong tin bi khuyét. Tham chi chiing cé thé c6 s6 chiéu nhu nhau nhung rat
16n. Chang han, mot bitc dnh mau kich thude 1000 x 1000 c6 s6 diém anh 1a
3 x 109 Day la mot con sb qua 16n, khong ¢6 1¢i cho luu trit va tinh toan.

o D lieu hudn luyén dau ra: dit lieu nay c6 thé dude sit dung hoiic khong. Trong
cac thuat toan hoc khong giam sat, ta khong biét dau ra nén hién nhién khong
c6 gia tri nay. Trong cac thuat toan hoc c6 giam sat, doi khi dit lieu nay cling
khong duge stt dung. Vi du, viéc gidm chiéu dit lieu ¢ thé khong can sit dung
dit lieu dau ra. Néu dit lieu dau vao da 1a cac vector cot cung chiéu, ta chi
can nhan vao bén phai clia chiing mot ma tran chiéu ngau nhién. Ma tran nay
c6 s6 hang it hon s6 cot dé dam béo s6 chiéu thu duge nhé hon sé chiéu ban
dau. Viéc lam nay mic du lam méat di thong tin, trong nhiéu truong hgp van
mang lai hieu qua vi da giam dugce lugng tinh toan ¢ phan sau. Doi khi ma
tran chiéu khong phai 1a ngau nhién ma c6 thé duoce hoc dua trén toan bo di
ligu tho ban diu (xem Chuong 21)).

Trong nhiéu truong hgp khac, dit lieu dau ra ctia tap huan luyén ciing duge
stt dung dé tao bo trich chon dac trung. Viéc giit lai nhiéu thong tin khong
quan trong bang viéc giit lai cdc thong tin c6 ich. Vi dy, dit lieu tho la cac
hinh vuong va hinh tam gidc mau do va xanh. Trong bai toan phan loai da
giac, néu cac nhan 1a tam gidc va vuong, ta khong quan tam téi mau sic ma
chi quan tam tdi s6 canh ctia da gidc. Ngugc lai, trong bai toan phan loai mau
v6i cac nhan 14 zanh va dé, ta khong quan tam t6i s canh ma chi quan tam
dén mau sic.

o Cdc thong tin biét trudc vé dit licu: Ngoai dit lieu huan luyén, cac thong tin
biét trudc ngoai 1é ciing c6 tic dung trong viec xay dung bo trich chon dic

trung. Chéng han, c6 thé dung cac bo loc dé gidm nhiéu néu dit lieu la am

15 Anh mau thudng c6 ba kénh: red, green, blue — RGB
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thanh, hodc diing cac bo do canh dé tim ra canh ctia cac vat thé trong dit lieu
anh. Néu dit licu 14 anh cac té bao va ta can dua anh vé kich thuéc nhé hon,
ta can luu ¥ vé do phan gidi clia té bao clia anh trong kich thudc méi. Ta can
xay dung mot bo trich chon dic trung phu hgp véi ting loai dit lidu.

Sau khi xay dung bo trich chon dic trung, dit lieu tho ban dau dude dua qua va
tao ra cac vector dac trung tuong tng goi 1a ddc trung da trich zudt (extracted
feature). Nhimg dic trung nay duge ding dé huan luyén cac thuat toan machine
learning chinh nhu phan loai, phan cum, hoi quy,... trong khéi mau xam thit hai.

Trong mot so thudt todn cao cip hon, viéc zdy dung bo trich chon dic trung
va cdc thudt todn chinh cé thé duge thic hién dong thoi thay vi riéng 1é
nhu trén. Dau vao cia toan bo mo hinh la dit lieu tho hodc dit lieu tho da
qua mot bude 21t ljj nhé. Cac mo hinh dé cé tén goi chung la ‘mo hinh dau
cudi’ (end-to-end model). Vi su phdt trién cia deep learning trong nhing
nam gan day, nguoi ta cho rang cic mo hinh dau cudi mang lai két qud
tot hon nho vao viéc hai khoi duge huan luyén cung nhay, bé tro lan nhau
cung hudng téi muc dich chung cuoi cung. Thuc té cho thay, cdc mo hinh
machine learning hiéu qud nhat thuong la cdc mo hinh dau cudi.

6.2.2. Pha kiém tra

o) pha kiém tra, vector dic trung clia mot diem dit lieu tho méi dude tao bdi bo
trich chon dic trung thu dugde tit pha huan luyén. Vector dic trung nay duge dua
vao thuat toan chinh da tim duge dé dua ra quyét tra. C6 mot luu ¥ quan trong
la khi xay dung bo trich chon dac trung va cac thuat toan chinh, ta khéng duge
st dung dit lieu kiém tra. Cac cong viec dé duge thye hién chi dya trén dit lieu
huan luyen.

6.3. Mot s6 ky thuat trich chon dic trung
6.3.1. Truc tiép lay di liéu tho

Xét bai toan véi di lieu la cac bitc &nh xam c6 kich thude ¢b tra m x n diém anh.
Céch don gidn nhat dé tao ra vector dac trung cho bitc Anh nay 1a xép chong céc
cot clia ma tran diém anh dé dude mot vector m x n phan tii. Vector nay cé thé
dugc coi 1a vector dic trung v6i médi diic trung 1a gia tri ctia mot diém anh. Viec
lam don gian nay da lam mat thong tin vé vi trf tuong doi gitta cac diém anh
vi céc diém anh gan nhau theo phuong ngang trong biic anh ban dau khong con
gan nhau trong vector dac trung. Tuy nhién, trong nhiéu truong hop, ki thuat
nay van mang lai két qua kha quan.
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6.3.2. Luya chon dac trung

Doi khi, viéc trich chon dac trung don gian 1a chon ra cac thanh phan phit hop
trong dit liu ban dau. Viéc lam nay thuong xuyén duge ap dung khi mot lugng
dit lieu thu duge khong c6 day du cac thanh phan hoac dit lieu ¢6 qua nhiéu chiéu
ma phan 16n khong mang nhiéu thong tin hitu ich.

6.3.3. Giam chiéu di liéu

Gia st dit lieu ban dau 1d mot vector x € R”, A 13 mot ma tran trong R>P va
z = Ax € R%. Néu d < D, ta thu dugc mot vector v6i sé chiéu nhé hon. Day
la mot ki thuat pho bién trong giam chiéu dit lieu. Ma tran A dugc goi 1a ma
tran chiéu (projection matrix), c6 thé 1a mot ma tran ngdu nhién. Tuy nhién,
viéc chon mot ma tran chiéu ngau nhién doi khi mang lai két qua té khong mong
mudn vi thong tin ¢é thé bi that thoat qua nhiéu. Mot phuong phap phd bién dé
t6i thiéu lugng thong tin mat di c6 tén 1a phan tich thanh phan chinh (principal
component analysis) sé dugc trinh bay trong Chuong .

Luu 3j: K thuat xay dung dic trung khong nhat thiét luon lam gidm s6 chiéu
dit lieu, doi khi vector dac trung cé thé cé c6 kich thuée 16n hon dit lieu tho ban
dau néu viéc nay mang lai hieu qua tét hon.

6.3.4. Tai tu

Chung ta hén da tu dat ra cac cau héi: v6i mot vin ban, vector dic trung sé c6
dang nhu thé ndo? Lam sao dua cac ti, cac cau, doan vin ¢ dang ky tu trong
cac van ban vé mot vector ma mdi phan tit 1a mot s67?

C6 mot ki thuat rat phd bién trong xit 1y van ban c6 tén 1a tii tir (bag of words,
BoW).

Bat dau bang vi du phan loai tin nhan rdc. Nhan thay rang néu mot tin c6 chia
cac tit “khuyén mai”, “gidm gia”, “tring thudng”, “mién phi”, “qua tang”, “tri an”,...,
nhiéu kha nang dé 1a mot tin nhén rac. Tit d6, phuong phap dau tién c6 thé nghi
t6i 1a dém s6 lan cac tit ndy xuat hién, néu s6 lugng nay nhiéu hon mot ngudng
nao do6 thi ta quyét dinh do 1a tin ré V6i cac loai van ban khéac nhau, lugng
tit lien quan t6i timg chii dé ciing khac nhau. Tt d6 c6 thé dya vio sb luong cac
tlt trong ting loai dé tao cac vector dac trung cho titng van ban.

Xin lay mot vi du vé hai vin ban don gian sau day’}

(1) "John likes to watch movies. Mary likes movies too."

16 Bai toan thuc té& phiic tap hon khi cac tin nhin c6 thé dugce viét dusi dang khong déu, bi cb tinh
viét sai chinh t4, hoac diing cac ky tu dic biet
' Bag of words — Wikipedia (https://goo.gl/rBtZqgx)
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N

va

(2) "John also likes to watch football games."

Dua trén hai van ban nay, ta c6 danh sach cac tit duge sit dung, duge goi la tu
dién (dictionary hoic codebook) véi mudi tir nhu sau:

["John", "likes", "to", "watch", "movies", "also", "football", "games", "
Mary", "too"]

Vé6i mdi van ban, ta sé tao ra mot vector dic trung c6 s6 chiéu bang 10, mdi phan
tit dai dién cho s6 tit tuong ting xuat hién trong vin ban dé. Véi hai van ban tren,
ta sé c6 hai vector dac trung:

(vy 11, 2, 1, 1, 2, 0, 0, 0, 1, 1]
() 1, 1, 1,1, 90,1, 1, 1, 0, 0]

Van ban (1) ¢6 mot tit "John", hai tit "likes", khong tit "also", khong tit "football
".... nén ta thu dugc vector tuong ng nhu trén.

C6 mot vai diéu can luu ¥ trong BoW:

e V6i nhitng tng dung thuc té, tir dién c6 s6 lugng tir 16n hon rat nhiéu, c6 thé
dén ca trieu, nhu vay vector dac trung thu duge sé rat dai. Mot vin ban chi c6
mot cau, va mot tiéu thuyét nghin trang déu dude bicu dién bang cac vector
c6 kich thuéc nhu nhau.

e C6 rat nhiéu tit trong tit dién khong xuat hién trong mot vin ban. Nhu vay cac
vector ddc trung thu duge thuong c6 nhiéu phan tit bang khong. Cac vector
do6 duge goi 1a vector thua (sparse vector). Dé viec luu trit duge hiéu qua hon,
ta khong luu moi thanh phan clia mot vector thua ma chi luu vi tri clia cac
phan tt khac khong va gia tri tuong ting. Chi ¥ rang néu c6 hon mot nita s6
phan tit khac khong, viec 1am nay lai phan tac dung. Tuy nhién, truong hop
nay it xay ra vi hiém c6 vin ban chita t6i mot nita s6 tit trong tit dién.

e Céc tur hiém gap dude xit Iy nhu thé nao? Mot ki thuat thuong dung & them
phan t1t <Unknown> vao trong tit dién. Moi tit khong c6 trong tir dién déu duge
coi la <Unknown>.

e Tuy nhién, nhitng tit hiém doi khi lai mang nhitng thong tin quan trong nhat
ma chi loai van ban dé c6. Day 1a mot nhuge diém ciia BoW. Cé mot phuong
phap cai tién gitp khic phuc nhuge diém nay tén la term frequency-inverse
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document frequency (TF-IDF) [SWY75] diing dé xac dinh tam quan trong ctia
mot tir trong mot van ban dyra trén toan bo van ban trong co sé dit lié.

e Nhugc diém 16n nhét ctia BoW la n6 khong mang thong tin vé thit tu clia cac
tit, ciing nhu sy lien két gitta cac cau, cic doan van trong van ban. Thi tu
cla cac tir trong van ban thudng mang thong tin quan trong. Vi du, ba cau
sau day: “Em yéu anh khong?”, “Em khong yéu anh”, va “Khong, (nhung) anh
yéu em” khi dugc trich chon dic trung bang BoW sé cho ra ba vector giong
hét nhau, mic dit ¥ nghia khac han nhau.

6.3.5. BoW cho dit liéu anh

BoW ciing dugc ap dung cho cac biic anh v6i cach dinh nghia i va ¢t dién khac.
Xét cac vi du sau:

Vi dy 1: Gia st ¢c6 mot tap dit liéu anh c¢6 hai nhan 1a rirng va sa mac, va mot bic
anh chi roi vao mot trong hai loai nay. Viéc phan loai mot bic anh la rting hay
sa mac mot cach ty nhién nhat 13 dya vio mau sic. Mau xanh lyc nhiéu tuong
ing vdi ring, mau dé va vang nhiéu tuong ing véi sa mac. Ta ¢6 mot mo hinh
don gian dé trich chon dic trung nhu sau:

e Vi mot bite anh, chuan bi mot vector x ¢6 s6 chiéu bang 3, dai dién cho ba
mau xanh luc (z1), d6 (x2), va vang (x3).

e V6i mdi diém anh trong biic &nh d6, xem né gan véi mau xanh, dé hay vang
nhat dua trén gia tri cia diém anh dé. Néu n6 gan diém xanh nhét, ting
len mot; gan do nhat, ting x» lén mot; gan vang nhat, ting 3 lén mot.

e Sau khi xem xét tat ca cac diém anh, dit cho biic anh c6 kich thuée thé nao,
ta van thu duge mot vector ¢é kich thude bang ba, mdi phan tit thé hién viec
¢6 bao nhiéu diém anh trong bitc anh c6 mau tuong ting. Vector cudi nay con
dudc goi 1a histogram vector ciia biic anh va c6 thé coi la mot vector dac trung
tot trong bai toan phan loai anh ring hay say mac.

Vi du 2: Trén thyc té, cdc bai toan xu Iy anh khong don gidn nhu trong vi du
trén day. Mat nguoi thuc ra nhay véi cac duong nét, hinh dang hon la mau séc.
Chung ta c6 thé nhan biét duge mot biic anh c6 cay hay khong ngay ca khi bic
anh do khong c6 mau. Vi vay, xem xét gia tri ting diém anh khong mang lai két
qua kha quan vi lugng thong tin vé duong nét da bi mat.

C6 mot giai phap la thay vi xem xét mot diém anh, ta xem xét mot ving hinh
chit nhat nhé trong anh, ving nay con dugce goi la patch. Cac patch nay nén dua
16n dé c6 thé chita dugc cac bo phan dic td vat thé trong anh. Vi du véi mat

18 5 Algorithms Every Web Developer Can Use and Understand, section 5 (https://goo.gl/LJW3H1).
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lr,aadnuu-t’

Hinh 6.2. Bag of words cho anh chita mat ngudi (Nguén: Bag of visual words model:
recognizing object categories (https://goo.gl/EN20SM).
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Source: B. Leibe

Hinh 6.3. Bag of Words cho anh xe hai (Ngudn: B. Leibe).

ngudi, cac patch can chita duge cdc phan ciia khuon mat nhu mat, mii, miéng
(xem Hinh|6.2). Tuong tu, v6i anh 1a 6 t6, cdc patch thu duge c6 thé la banh xe,
khung xe, ctta xe,...(xem Hinh hang trén bén phéi).
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Trong x1t 1§ van ban, hai tit dudc coi 1a nhu nhau néu n6 dude biéu dién bédi cac
ky tu gidng nhau. Cau hoi dit ra la, trong xtt 1y anh, hai patch dugde coi 1a nhu
nhau khi nao? Khi moi diém anh trong hai patch c6 gia tri bing nhau sao?

Cau tra 1oi 1a khong. X4c suat dé hai patch giéng hét nhau timg diém anh 1a rat
thap vi c6 thé mot phan clia vat thé trong mot patch bi léch di, bi méo, hoac cé
do sang thay doi. Trong nhitng truong hgp nay, mac dit mit ngusi van thay hai
patch d6 rat giéng nhau, may tinh c6 thé nghi d6 1a hai patch khac nhau. Vay,
hai patch dugc coi la nhu nhau khi nao? Tit va tit dién ¢ day dude dinh nghia
nhu thé nao?

Ta c6 thé 4p dung mot phuong phap phan cum don gian la K-means (xem
Chuong dé tao ra tir dién va coi hai patch la gan nhau néu khoang cach
Euclid gitta hai vector tao bdi hai patch 1a nhé. Vé6i rat nhiéu patch thu duge, gia
stt can xay dyng mot tit dién v6i chi khoang 1000 i, ta c6 thé ding phan cum
K-means dé phan toan bo cac patch thanh 1000 cum (mdi cum dugce coi la mot
bag) khac nhau. Mdi cum gom cic patch gan giong nhau, duge mo ta bdi trung
binh cong clia tat ca cac patch trong cum d6 (xem Hinh hang dudi). V6i mot
anh bat ky, ta trich ra cac patch tit 4&nh d6, tim xem mdi patch gan véi cum nao
nhat trong 1000 cum tim dudc & trén va quyét dinh patch nay thudc cum do.
Cubi ciing, ta sé thu duge mot vector dic trung c6 kich thude bang 1000 ma moi
phan ti 1a s6 lugng céc patch trong anh roi vao cum tuong tng.

6.4. Hoc chuyén tiép cho bai toan phan loai anh
Muc nay duge viét trén co sé ban doc da c6 kién thitc nhat dinh va deep learning.

Ngoai BoW, cac phuong phap pho bién duge sit dung dé xay dung vector dac triung
cho anh la scale invariant feature transform — SIFT [Low99|, speeded-up robust
features — SURF [BTVGO6|, histogram of oriented gradients — HOG [DT05],
local binary pattern — LBP [Low99|,... Céc bo phan loai thuong duge st dung la
SVM da 16p (Chuong , hoi quy softmax (Chuong , ma hoéa thua va hoc tit
dien [WYGF09, VMM™16l, VM17], ritng ngau nhién [LW*02],...

Cac dic trung duge tao bdi cdc phuong phéap néu trén thuong duge goi la cac
ddc trung thi cong (hand-crafted feature) vi ching chii yéu dua trén cac quan
sat vé dac tinh riéng ctia anh va dugce xay dung chung cho moi loai dit liéu anh.
Cac phuong phap nay cho két qua kha an tuong trong mot so6 truong hop. Tuy
nhién, chiing van con nhiéu han ché vi qua trinh tim ra cic dic trung va cac bo
phan loai la riéng biét. Hon nita, cac bd trich chon nay chi tim ra cac ddc trung
maic thap (low-level features) ctia anh.

Nhitng nam gan day, deep learning phat trién cuc nhanh dua trén luong dit lieu
huan luyén khong 16 va kha nang tinh toan ngay cang dudc cii tién clia céc
may tinh. Két qua cho bai toan phan loai anh ngay cang duge nang cao. Bo
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co s¢ dit lieu thuong duge dung nhat 1a ImageNet (https://www.image-net.org)
v6i 1.2 triéu dnh cho 1000 nhan khac nhau. Rat nhiéu mo hinh deep learning
da gianh chién thang trong cic cudc thi ImageNet large scale visual recognition
challenge — ILSVRC' (https://goo.gl/1A8drd): AlexNet [KSHI12], ZFNet [ZF14],
GoogLeNet [SLJT15], ResNet [HZRS16], VGG [SZ14]. Nhin chung, cdc mo hinh
nay 14 cac mang neuron da tang (multi-layer neural network). Céc tang phia
trude thuong 1a cac tang tich chap (convolutional layer). Tang cudi cling 13 mot
tang noi kin (fully connected layer) va thuong 1a mot bo hoi quy softmax (xem
Hinh . Vi vay dau ra ciia tang gan cudi ciing c6 thé duge coi la vector diic
trung va hoi quy softmax chinh 14 bo phan loai dugc st dun.

Viéc bo trich chon dic trung va bo phan loai duge huan luyén cing nhau thong
qua t6i utu hé s6 trong mang neuron sau khién cidc mo hinh nay dat két qua tot.
Tuy nhién, nhitng mo6 hinh nay déu bao gom rat nhiéu tang cic trong sb. Viéc
huan luyén dya trén hon mot trigu biic &nh tén rat nhiéu thoi gian (2-3 tuan).

V6i céc bai toan phan loai cac dit lieu anh khéc véi tap huan luyen nhd, ta cé thé
khong can xay dyng lai mang neuron va huan luyén né tir dau. Thay vao do, ta
c6 thé st dung cdc mo hinh da duge huan luyén néu trén va thay doi kién tric
ciia mang cho phut hgp. Phuong phéap st dung cdc mo hinh ¢6 sdn nhu vay con
duge goi 1 hoc chuyén tiép (transfer learning).

Toan bo cac tang trit tang dau ra c¢6 thé duge coi 1a mot bo trich chon diic trung.
Diéu nay dugc rat ra dya trén nhan xét rang cac bic anh thuong c6 nhitng dac
tinh giong nhau. Sau d6, ta huan luyén mot bo phan loai khac dya trén vector
diic trung da da dugc trich chon. Céch lam nay c6 thé tang do chinh xac phan loai
len dang ké so véi viec sit dung cac dic trung thi cong vi cdc mang neuron sau
duge cho 1a ¢6 kha nang trich chon cac ddac trung mic cao (high-level features)
cua anh.

Huéng tiép can thit hai 1a stt dung cac mo hinh da duge huan luyén va cho huan
luyén thém mot vai tang cudi dya trén dit lieu méi. K thuat nay duge goi 1 tinh
chinh (fine-tuning). Viec nay dugc thuc hién dya trén quan sat rang nhitng tang
dau trong mang neuron sau trich xuat nhitng dac trung chung mic thap cta da
sO anh, cac tang cudi gitp trich chon cac dic trung mic cao phit hgp cho ting
cd s dit lieu (CSDL). Céc diic trung miic cao c6 thé khac nhau tuy theo timg
CSDL. Vi vay, khi ¢6 dit lieu méi, ta chi can huan luyén mang neuron dé trich
chon cac dac trung mic cao phu hgp véi dit liéu méi nay.

Dua trén kich thudc va sy gidng nhau gitta CSDL méi va CSDL goc (diing dé huan
luyén mang neuron ban dau), c6 mot vai quy tic dé huan luyén mang neuron

m(’j:

19 hai quy softmax 13 mot thudit toan phan loai, tén goi hdi quy clia né mang tinh lich st.
20 Transfer Learning, CS231n (https://goo.gl/VN1g7F)
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Vector dic trung

softmax hoac
SVM da I6p
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Hinh 6.4. Kién trdc deep learning co ban cho bai toin phan loai. Tang cudi cling
|3 mo6t tang ndi kin va thudng la mot hoi quy softmax.

e CSDL mdi nhé, tuong tw CSDL goc. Vi CSDL méi nhd, viéc tiép tuc huan
luyén mo6 hinh c6 thé dé dan dén hién tugng qud khdp (overfitting, xem
Chuong . Ciing vi hai CSDL tuong tu nhau, ta duy doan rang cac dic trung
miic cao ciia chiing tuong ty nhau. Vi vay, ta khong can huan luyén lai mang
neuron ma chi can huan luyén mot bo phan loai dira trén céc vector dic trung
thu duge.

e CSDL mdi lon, tuong tw CSDL goc. Vi CSDL nay 16n, qua khép it xay ra hon,
ta c6 the huan luyén moé hinh thém mot vai vong lap. Viéc huan luyeén c6 thé
duge thie hién trén toan bo ho#ic chi mot vai tang cudi.

e CSDL mdi nhé, rat khac CSDL goc. Vi CSDL nay nho, tot hon hét 1a dung
cac bo phan loai don gian khac dé tranh qua khép. Néu mudén stt dung mang
neuron cil, ta ciing chi nén tinh chinh cac tang cudi ciia né. Hodc c6 thé coi
dau ra ctia mot tang § gitta clia mang neuron la vector dic trung rdi huan
luyén thém mot bo phan loai.

e CSDL mdi lon rat khac CSDL goc. Thyc té cho thiy, st dung cdc mang neuron
san c6 tren CSDL mdéi vAn hitu ich. Trong trudng hop nay, ta van cé thé st
dung cac mang neuron sin c6 nhu la diém khéi tao clia mang neuron mdi,
khong nén huan luyén mang neuron mdi tit dau.
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Mot diém dang chi ¥ 1 khi tiép tuc huan luyén cadc mang neuron nay, ta chi nén
chon téc do hoc nhé dé cac he sé méi khong di qué xa so véi cac hée sé da duge
huan luyén & cdc mo hinh truéc.

6.5. Chuan hoa vector dic trung

Céc diém dit lieu doi khi duge do dac bang nhitng don vi khac nhau, chang han
mét va feet. Doi khi, hai thanh phan ciia dit licu ban dau chénh léch nhau 16n,
ching han mot thanh phan c6 khoang gia tri tit 0 dén 1000, thanh phan kia chi
c6 khoang gia tri tit 0 dén 1. Ltic nay, ching ta can chuan héa dit liéu truée khi
thuc hién céc budce tiép theo.

Chi 4 : viec chuan héa nay chi duge thuc hién khi vector dit lieu da c6 cing chiéu.
Sau day a4 mot vai phuong phap chuan héa thudng ding.

6.5.1. Chuyén khoang gia tri

Phuong phap don gian nhat 1a dua tat ca cac dic trung vé cling mot khoang, vi

du [0,1] hodc [~1,1]. Dé mudn dua dac trung thit 7 ctia mot vector dac trung x
ve khoang [0, 1], ta stt dung cong thiic

R min(z;)

max(x;) — min(z;)

trong d6 z; va x} lan lugt 1a gia tri dic trung ban dau va gia tri diic trung sau khi
dugc chuan hoéa. min(z;), max(z;) 1a gia tri nhd nhat va 16n nhat clia dic trung
thit 4 xét trén toan bo dit lieu huan luyén.

6.5.2. Chuan hoa theo phan phbi chuan

Mot phuong phap khéic thuong duge st dung 1a dua mdi dac trung vé dang mot
phan phéi chuan cé ky vong 1a 0 va phuong sai 1a 1. Cong thiic chuan héa 1a

T =
V6i Z;, 0; 1an lugt 14 ky vong va do lech chuan ctia dic trung dé xét trén toan bo
dit lieu huan luyén.

6.5.3. Chuan hoa vé ciing norm

Mot Iira chon khéac ciing dude st dung rong rai 1a bién vector dit lieu thanh vector
c6 do dai Euclid bing mot. Viec nay c6 thé duge thuc hien bing cach chia mbi
vector dac trung cho /5 norm cia no:

X

%2

/
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Chuong 7

Hoi quy tuyén tinh

Hoi quy tuyén tinh (linear regression) 1a mot thuat todn hoi quy ma dau ra la
mot ham s tuyén tinh ctia dau vao. Day 1a thuat toan don gian nhat trong nhom
cac thuat toan hoc c6 giam sat.

7.1. Gidi thiéu

Xét bai toan u6c lugng gia clia mot can nha rong x; m?, c¢6 x5 phong ngtt va cach
trung tam thanh phé x5 km. Gia st ¢c6 mot tap dit licu ctia 10000 can nha trong
thanh phd d6. Liéu rang khi ¢6 mot can nha mdéi v6i cac thong s6 vé dién tich
1, O phong ngii z» va khodng cach téi trung tam z3, ching ta c6 thé du doan
duge gia y clia can nha dé khong? Néu c6 thi ham du doan y = f(x) sé ¢6 dang
nhit thé nao. O day, vector dic trung x = [z, 79, 23]7 14 mot vector cot chia dit
licu dau vao, dau ra y la mot s6 thiye duong.

Nhan thay rang gid nha cao nén dién tich 16n, nhiéu phong ngti va gan trung tam
thanh phé. Tt d6, ta c6 thé mo hinh dau ra la mot ham don gian ciia dau vao:

y =G = f(x) = wizs + wols + wsrs = X' W, (7.1)

trong d6 w = [wy, wy, w3]T 1a vector trong s6 (weight vector) can tim. Mbi quan
hé y ~ f(x) nhu trong (7.1]) 1a mot mdi quan he tuyén tinh.

Bai toan trén day 1a bai toan du doan gia tri ciia dau ra dua trén vector dac
trung dau vao. Ngoai ra, gia tri clia dau ra c6 thé nhan rat nhiéu gia tri thuc
duong khac nhau. Vi vay, day 1a mot bai toan hdi quy. Méi quan hé § = xTw 1a
mot moéi quan hé tuyén tinh. Tén goi hoi quy tuyén tinh xuat phat tu day.
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7.2. Xay dung va t6i wvu ham mat mat

Tong quét, néu mdi diém dit lieu dude mo ta béi mot vector dac trung d chiéu
x € R?, ham du doan dau ra dugce viét dusi dang

Y= W1 + Walo + - - + Wy = X' W. (7.2)

7.2.1. Sai s6 du doan

Sau khi xay dung dugc mo6 hinh dy doan dau ra nhu (7.2), ta can tim mot phép
danh gia phit hgp véi bai toan. V6i bai toan hoi quy néi chung, ta mong mudn s
sai khac e gitta dau ra thuc sy y va dau ra du doan ¢ 14 nhé nhéat:

w)2. (7.3)

O day, binh phuong duge 1y vi e = y — § ¢6 thé la mot s6 am. Viec sai s6 1a nhd
nhat c6 thé duge mo ta bing cach lay tri tuyst doi |e| = |y — g|. Tuy nhién, cach
lam nay it dudc sit dung vi ham tri tuyéet déi khong kha vi tai goc toa do, khong
thuan tién cho viéc t6i wu. Hé sb % sé bi triet tieu khi lay dao ham cta e theo
tham s6 mo hinh w.

7.2.2. Ham méat mat

Dicu tuong tu x4y ra véi tat ca cac cap dit lieu (x;,v:),7 = 1,2,..., N, v6i N 1a
s6 lugng dit lieu trong tap huan luyén. Viéc tim mo hinh tét nhat tuong duong
v6i viec tim w dé ham sb sau dat gia tri nho nhat:

£w) = 55 S = xwP (7.4

Ham s6 £(w) chinh 1a ham mat mat ctia mo hinh hoi quy tuyén tinh véi tham
s6 0 = w. Ta luon mong mudn sy mat méat la nhé nhat, diéu nay co thé dat duge
bang cach t6i thicu ham méat mat theo w:

w"* = argmin £(w). (7.5)
w* 1a nghiém can tim ctia bai toan. Doi khi dau * duge bé di va nghiem c6 thé
duge viét gon lai thanh w = argmin £(w).
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Trung binh sai so6

Trong machine learning, ham mat mdt thuong la trung binh cong ctia sai so

tai moi diém. Vé mat todn hoc, hé so N khong dnh hudng tdi nghiém ciia

bai todn. Tuy nhién, viéc lay trung binh nay quan trong vi so lugng diém di
licu trong tap hudn luyén cé thé thay doi. Viéc tinh todn mat mat trén ting
diém dit liéu sé hitu ich hon trong viéc danh gid chat lugng mo hinh. Ngodi
ra, viéc lay trung binh cing gidp tranh hién tuong tran sé khi s6 luong diém
da liéu lon.

Trude khi xay dung nghiém cho bai toan t6i tu ham mat mat, ta thay rang ham
s6 nay c6 thé duge viét gon lai duéi dang ma tran, vector, va norm nhu sau:

2
N n X1T
1 1 || X3 1
L = — —xIw)? = — — = —|ly=XTwl|?2 (7.6
- T
YN XN 9
Vol y = [y1, 92, - yn|T, X = [X1, X, ..., Xy]. Nhu vay £(w) 13 mot ham sb lien

quan t6i binh phuong cta £, norm.
7.2.3. Nghiém ctia hdi quy tuyén tinh

Nhan thiy riing ham mat méat £(w) c6 gradient tai moi w (xem Bang [2.1)). Gi
tri t6i uu clia w ¢6 thé tim dudce thong qua viec giai phuong trinh dao ham ciia
L(w) theo w bang khong. Gradient ctia ham s6 nay tuong do6i don gian:

VL(w) 1

S NX(XTW -y) (7.7)

Phuong trinh gradient bang khong:

VL(w)

= XXTw =X .
S 0= W y (7.8)

Néu ma tran vuong XX kha nghich, phuong trinh (7.8) c¢6 nghiém duy nhét
w = (XXT)"Xy.

Néu ma tran XX” khong kha nghich, phuong trinh vo nghiém hoac c¢6 vo
s6 nghiem. Lic nay, mot nghiem diic biét ctia phuong trinh c6 thé duge xéac dinh
dua vao gid nghich ddo (pseudo inverse). Ngudi ta chiing minh duge rén véi
moi ma tran X, luon ton tai duy nhat mot gia tri w c¢6 £ norm nhé nhat giup
t6i thicu | XTw — y||%. Cu thé, w = (XXT)Xy trong d6 (XXT)T 1a gia nghich

2 Least Squares, Pseudo-Inverse, PCA & SVD (https://goo.gl/RoQ6mS)
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dao ctia XXT. Gia nghich ddo ctia mot ma tran luon ton tai ké ca khi ma tran
dé6 khong vuong. Khi ma trén la vudng va kha nghich, gia nghich dao chinh la
nghich déo. Téng quat, nghiem clia bai toan t6i wu (7.5) 1a

w = (XX")Xy (7.9)
Ham s6 tinh gid nghich ddo ctia mot ma tran bat ky c¢6 sdn trong thu vién numpy.
7.2.4. Hé sb diéu chinh

Ham dy doan dau ra ctia hoi quy tuyén tinh thuong c6 thém mot hé so diéu chinh
(bias) b:
f(x)=x"w+b (7.10)

Néu b = 0, duong thang/mit phing y = x’w + b luoén di qua gbc toa do. Viec
thém hé s6 b khién mo hinh linh hoat hon. Heé s6 diéu chinh nay ciing 14 mot
tham s6 mo hinh.

Dé ¥ thay riang, néu coi mdi diém dit licu c6 them mot dac trung xo = 1, ta sé co

Yy =x'W+b=ww +wery + -+ wgry +brg = X' W (7.11)
trong d6 X = [vg,71,20,...,2x]T VA W = [bywi,wy,...,wy]. Néu dit X =
[X1,%2,...,%n], ta c6 nghiém clia bai toan t6i thicu ham mat mat

1 _ o
W = argmin ﬂ”y — X'w|? = (XX Xy (7.12)

K thuat them mot dac trung zo = 1 vao vector dac trung va ghép he s6 dicu
chinh b vao vector trong s6 w nhu trén con duge goi 1a thi thuat gop hé so diéu
chinh (bias trick). Chung ta sé gip lai ky thuat d6 nhiéu lan trong cuén sach nay.

7.3. Vi du trén Python

7.3.1. Bai toan

Xét mot vi du don gian c6 thé ap dung hoi quy tuyén tinh. Ching ta sé so sanh
nghiém ctia bai toan khi gidi theo phuong trinh ((7.12)) va nghiém tim dugce khi
dung thu vién scikit-learn ctia Python.

Gia st ¢6 dit lieu can ning va chiéu cao ciia 15 nguoi trong Bang . Dit liéu cua
hai ngudi cé chiéu cao 155 cm va 160 cm duge tach ra lam tap kiém tra, phan
con lai tao thanh tap huan luyén.

Bai toan dat ra la lieu ¢6 thé du doan can nang ctia mot ngudi dita vao chiéu cao
ctia ho khong? C6 thé thay la can ning thuong ti 16 thuan véi chiéu cao, vi vay
hoi quy tuyén tinh 13 mot mo hinh phu hgp.

Machine Learning co ban 103

https://thuviensach.vn



Chuong 7. Hoi quy tuyén tinh

Bang 7.1: Bang dit liéu vé chiéu cao va can nang cta 15 ngudi

’Chiéu cao (cm)\Cﬁn nang (kg)HChiéu cao (cm)\Cﬁn nang (kg)‘

147 49 168 60
150 50 170 72
153 51 173 63
155 52 175 64
158 54 178 66
160 56 180 67
163 58 183 68
165 59

7.3.2. Hién thi di liéu trén dd thi

Trude tien, ta khai bao dit lieu huan luyén.

from _ future_  import print_function

import numpy as np

import matplotlib.pyplot as plt

X = np.array([[147, 150, 153, 158, 163, 165, 168, 170, 173, 175, 178, 180,
1831]1).T # height (cm), input data, each row is a data point

# weight (kg)

y = np.array ([ 49, 50, 51, 54, 58, 59, 60, 62, 63, 64, 66, 67, 68])

Céc diém dit lieu duge minh hoa béi céc diém hinh tron trong Hinh [7.1] Ta thiy
rang dit lieu duge sdp xép gan nhu theo mot dudng thang, vay mo hinh hoi quy
tuyén tinh sau day c6 kha niang cho két qua tét, v6i w_0 1a he s6 dieu chinh b:

(can ning) = w_1*(chiéu cao) + w_0

7.3.3. Nghiém theo cong thic

Tiép theo, ta tim cac he sd w_1 va w_8 dya vao cong thite (7.12)). Gia nghich déo
clia mot ma tran A trong Python dugce tinh bang numpy.linalg.pinv(A).

# Building Xbar

one = np.ones((X.shapel0], 1))

Xbar = np.concatenate((one, X), axis = 1) # each row is one data point
# Calculating weights of the linear regression model

A = np.dot (Xbar.T, Xbar)

b = np.dot (Xbar.T, v)

w = np.dot (np.linalg.pinv(A), b)

# weights

w_0, w_1 = w[0], w[l]

Dudng thiang mo td mdi quan hé giita dau vao va dau ra duge minh hoa trong
Hinh [7.1] Ta thiy ring céc diém dit lieu niim khé gin duong thing dy doan. Vay
mo hinh hoi quy tuyén tinh hoat dong tot véi tap dit lieu huan luyén. Bay gio,
chiing ta st dung moé hinh nay dé du doan dit liéu trong tap kiem tra.
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75 Hinh 7.1. Minh hoa dir liéu va
o O dirlieu huan luyén dudng thang xap xi tim dugc bdi
1 =—— mod hinh tim dugc A- A as
' hoi quy tuyén tinh
2651
on
.. 60 1
c
c
© 55
504

45 : . . .
140 150 160 170 180 190
chiéu cao (cm)

vyl = w_1%155 + w_0
y2 = w_1*160 + w_0

print (' Input 155cm, true output 52kg, predicted output %.2fkg.’ %(yl) )

print (' Input 160cm, true output 56kg, predicted output %.2fkg.’” %(y2) )

Két qua:

Input 155cm, true output 52kg, predicted output 52.94kg.

Input 160cm, true output 56kg, predicted output 55.74kg.

Ching ta thay rang dau ra dy doan kha gan dau ra thuec su.

7.3.4. Nghiém theo thu vién scikit-learn

Tiép theo, chiing ta sé st dung thu vién scikit-learn dé tim nghiém.

from sklearn import datasets, linear_model

# fit the model by Linear Regression

regr = linear_model.LinearRegression ()

regr.fit (X, y) # in scikit-learn, each sample is one row

# Compare two results

print ("scikit-learn’s solution: w_1 = ", regr.coef_[0], "w_0 = ",\
regr.intercept_)

print ("our solution cw_1l =", w[l], "w. 0 =", w[0])

Két qua:

scikit-learn solution: w_1 = [ 0.55920496] w_0 = [-33.73541021]

our solution s w_1l = [ 0.55920496] w_0 = [-33.73541021]

Ching ta thay rang hai két qua thu dugce 1a nhu nhau.
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hoi quy da thirc

o) O  ditliéu huan luyén
—— md hinh tim dugc

co [t}
(=] o

can nang (kg)
~J
o

> oC o
60 - 50
o]
—— md hinh tim duoc 501 o00°
o d{liéu huan luyén 140 150 160 170 180 190
chiéu cao (cm)
X
(b)
(a)

Hinh 7.2. (a) Hdi quy da thiic bac ba (b) Hai quy tuyén tinh nhay cdm véi nhidu.

7.4. Thao luan
7.4.1. Cac bai toan c6 thé giai bang hdi quy tuyén tinh

Ham s6 y ~ f(x) = x’w + b 13 mot ham tuyén tinh theo cd w va x. Hdi quy
tuyén tinh c6 thé ap dung cho cac mo hinh chi can tuyén tinh theo w. Vi du

Y & Wiy + WaTy + wsx + wy sin(wy) + wsx1 29 + W (7.13)

14 mot ham tuyén tinh theo w nhung khong tuyén tinh theo x. Bai toan nay van
c6 thé dugc giai bang hdi quy tuyén tinh. V6i mdi vector dac trung x = [21, 25]7
ta tinh vector dic trung méi x = [x1, z9, 27, sin(z2), 1172]7 11 4p dung hdi quy
tuyén tinh véi dit lieu méi nay. Tuy nhién, viéc tim ra cac ham s6 sin(xs) hay
1179 12 tuong d6i khong ty nhien. Hoi quy da thic (polynomial regression) thuong
dugce st dung nhiéu hon véi cac vector dac trung méi c6 dang [1, 2y, 2%, ... ]T. Mot
vi du vé hoi quy da thitc bac 3 duge thé hien trong Hinh

Y

7.4.2. Han ché ctia hoi quy tuyén tinh

Han ché dau tién ciia hoi quy tuyén tinh 1a n6 rat nhay cdm vdi nhiéu (sensitive
to noise). Trong vi du vé mdi quan he gitta chiéu cao va can ning bén trén, néu
c6 chi mot cgp dit lieu nhiéu (150 cm, 90kg) thi két qué sé sai khac di rat nhiéu

(xem Hinh [7.2b)).

Mot ky thuat giap tranh hién tuong nay la loai bé céc nhiéu trong qua trinh
tim nghiém. Viéc lam nay c6 thé phitc tap va tuong déi tén thoi gian. C6 mot
cach khéc gitip tranh cong viec loai bé nhidu la st dung mdt mat Huber? Hoi

22 Huber loss (https://goo.gl/ TBUWzg)
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quy tuyén tinh véi mat méat Huber dudc goi 1a hoi quy Huber, dude khang dinh
12 c6 kha nang khang nhiéu tét hon. Xem thém Huber Regressor, scikit learn
(https://goo.gl /h2rKub).

Han ché thi hai ctia hoi quy tuyén tinh 1 n6é khong biéu dién dugc cdc moé hinh
phiic tap. Mac dit phuong phap nay c6 thé duge ap dung néu quan hé gitta dau
ra va dau vao la phi tuyén, mdi quan hé nay van don gidn hon nhiéu so véi cac
mo hinh thyc té. Hon nita, viéc tim ra cac dic trung 2, sin(xs), 7172 nhu trén 1a
khong kha thi khi s6 chiéu dit licu l6n len.

7.4.3. Hoi quy ridge

C6 mot ki thuat nho gitp tranh truong hop XX* khong kha nghich 1a bién no
thanh A = XX7 + I v6i A 13 mot s6 duong nhé va I 1a ma tran don vi véi bac
phu hop.

Ma tran A 1a kha nghich vi né la mot ma tran xac dinh duong. That vay, véi
moi w # 0,

wiAw = wi (XX + M\)w = w/ XX"w + Aw’w = | XTw]|2 + \|w]3 > 0.
Ltc nay, nghiem ciia bai toan 1a y = (XXT + \I)~!Xy.

Xét ham méat mat
1
£a(w) = iy = XwlZ + MwiB). (7.14)

Phuong trinh gradient theo w bang khong:

VEQ (W)

Vw

Ta thay w = (XX + M)"'Xy chinh 1 nghiém ctia bai toan t6i thidu Lo(w)
trong (7.14)). Mo hinh machine learning v6i ham mét mat con duge goi 1a
hoi quy ridge. Ngoai viéc gitp phuong trinh gradient theo hé sé bang khong c6
nghiém duy nhat, hoi quy ridge con gitip mo hinh tranh dudc overfitting nhu sé
thay trong Chuong [8]

1
=0& N(X(XTW —y)+Iw) =0 (XXT + \D)w =Xy (7.15)

7.4.4. Phuong phap t6i wu khac

Hoi quy tuyén tinh 13 mot mo hinh don gidn, 10i gidi cho phuong trinh gradient
bang khong ciing khong phiic tap. Trong hau hét cac truong hop, viéc gidi cac
phuong trinh gradient bang khong tuong ddi phiic tap. Tuy nhién, néu ta tinh
dugc dao ham ctia ham mat mat, cic tham sé6 moé hinh c6 thé dude gidi bing
mot phuong phap hitu dung c6 tén gradient descent. Trén thic té, mot vector dac
trung c6 thé c6 kich thuée rat 16n, dan dén ma tran XX7T ciing c6 kich thudce
16n va viéc tinh ma tran nghich dao c¢é thé khong 1oi vé mat tinh toan. Gradient
descent sé gitip tranh dugce viéc tinh ma tran nghich ddo. Ching ta sé hicu ky
hon vé phuong phap nay trong Chuong
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Chuong 8

Qua khép

Qud khdp (overfitting) 1a mot hieén tugng khong mong mudn thuong gip, ngudsi
xay dung mo hinh machine learning can nim dugc cac k¥ thuat dé tranh hien
tugng nay.

8.1. Gidi thiu

Trong cac mo6 hinh hoc ¢6 giam sat, ta thuong phai di tim mdt mo hinh anh xa
cac vector dic trung thanh cac két qua tuong ting trong tap huan luyén. N6i cach
khac, ta can di tim ham s6 f sao cho y; ~ f(x;), Vi = 1,2,..., N. Mot cach tu
nhién, ta sé di tim cic tham s6 mo hinh clia f sao cho viéc xap xi c6 sai s6 cang
nhé cang to6t. Dieu nay nghia 13 mo hinh cang khdp véi dit lieu cang tot. Tuy
nhién, sy that 14 néu mot mo hinh qua khép véi dit lieu huan luyén thi né sé gay
phan tac dung. Qua khdp 13 mot hién tugng khong mong mudén ma ngudi xay
dyng mo6 hinh machine learning can luu y. Hién tugng nay xdy ra khi mo hinh
tim duge mang lai két qua cao trén tap huan luyén nhung khong c6 két qua tot
trén tap kiém tra. N6i cach khac, mo hinh tim duge khong cé tinh tong quét.

Dé ¢6 cai nhin dau tien vé qué khép, ching ta cing xem vi du trong Hinh [8.1]
C6 50 cap diém dit lieu 6 d6 dau ra la mot da thitc bac ba clia dau vao cong them
nhiéu. Tap dit lieu nay duge chia lam hai phan: tap huan luyén gom 30 diém dit
lieu hinh tron, tap kiém tra gom 20 diém dit lieu hinh vuong. D6 thi ctia da thic
bac ba nay dugc cho béi dusng nét dat. Bai toan dat ra la hay tim mot mo hinh
tot dé mo ta quan heé gitta dau vao va dau ra cia dit lieu da cho. Gid st them
rang dau ra xap xi 1a mot da thitc clia dau vao.

V6i N cap diém dit lieu (z1,v1), ..., (xn,yn) V6i cac x; khac nhau doi mot, luon
tim duge mot da thic noi suy Lagrange P(x) bac khong vugt qua N — 1 sao cho
P(ZL‘Z) =Y, Vi = 1,2,...,N.
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Bac = 4: M hinh tét

Bac = 2: Chua khép
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Hinh 8.1. Chua khdp va qué khép trong hdi quy da thic.

Nhu da dé cap trong Chuong , v6i loai dit lieu nay, ching ta c6 thé ap dung
hdi quy da thitc véi vector dac trung x = [1, 2,22, 23, ..., 297 cho da thic bac
d. Diéu quan trong la can xac dinh bac d ctia da thic. Gia tri d con duge goi 1
situ tham s6 ctia mo hinh.

R6 rang mot da thiic bac khong vugt qua 29 ¢6 thé mo ta chinh xac dit lieu huan
luyén. Tuy nhién, ta sé xem xét cac da thitc bac thap hon d = 2,4,8,16. V6i
d = 2, md hinh khong thyc sy t6t vi mo hinh du doan (dudng nét lién) qué khac
so v6i mo hinh thyec; tham chi n6 c6 xu huéng di xuéng khi dit lieu dang c6 huéng
di len. Trong trudng hgp nay, ta néi mo hinh bi chua khdp (underfitting). Khi
d = 8, v6i cac diém dit licu trong tap huan luyén, mo hinh du doan va mo hinh
thie kha gidng nhau. Tuy nhién, da thitc bac 8 cho két qua hoan toan ngudgc véi
xu huéng ctia dit liéu & phia phai. Diéu tuong tu x4y ra trong truong hop d = 16.
Da thitc bac 16 nay qua khép véi tap huan luyén. Viec qua khép trong truong
hop bac 16 1a khong t6t vi mo hinh c6 thé dang c¢6 ging mo ta nhiéu thay vi
dit lieu. Hién tugng xay ra & hai truong hgp da thic bac cao nay chinh 1a qua
khép. Do phiic tap ctia do thi trong hai truong hop nay ciing kha 16n, dan dén
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cac duong dyr doan khong duge tu nhién. Khi bac ctia da thic tang lén, do phic
tap cta no6 ciing tang theo va hién tugng qua khép xay ra nghiém trong hon.

Vé6i d = 4, mo hinh dir doan kha giéng v6i mo hinh thire. Hé s6 bac cao nhat tim
duge rét gan véi khong®] vi vay da thite bac bén nay kha gin véi da thite bac
ba ban dau. Day chinh 13 mot mo hinh tot.

Qua khép sé gay ra hau qua 16n néu trong tap huan luyén c6 nhiéu. Khi d6, mo
hinh quéa chi trong vao viéc bat chude tap huan luyén ma quén di viéc quan trong
hon 13 tinh tong quat. Qua khép dic biet xay ra khi luong dit lieu huan luyen
qua nhé hoac do phiic tap cia moé hinh qué cao. Trong vi du trén day, do phic
tap ctia mo hinh c¢6 thé duge coi 1a bac ctia da thitc can tim.

Vay, c6 nhiing ky thuat nao gitup tranh qua khép?

Truée hét, ching ta can mot vai dai luong dé danh gia chat luong ctia mo hinh
trén tap huan luyéen va tap kiém tra. Dudi day 1a hai dai luong don gian, véi gia
st y 1a dau ra thuc sy, va § 1a dau ra du doan ctia mo hinh. O day, dau ra c6
thé 1a mot vector.

Sai s6 huan luyén (training error): Dai lugng nay la miic do sai khéc gitta dau
ra thyc va dau ra dir doan ctia mo hinh. Trong nhiéu truong hgp, gia tri nay chinh
12 ham mat mat khi ap dung lén dit lieu huan luyén. Ham mat mat nay can c6

mot thita s6 dé tinh gia tri trung binh mat méat trén méi diem dit lieu. Véi

train

cac bai toan hoi quy, dai lugng nay thuong dude xéc dinh béi sai s6 trung binh
binh phuong (mean squared error — MSE):

1
. Z h £ 1 A — N 2
sal SO Nuan luyen 2Ntrain E ||y y||2

tap huéan luyén
Véi cac bai toan phan loai, c6 nhiéu cach danh gia mo hinh trén cac tap di lieu.
Ching ta sé dan thay trong cac chuong sau.
Sai sb kiém tra (test error): Tuong tu nhu trén, 4p dung mo hinh tim duge vao

dit liu kiém tra. Cha y rang dit lieu kiém tra khong dugce sit dung khi xay dung
mo hinh. V6i cdc mo hinh hoi quy, dai lugng nay thuong duge dinh nghia béi

PR 1
sal sO kiém tra = N Z lly — 5’”3

tap kiém tra

Viéc lay trung binh 14 quan trong vi lugng dit lieu trong tap huan luyén va tap
kiém tra cé thé chénh léch nhau.

23 Ma ngudn tai |ttps://goo.gl/uD9hm1.
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Mot mo hinh dude coi 1a t6t néu ci sai s6 huan luyén va test error déu thap.
Néu sai s6 huan luyén thap nhung sai s6 kiém tra cao, ta néi moé hinh bi qué
khép. Néu sai s6 huan luyén cao va sai s6 kiém tra cao, ta néi mé hinh bi chua
khép. Xac suat dé xay ra viéc sai s6 huan luyén cao nhung sai sé kiém tra thap
la rat nhoé. Trong chuong nay, ching ta sé lam quen vé6i hai ki thuat phd bién
gitp tranh quéa khép 1a zde thue va co ché kiém sodt.

8.2. Xac thuc

8.2.1. Xac thuc

Mot mo hinh dude coi la t6t néu ca sai s6 huan luyén va sai s6 kiém tra déu nhd.
Tuy nhién, néu xay dyng mot mo hinh chi diya trén tap huan luyén, lam thé nao
dé biét duge chat luong ctia né trén tap kiem tra? Phuong phap don gidn nhat
1a trich tir tap huan luyén ra mot tap con nho va thie hién viec danh gia mo hinh
trén tap di lieu nay. Tap da lieu nay duge goi la tap zdc thue (validation set).
Lic nay, tap huan luyén mdi 1a phan con lai ctia tap huan luyén ban dau.

Viéc nay kha giong véi viéc ching ta on thi. Gia st dé thi clia cic nam truée 1
tap huan luyén, dé thi nam nay la tap kiém tra ma ta chua biét. Khi chuan bi,
ta thuong chia dé cac nam trude ra hai phan: phan thit nhat c6 thé xem 10i giai
va tai lieu dé on tap, phan con lai dugc st dung dé ty danh gia kién thic sau
khi 6n tap. Lic nay, phan thit nhat déng vai tro 1a tap huan luyén mdi, trong
khi phan thit hai chinh 1a tap xac thiyc. Néu két qua bai lam trén phan thi hai
1a kha quan, ta c6 thé tu tin hon khi vao bai thi that.

Lic nay, ngoai sai s6 huan luyén va sai s6 kiém tra, c6 them mot dai lugng nita
ta can quan tam la sai s6 wdc thuc (validation error) duge dinh nghia tuong tu
trén tap xac thyc. V6i khai niem méi nay, ta tim mo hinh sao cho ca sai s6 huan
luyén va sai s6 xac thuc déu nho, qua dé co thé du doan dude ring sai sb6 kiém
tra cling nhé. Dé lam diéu d6, ta c6 thé huan luyén nhiéu mo hinh khac nhau
dira trén tap huan luyén, sau d6 4p dung cdc mo hinh tim dudc va tinh sai s6 xac
thuc. M6 hinh cho sai s6 xac thuc nhé nhat sé 14 mot mé hinh tot.

Thong thudng, ta bat dau tit mo hinh don gian, sau d6 tang dan do phic tap clia
mo hinh. Khi do phtic tap tang lén, sai s6 huan luyén sé c6 xu huéng nhé dan,
nhung diéu tuong tu c6 thé khong xay ra & sai s6 xac thyce. Lai xac thite ban dau
thuong gidm dan va dén mot lic sé tang len do qua khép xdy ra khi do phitc tap
ctia mo hinh ting len. Dé chon ra mot mo hinh t6t, ta quan sat sai sé xac thuc.
Khi sai s6 xac thie c6 chiéu huéng tang lén, ta chon mo hinh t6t nhat truge do.

Hinh mo ta vi du ¢ dau chuong véi bac clia da thitc tang tit mot dén tam.
Tap xac thuc 1a 10 diém duge lay ra ngdu nhien tit tap huén luyen 30 diém ban
dau. Ching ta hay tam chi xét hai duong nét lién v nét diit, tuong ting vdi sai s6
huan luyén va sai s6 xac thuc. Khi bac ctia da thic ting lén, sai s6 huan luyén c6
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Hinh 8.2. Lua chon md hinh dua
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xu huéng gidm. Diéu nay dé& hicu vi da thiic bac cang cao, viéc xap xi cang chinh
xac. Quan sat duong nét dit, khi bac ctia da thiic 1a ba hoac bon thi sai sd xac
thuc thap, sau d6 né ting dan len. Dua vao sai s6 xac thue, ta cé thé xac dinh
dude bac can chon la ba hosic bén. Quan sat tiép duong nét cham gach, tuong
ting v6i sai s6 kiem tra. That tring hop, sai s6 kiém tra ciing dat gia tri nho nhat
tai bac bing ba hodc bén va tang len khi bac tang len. O day, ky thuat nay da
t6 ra hiéu qua. Mo hinh phit hop 14 mo hinh c6 bac bang ba ho#c bon. Trong vi
du nay, tap xac thyc dong vai tro tim ra bac ctia da thiic, tap huan luyén dong
vai tro tim cac hé s6 ciia da thic véi bac da biét. Cac hé sb cta da thic chinh 1a
cac tham s6 mo hinh, trong khi bac ciia da thitc ¢6 thé duge coi la siéu tham sb.
Ca tap huan luyén va tap xac thyc déu déng vai tro xay dung mo hinh. Nhac lai
rang hai tap hop nay duge tach ra tiu tap huan luyén ban dau.

Trong vi du trén, ta van thu dugc két qua kha quan trén tap kiém tra mac du
khong st dung tap nay trong viéc huan luyén. Viéc nay xdy ra vi ta da gid st
rang dit lieu xac thuce va dit lieu kiém tra co chung mot dac didm nao do (chung
phan phdi va déu chua duge mo hinh nhin thay khi huén luyén).

Dé ¥ ring, khi bac nhé bing mot hoic hai, ca ba sai s6 déu cao, khi d6 chua khép
XAy ra.

8.2.2. Xac thuc chéo

Trong nhiéu trudsng hgp, lugng dit lieu dé xay dung mo hinh 1a han ché. Néu lay
quéa nhiéu dit lieu huan luyén ra lam dit lieu xac thyc, phan dit liéu con lai khong
du dé xay dung mo hinh. Luc nay, tap xac thuc phai that nhé dé giit duge luong
dit lieu huan luyén du 16n. Tuy nhién, mot van dé khac ndy sinh. Viéc danh gia
trén tap xac thuc qua nhé c6 thé gay ra hién tugng thien lech. Cé giai phap nao
cho tinh huéng nay khong?

Cau tra 1oi 1a zdc thuc chéo (cross-validation).
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Trong xac thuc chéo, tap huan luyén duge chia thanh & tap con c6 kich thuée
gan bang nhau vd khong giao nhau. Tai méi lan thit, mot trong & tap con dé
ducgc 1ay ra lam tap xac thuc, k — 1 tap con con lai dude coi 1a tap huan luyeén.
Nhu vay, v6i moéi bo tham s6 mo hinh, ta ¢6 & mo hinh khac nhau. Sai s6 huan
luyén va sai s6 xac thuc dude tinh 14 trung binh cong clia cac gia tri tuong tng
trong k£ mo hinh d6. Cach lam nay c6 tén goi la zdc thuc chéo k-fold (k-fold cross
validation).

Khi k bang v6i s6 lugng phan tit trong tap huan luyén ban dau, tiic mdi tap con
c6 ding mot phan ti, ta goi ki thuat nay 1a leave-one-out.

Thu vien scikit-learn hé trg rat nhiéu phuong phép phan chia dit lieu dé xay
dung mo hinh. Ban doc c6 thé xem them Cross-validation: evaluating estimator
performance (https://goo.gl/Ars2cr).

8.3. Co ché kiém soat

Mot nhuge diém 16n ctia xac thuc chéo 1a s6 Iugng mo hinh can huén luyen ti
le thuan vé6i k. Dieu dang néi 13 mo hinh hoi quy da thic nhu trén chi c6 mot
sieu tham s6 liéen quan dén do phtc tap ctia mo6 hinh can xac dinh 1a bac ctia da
thitc. Trong nhiéu bai toan, lugng siéu tham s6 can xac dinh thuong 16n hon, va
khoang gia tri ctia mdi tham s6 ciing rong hon, chua ké ¢6 nhitng tham sé c¢6 thé
13 s6 thuyc. Diéu nay dan dén viéc huan luyén nhiéu mo hinh 1a khé kha thi. Co6
mot k§ thuat tranh qua khép khac gitp gidm s6 mo hinh can huan luyén c6 tén
1a co ché kiém sodt (regularization).

Co ché kiém soat 13 mot ki thuat pho bién gitp tranh qua khép theo hudéng lam
giam do phtc tap ctia mo hinh. Viéc gidm do phiic tap nay c6 thé khién 16i huan
luyén ting lén nhung lai lam ting tinh tong quat ctia moé hinh. Duéi day 1a mot
vai k¥ thuat kiém soat.

8.3.1. Két thic sém

Cac mo hinh machine learning phan 16n duge xay duyng thong qua lip di lap lai
mot quy trinh t6i khi ham méat mat hoi tu. Nhin chung, gia tri ham mat mat gidm
dan khi s6 vong lap tang len. Mot gidi phap gitp gidm qua khdép 1a ding thuat
toan truée khi né hoi tu. Gidi phap nay c6 tén la két thic som (early stopping).

Vay két thic khi nao 1a phu hop? Ky thuat thuong dung 1a tach tu tap huan
luyén ra mot tap xac thie. Khi huan luyén, ta tinh toan ca sai s6 huan luyén va
sai s6 xac thuyc, néu sai s6 huan luyén van c6 xu huéng gidm nhung sai s6 xac
thue 6 xu huéng tang lén thi ta két thic thuat toan.

Hinh mo ta cach tim diém két thic. Ching ta thay ring phuong phap nay
tuong tu phuong phap tim bac ctia da thic § dau chuong, véi do phiic tap cla
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Hinh 8.3. K&t thic sém. Thust
toan huln luyén ding lai tai vong
l3p ma sai sb6 xac thuc dat gia tri
nhd nhét.

sai sO

xac thuyc .

huan luyén

vong lap

mo hinh c¢6 thé dugc coi la s6 vong lap can chay. S6 vong lip cang cao thi sai sb
huan luyén cang nhé nhung sai s6 xac thiic ¢ thé tang lén, tiic mo hinh c6 kha
nang bi qua khép.

8.3.2. Thém s6 hang vao ham méat mat

K¥ thuat phd bién hon la thém vao ham mét mat mot sé hang gitp kiém soat
do phitc tap mo hinh. S6 hang nay thuong ding dé danh gia do phiic tap ctia mo
hinh v6i gia tri 16n thé hién mo hinh phic tap. Ham mat mat méi dude goi 1a
ham mat mdt dugc kiém sodt (regularized loss function), thudng duge dinh nghia
nhu sau:

Leg(0) = L(6) + AR(0)

Nhic lai réang 6 duge dung dé ky hiéu cac tham s6 trong mo hinh. £(6) 13 ham
mat mat phu thuoc vao tap huan luyén va 0, R(6) 1a s6 hang kiém soat chi phu
thuoc vao 0. S6 vo huéng A\ thuong 1a mot s6 duong nhd, con duge goi 1a tham
50 kiém sodt (regularization parameter). Tham s6 kiém soat thuong dugc chon
la cdc gid tri nhé dé dAm bao nghiém ciia bai toan t6i wu Lyee(0) khong qui xa
nghiém ciia bai toan t6i wu L(6).

Hai ham kiém soat phd bién 1 £; norm va £, norm. Vi du, khi chon R(w) = ||w||3
cho ham mat mat ctia hoi quy tuyén tinh, ching ta sé thu dugc hoi quy ridge. Ham
kiém soat ¢, nay khién céc hé sé trong w khong qua 16n, gitp tranh viec dau ra
phu thuéc manh vao mot diic trung nao d6. Trong khi d6, néu chon R(w) = [|[w]|1,
nghiem w tim dugc c6 xu huéng rat nhidu phan tit bing khong (nghiém thuaY).
Khi them kiém soat ¢; vao ham mat mat ctia hdi quy tuyén tinh, ching ta thu
duge hoi quy LASSO. Cac thanh phan khac khong clia w tuong duong véi cac
dic trung quan trong déng goép vao viec du doan dau ra. Cac dic trung ting véi
thanh phan bang khong clia w duge coi 1 it quan trong. Chinh vi vay, hoi quy
LASSO ciing dugc coi la mot phuong phap gitp lita chon nhitng dac trung hitu
ich cho mo6 hinh va c¢6 y nghia trong viéc trich chon dac trung.

24 L1 Norm Regularization and Sparsity Ezplained for Dummies (https://goo.gl/VqPTLh).

114 Machine Learning co ban

https://thuviensach.vn


https://goo.gl/VqPTLh

Chuong 8. Qua khdp

So v6i kiém soat o, kiém soat ¢, dugce cho 1 gitip mo hinh khang nhiéu t6t hon.
Tuy nhién, han ché ctia kiém soat ¢, 1a ham ¢; norm khong c¢6 dao ham moi noi,
dan dén viéc tim nghiém thuong tén thoi gian hon. Trong khi d6, dao ham clia
¢, norm xac dinh moi noi. Hon nita, 5 norm 14 mot ham 16i chit, trong khi ¢, 1a
mot ham 16i. Cac tinh chat ctia ham 16i va ham 16i chat sé dude thao luan trong

Phan [VII

Trong mang neuron, phuong phap sit dung kiém soét ¢, con dude goi la suy gidm
trong s6 (weight decay) [KH92]. Ngoai ra, gan day c6 mot phuong phap kiém
soat rat hieu qua cho cac mang neuron sau duge stt dung la dropout [SHK™14].

8.4. Poc thém

a. A. Krogh et al., A simple weight decay can improve generalization. NIPS
1991 [KH92].

b. N. Srivastava et al., Dropout: A Simple Way to Prevent Neural Networks
from Qverfitting, Journal of Machine Learning Research 15.1 (2014): 1929-
1958 [SHK™14].

c. Understanding the Bias-Variance Tradeoff (https://goo.gl/yvQv3w).
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Phan III

Trong phan nay, ching ta sé lam quen véi ba thuat toan machine learning chua
can nhiéu téi t6i wu: K-lan can cho cic bai toan hoi quy va phan loai, K-means
cho bai toan phan cum va bo phan loai naive Bayes cho dt lieu dang van ban.
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Chuong 9

K lan can

Néu con ngudi c6 kiéu hoc “nuéc dén chan méi nhay” thi machine learning ciing
c¢6 mot thuat toan nhu vay.

9.1. Gi6i thiéu
9.1.1. K lan can

K lan can (K-nearest neighbor hay KNN) la mot trong nhing thuat toan hoc c¢6
giam sat don gidn nhat. Khi huan luyén, thuat toan nay gan nhu khong hoc mot
diéu gi tu dit lieu huan luyén ma ghi nhd lai mot cach may moc toan bo dit lieu
dé6. Moi tinh toan dugce thuc hieén tai pha kiém tra. KNN c6 thé duge ap dung
vao cac bai toan phan loai va hoi quy. KNN con duge goi 1a mot thuat toan luoi
hoc, instance-based [AKA91], hodac memory-based learning.

KNN la thuat toan di tim dau ra ctia mot diém dit lieu méi chi dya trén thong
tin cia K diém dit lieu gan nhéat trong tap huan luyen.

Hinh mod t4 mot bai toan phan loai v6i ba nhan: d6, lam, luc (xem anh mau
trong Hinh . Céac hinh tron nhé véi mau khac nhau thé hien dit licu huan
luyén ctia cac nhan khac nhau. Cac viing mau nén khac nhau thé hién “lanh tho”
ctia mdéi nhan. Nhan ctia mot diém bét ky duge xac dinh dua trén nhan ctia diém
gan n6 nhat trong tap huan luyén. Trong hinh nay, c6 mot vai viing nhé xem 1an
vao céc ving 16n hon khac mau. Diém nay rat c6 thé 1a nhidu. Céac diém dit lieu
kiém tra gan khu vic diém nay nhiéu kha nang sé bi phan loai sai.

V6i KNN, moi diém trong tap huan luyén déu duge moé hinh mo ta mot cach
chinh x4c. Viéc nay khién overfitting dé xay ra véi KNN.
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wdi el » o1, Hinh9.1. Viduvé INN. Cc hinh tron
R . : 3 cac diém dif liéu hudn luyén. C4c hinh
o & oo . °  khdc mau thé hién cic I16p khic nhau.
NG oo’ A Céc vung nén thé hién cic diém dugc
) os & phan loai vao I6p cé mau tuong tng khi
. . S st dung INN (Nguén: K-nearest neigh-
® o \-..'-:". . ° bors algorithm — Wikipedia, xem anh mau
o oF oo o . trong Hinh |B.1).

Mic du ¢6 nhiéu han ché, KNN van 1a gidi phap dau tién nén nghi t6i khi giai
quyét mot bai toan machine learning. Khi lam cac bai toan machine learning
n6i chung, khong c6 mo hinh ding hay sai, chi ¢c6 mo hinh cho két qua tot hon.
Chung ta luon can mot mo hinh don gian dé giai quyét bai toan, sau dé méi dan
tim cach tang chat lugng ctia mo hinh.

9.2. Phan tich toan hoc

Khong c6 ham mat mat hay bai toan téi uu nao can thiyc hién trong qué trinh
huan luyen KNN. Moi tinh toan duge tién hanh & budc kiém tra. Vi KNN ra
quyét dinh dua trén cac diem gan nhat nén c6 hai van dé ta can luu tam. Thi
nhat, khoang cach duge dinh nghia nhu thé ndo. Thit hai, can phai tinh toin
khodng cach nhu thé nao cho hiéu qua.

V6i van dé thi nhat, mdi diém dit lieu duge thé hien bang mot vector dic trung,
khoang cach giita hai diém chinh 13 khodng céach gitta hai vector d6. Cé nhiéu
loai khoang cach khac nhau tuy vao bai toan, nhung khoang cach duge sit dung
nhiéu nhét 13 khoang cach Euclid (xem Muc [L.14)).

Van dé thit hai can duge luu tam hon, dic biét v6i cac bai toan c6 tap huan luyéen
16n va vector dit lieu c6 kich thude 16n. Gid st cic vector huan luyén 1a cic cot
ctia ma tran X € RN véi d va N 16n. KNN sé phai tinh khodng cach tit mot
diém dit lieu méi z € R? dén toan bo N diém dit lieu da cho va chon ra K khoang
cach nho nhat. Néu khong c6 cach tinh hiéu qua, khoéi lugng tinh toan sé rat 16n.

Tiép theo, ching ta cting thuc hien mot vai phan tich toan hoc dé tinh cac khoang
cach mot cach hieu qua. O day khoang cach duge xem xét 1a khoang cach Euclid.

Khodng cdch t& moét diém tdi ting diém trong mot tap hop

Khoang cach Euclid tit mot diém z t6i mot diém x; trong tap huan luyen duge
dinh nghia béi ||z — x;||2. Ngudi ta thuong dung binh phuong khodng cach Euclid
|z —x;||3 dé tranh phép tinh can bac hai. Viéc binh phuong nay khong 4nh huéng
t6i thit tu clia cac khoang cach. Dé ¥ ring
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Iz —xil3 = (z = x:)" (z — %) = |l2]l2 + [|x:l]3 — 2x; 2 (9-1)

Dé tim ra x; gan v6i z nhat, s6 hang dau tién c6 thé duge bé qua. Hon nita, néu
¢6 nhidu diém dit lieu trong tap kiém tra, cac gia tri ||x;]|2 c6 thé dugc tinh va
luu trude vao bo nhé. Khi do, ta chi can tinh cac tich vo huéng x! z.

Dé théy r6 hon, ching ta ciing lam mot vi du trén Python. Trude hét, chon d va
N 1a cac gia tri 16n v khai bao ngau nhién X va z. Khi lap trinh Python, can
luu ¥ rang chiéu tht nhat thuong chi thi tu cia diém dit licu.

from _ future_  import print_function

import numpy as np

from time import time # for comparing runing time

d, N = 1000, 10000 # dimension, number of training points
X = np.random.randn (N, d) # N d-dimensional points

z = np.random.randn (d)

Tiép theo, ta viét ba ham sb:

a. dist_pp(z, x) tinh binh phuong khoang cach Euclid gitta z va x. Ham nay tinh
hiéu z — x roi lay binh phuong ¢, norm ctia no.

b. dist_ps_naive(z, X) tinh binh phuong khoang cach gitta z v& mdi hang ctia X.
Trong ham nay, cac khoang cach duge xay dung dua trén viéc tinh ting gia
tri dist_pp(z, X[il).

c. dist_ps_fast(z, X) tinh binh phuong khodng céch gitta z v mdi hang cia X,
tuy nhién, két qua duge tinh dya trén dang thitc (9.1). Ta can tinh téng binh
phuong cac phan tt clia mdi diém dit liéu trong X va tinh tich X.dot(z)

Doan code dudi day thé hién hai cach tinh khodng cach tit mot diém z t6i mot
tap hop diém x. Két qua va thoi gian chay ctia méi ham dugc in ra dé so sanh.

# naively compute square distance between two vector

def dist_pp(z, x):
d = z - x.reshape(z.shape) # force x and z to have the same dims
return np.sum(d*d)

# from one point to each point in a set, naive
def dist_ps_naive(z, X):
N = X.shape[0]
res = np.zeros((1,
for i in range (N):
res[0][i] = di
return res

N))

st_pp(z, X[i])
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# from one point to each point in a set, fast

def dist_ps_fast(z, X):
X2 = np.sum(X*X, 1) # square of 12 norm of each X[i], can be precomputed
z2 = np.sum(z*z) # square of 12 norm of z
return X2 + z2 - 2*X.dot(z) # z2 can be ignored

tl = time ()

D1 = dist_ps_naive(z, X)

print (' naive point2set, running time:’, time() - tl1l, ’s’)
tl = time ()

D2 = dist_ps_fast(z, X)

print (' fast point2set , running time:’, time() - tl, ’s’)

print (' Result difference:’, np.linalg.norm(D1 - D2))

Két qué:

naive point2set, running time: 0.0932548046112 s
fast point2set , running time: 0.0514178276062 s
Result difference: 2.11481965531e-11

Két qua chi ra rang ham dist_ps_fast(z, X) chay nhanh hon gan gap doi so v6i
ham dist_ps_naive(z, X). T1 & nay con 16n hon khi kich thudc dit liéu tang 1én
va X2 dude tinh tit truée. Quan trong hon, st chénh léch nhé gitta két qué clia
hai cach tinh chi ra rang dist_ps_fast(z, X) nén dugc uwu tién hon.

Khodng cdch giwa ting cdp diém trong hai tap hop

Thong thuong, tap kiém tra bao gom nhiéu diém dit liéu tao thanh mot ma tran
Z. Ta phai tinh timg ciap khodng cach giita mdi diém trong tap kiém tra va mot
diém trong tap huan luyen. Néu mdi tap c6 1000 phan tit, c6 mot trieu khoang
cach can tinh. Néu khong c6 phuong phap tinh hiéu qua, thoi gian thuyc hién sé
rat dai.

Doan code dudi day thé hien hai phuong phap tinh binh phuong khoang cach
giita cac cap diém trong hai tap diém. Phuong phap thi nhat st dung mot vong
for tinh khoang cach tit ting diém trong tap thit nhat dén tat ca cac diém trong
tap thi hai thong qua ham dist_ps_fast(z, X) § trén. Phuong phéap thi hai tiép
tuc st dung cho trudng hop tong quét.

Z = np.random.randn (100, d)
# from each point in one set to each point in another set, half fast
def dist_ss_0(z, X):

M, N = Z.shape[0], X.shape[O0]

res = np.zeros((M, N))

for i in range (M) :

res[i] = dist_ps_fast(Z2[i], X)
return res
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# from each point in one set to each point in another set, fast

def dist_ss_fast (Z, X):
X2 = np.sum(X*X, 1) # square of 12 norm of each ROW of X
Z2 = np.sum(Z*Z, 1) # square of 12 norm of each ROW of Z
return Z2.reshape (-1, 1) + X2.reshape(l, -1) - 2*Z.dot (X.T)

tl = time ()

D3 = dist_ss_0(z, X)

print ('half fast set2set running time:’, time() - tl1l, ’s’)

tl = time ()

D4 = dist_ss_fast (Z, X)

print (' fast set2set running time’, time() - tl, ’'s’)

print (' Result difference:’, np.linalg.norm(D3 - D4))

Két qué:

half fast set2set running time: 4.33642292023 s
fast set2set running time 0.0583250522614 s
Result difference: 9.93586539607e-11

Diéu nay chi ra ring hai cach tinh cho két qua chénh léch nhau khong dang ké.
Trong khi d6 dist_ss_fast(z, X) chay nhanh hon dist_ss_0(z, X) nhiéu lan.

Khi lam viéc trén python, ching ta c6 thé st dung ham cdist (https://goo.
gl/vYMnmM) trong scipy.spatial.distance, hodc ham pairwise_distances (https:
//go0.gl/QK6Zyi) trong sklearn.metrics.pairwise. Cac ham nay gitp tinh khoéng
cach timg cip diém trong hai tap hgp kha hiéu qua. Phan con lai clia chuong nay
sé truce tiép st dung thu vien scikit-learn cho KNN. Viéc viét lai thuat toan nay
khong qua phiic tap khi da ¢6 mot ham tinh khoang cach hiéu qua.

Ban doc c6 thé tham khao thém bai bao [JDJI7] vé cach thyc hien KNN trén va
ma nguon tai https://github.com /facebookresearch /faiss.

9.3. Vi du trén co sé dwt liéu Iris
9.3.1. Bo co sG dit liéu hoa Iris

Bo dit lieu hoa Iris (https://goo.gl /eUy83R) 1a mot bo dit lieu nhé. Bo dit lieu nay
bao gom thong tin ctia ba nhan hoa Iris khac nhau: Iris setosa, Iris virginica va
Iris versicolor. M6i nhan chita thong tin ctia 50 bong hoa véi dit lieu 14 bon thong
tin: chiéu dai, chiéu rong dai hoa, va chiéu dai, chiéu rong canh hoa. Hinh 9.2/ 13
vi du vé hinh &anh ctia ba loai hoa. Chi ¥ ring cac diém dit lieu khong phai la cac
biic 4&nh ma chi 13 mot vector diic trung bon chiéu gom cac thong tin & trén.
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Iris setosa Iris versicolor Iris virginica

Hinh 9.2. Ba loai hoa lan trong b6 co sé di liéu hoa Iris (xem anh mau trong

Hinh .

9.3.2. Thi nghiém

Trong phan nay, 150 diém dit lieu duge tach thanh tap huan luyéen va tap kiém
tra. KNN duya vao trong tin trong tap huan luyéen dé du doan mbi dit lieu trong
tap kiém tra tuong tng véi loai hoa nao. Két qua nay duge déi chiéu véi dau ra
thuc su dé danh gia hieu qua ctia KNN.

Trude tién, ching ta can khai bao vai thu vien. Bo dit lieu hoa Iris ¢6 sin trong
thu vién scikit-learn.

from __ future_  import print_function

import numpy as np

from sklearn import neighbors, datasets

from sklearn.model_selection import train_test_split # for splitting data
from sklearn.metrics import accuracy_score # for evaluating results

iris = datasets.load_iris()
iris_X = iris.data
iris_y = iris.target

Tiép theo, 20 mau dit lieu dude 1ay ra ngau nhién tao thanh tap huan luyeén, 130
mau con lai duge dimng dé kiém tra.

print (' Labels:’, np.unique(iris_y))

# split train and test
np.random.seed (7)
X_train, X_test, y_train, y_test = train_test_split(
iris_X, iris_y, test_size=130)
print (' Training size:’, X_train.shapel[0], ', test size:’, X_test.shapel0])

Labels: [0 1 2]
Training size: 20 , test size: 130
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Dong np.random.seed(7) dé dam bao két qua chay & cac lan khac nhau la giéng
nhau. Cé thé thay 7 bang mot sé tu nhién 32 bit bat k.

Két qud véi INN

T6i day, ta tryc tiép st dung thu vien scikit-learn cho KNN. Xét vi du dau tién
vol K = 1.

model = neighbors.KNeighborsClassifier (n_neighbors =1, p = 2)
model.fit (X_train, y_train)

y_pred = model.predict (X_test)

print ("Accuracy of 1NN: %.2f %%" % (1l00*accuracy_score(y_test, y_pred)))

Két qua:

Accuracy of 1INN: 92.31 %

Két qua thu duge 1a 92.31% (ti 1é s6 mau dugc phan loai chinh xac trén tong s6

méu). O day, n_neighbors = 1 chi ra riing chi diém gan nhat duge Iya chon, tic
K =1, p = 2 chinh la ¢, norm dé tinh khodng cach. Ban doc c6 thé thit véip = 1
tuong ting v6i khoang cach ¢ norm.

Két qud voi TNN

Nhu da dé cap, INN rat dé gay ra overfitting. Dé han ché viéc nay, ta c6 theé ting
lugng diém lan can lén, vi du bay diém, két qua dugc xac dinh dua trén da sb.

model = neighbors.KNeighborsClassifier (n_neighbors = 7, p = 2)
model.fit (X_train, y_train)
y_pred = model.predict (X_test)

print ("Accuracy of 7NN with major voting: %.2f %$%$"\
% (l00*accuracy_score (y_test, y_pred)))

Két qué:

Accuracy of 7NN with major voting: 93.85 %

Nhan thiy rang khi st dung nhiéu diém lan can hon, do chinh xac da ting len.
Phuong phéap duta trén da s6 trong lan can con duge goi 1a bau chon da so.

Ddnh trong sé cho cic diém lan can
Trong k¥ thuat bau chon da s6 phia trén, cac diém trong bay diém gan nhéat déu

c6 vai trdo nhu nhau va gia tri “la phiéu” ctia méi diém nay ciing nhu nhau. Céch
bau chon nay cé thé thiéu cong bing vi cac diém gan hon nén c¢6 tam anh hudng
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16n hon. Dé thuc hién viéc nay, ta chi can danh trong sé khac nhau cho ting diém
trong bay diém gan nhat nay. Cach danh trong s6 phai thod man diéu kien diém
lan can hon duge danh trong s6 cao hon. Mot cach don gian 13 1ay nghich dao
cia khodng cach t6i diém lan can. Trong truong hop ton tai khodng cach bing
khong, titc diém kiém tra tring v6i mot diém huén luyén, ta truc tiép lay dau ra
ctia diém huén luyen dé.

Dé thue hien viéc nay trong scikit-learn, ta chi can gan weights = ’distance’. Gia
tri mac dinh clia weights 1a ’uniform’, tuong tng véi viec coi tat ca cac diém lan
can c6 gia tri bang nhau nhu trong bau chon da sb.

model = neighbors.KNeighborsClassifier (n_neighbors = 7, p = 2, \
weights = ’distance’)

model.fit (X_train, y_train)

y_pred = model.predict (X_test)

print ("Accuracy of 7NN (1/distance weights): %.2f %%" %$(100*accuracy_score (
y_test, y_pred)))

Két qua:

Accuracy of 7NN (1/distance weights): 94.62 %

Do chinh xéc tiép tuc dude tang lén.
KNN vdi trong sé tu dinh nghia

Ngoai hai cach danh trong s6 weights = ‘uniform’ va weights = ‘distance’, scikit-
learn con cung cap cach danh trong s tity chon. Vi du, mot cach danh trong s6
pho bién khac thuong duge ding la

7 — ~.1I2
w; = exp (‘ HZ02XZH2)

trong d6 w; 1a trong s6 ctia diem gan thit i (x;) ctia diém dit lieu dang xét z, o 1a
mot s6 duong. Ham s6 nay ciing thda méan diéu kien diém cang gan x thi trong
s6 cang cao (cao nhat bang 1). Véi ham s6 nay, ta c6 the lap trinh nhu sau:

def myweight (distances) :
sigma2 = .4 # we can change this number
return np.exp (-distances**2/sigma?2)

model = neighbors.KNeighborsClassifier (
n_neighbors = 7, p = 2, weights = myweight)

model.fit (X_train, y_train)

y_pred = model.predict (X_test)

print ("Accuracy of 7NN (customized weights): %.2f %%"\
% (1l00*accuracy_score (y_test, y_pred)))
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KMNeighborsRegressor (k = 5, weights = 'uniform’)
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Hinh 9.3. KNN cho bai toan hdi quy (Ngudn: Nearest neighbors regression — scikit-
learn — https://goo.gl/9VyBF3).

Két qua:

Accuracy of 7NN (customized weights): 95.38 %

Két qua tiép tuc ting lén mot chit. Vi titng bai toan, ching ta c6 thé thay céc
thuoc tinh ciia KNN bing cac gia tri khac nhau va chon ra gié tri tot nhat thong
qua xac thyc chéo (xem Muc |8.2.2]).

9.4. Thao luan

9.4.1. KNN cho bai toan hdi quy

V6i bai toan hoi quy, chiing ta ciing hoan toan c6 thé sit dung phuong phap tuong
tu: dau ra ctia mot diém duge xac dinh dua trén dau ra cta cac diém lan can va

khoang cach t6i ching. Gia st x,...,Xxx la K diém lan can cia mot diém dit
lieu z v6i dau ra tuong tng 1a vy, . .., yx. Gid st cc trong s6 ting véi cic lan can
nay 1a wy, ..., wg. Két qua du doan dau ra clia z c6 thé duge xéac dinh béi

WY1 + ways + -+ - + WKWK

(9.2)
w1+w2+---+wK

Hinh [9.3 14 mot vi du v& KNN cho hoi quy véi K = 5, stt dung hai cach danh
trong s6 khac nhau. Ta c6 thé thay ring weights = ’distance’ c6 xu huéng gay
ra overfitting.
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9.4.2. Uu diém ciia KNN

e Do phiic tap tinh toan clia qua trinh huan luyén gan nhu bang 0. Viéc tinh
binh phuong ¢, norm ctia mdi diém dit lieu huan luyén c6 thé duge thue hien
trude trong budc nay.

e Viéc du doan két qua clia dit lieu mdi tuong déi don gidn sau khi da xac dinh
duge cac diém lan can.

e KNN khong khong can gia sit vé phan phoi clia ting nhan.

9.4.3. Nhugc diém ctia KNN

e KNN nhay cdm v6i nhiéu khi K nhd.

e Khi st dung KNN, phan l6n tinh todn nim & pha kiém tra. Trong d6 viec
tinh khoang céch t6i ting diém dit lieu huan luyén tén nhiéu thoi gian, dic
biét & v6i cac co sé dit lieu c6 s6 chiéu 16n va ¢6 nhiéu diém dit lieu. K cang
16n thi do phtc tap cang cao. Ngoai ra, viéc luu toan bo dit lieu trong bo nhé
cing anh hudng t6i hiéu nang ctia KNN.

9.4.4. Doc thém

a. Tutorial To Implement k-Nearest Neighbors in Python From Scratch (https:
//go0.gl/J78Qs0).

b. Ma nguon cho chuong nay c6 thé duge tim thay tai https://goo.gl/asF58Q.
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Chuong 10

Phan cum K-means

10.1. Gi6i thiu

Trong Chuong |7| va, |§I, ching ta da lam quen cac thuat toan hoc c¢6 giam séat.
Trong chuong nay, mot thuat toan don gian ctia hoc khong giam sat sé dugce trinh
bay. Thuat todn nay c6 tén la phan cum K-means (K-means clustering).

Trong phan cum K-means, ta khong biét nhan ctia ting diém dit lieu. Muc dich
I3 lam thé nao dé phan dit lidu thanh cac cum (cluster) khac nhau sao cho dit
liéu trong cting mot cum c6 nhitng tinh chat giéng nhau.

Vi du: Mot cong ty muoén tao ra mot chinh sach wu dai cho nhitng nhém khéach
hang khac nhau dya trén sy tuong téc gitta mdi khach hang véi cong ty do (s6
nam la khach hang, s6 tién khach hang da chi tra cho cong ty, do tudi, gi6i tinh,
thanh phd, nghé nghiep,...). Gid st cong ty ¢6 dit lieu ctia khach hang nhung
phan cum. Phan cum K-means 13 mot thuat toan cé thé giap thuc hién cong viec
nay. Sau khi phan cum, nhan vién cong ty c¢6 thé quyét dinh mdi nhém tuong
ing v6i nhém khach hang ndo. Phan viéc cudi cling nay can si can thiép ctiia con
ngudi, nhung lugng cong viec da dude rat gon di dang ké.

Mot nhém /cum c6 thé duge dinh nghia 1 tap hop cac diém c6 vector dac trung
gan nhau. Viéc tinh toan khoadng céch c¢é thé phu thuoc vao ting loai dit lieu,
trong do khoang cach Euclid duge st dung pho bién nhat. Trong chuong nay, cac
tinh toan dugc thue hién dya trén khoang cach Euclid. Tuy nhién, quy trinh thuc
hién thuat toan cé thé dugc ap dung cho cac loai khoang cach khéc.

Hinh 14 mot vi du vé dit lieu dude phan vao ba cum. Gid st mdi cum c6 mot
diém dai dien dugc goi 1a tam cum, dugc minh hoa béi cac diem mau tring 16n.
M&bi diém thuoc vao cum cé tam gan né nhat. Téi day, ching ta c6 mot bai toan
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10 - Hinh 10.1. Vi du véi ba cum dit
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thd vi: Trén ving bién hinh chit nhat c¢6 ba dao hinh thoi, hinh vuong va sao
nam canh 16n mau trang nhu Hinh . Mot diém trén bién duge goi la thudc
lanh hai ctia mot ddo néu né nam gan ddo nay hon so véi hai ddo con lai. Hay
xac dinh ranh gi6i lanh hai gitta cac dao.

Ciing tren Hinh [10.1] cac viing véi nén khac nhau biéu thi lanh hai ctia méi dao.
C6 thé thay ring dudng phan dinh giita cac lanh hai c6 dang duong thang. Chinh
xac hon, ching 13 dudng trung tric clia cac cip ddo gan nhau. Vi vay, lanh hai
cua mot dao sé la mot hinh da giac. Cach phan chia dya trén khoang cach t6i
diém gin nhat nay trong todn hoc duge goi la Voronoi diagramP| Trong khong
gian ba chiéu, 1ay vi du la cac hanh tinh, lanh khong ctia mdi hanh tinh sé 13 mot
da dién. Trong khong gian nhiéu chiéu hon, ching ta sé c6 nhing siéu da dién.

10.2. Phan tich toan hoc

Muc dich cudi cling cia thuat toan phan cum K-means 1a tu dit lieu dau vao va
s6 lugng cum can tim, hay xac dinh tam mdi cum va phan cac diém dit lieu vao
cum tuong tng. Gia st théem ring mdi diém dit lieu chi thuoc ding mot cum.

Gia sit N diém dit lieu trong tap huan luyén dude ghép lai thanh ma tran X =
[X1,X2,...,Xn] € RPN va K < N la 86 cum duge xac dinh trude. Ta can tim
cac tam cum mi, ms, ..., mg € R va nhan ctia mdi diém dit lieu. 0 day, moi
cum duge dai dién bdi mot nhan, thuong 1a mot s6 tu nhien tit 1 dén K. Nhéc
lai ring cac diem dit lieu trong bai todn phan cum K-means ban dau khong c6
nhén cu thé.

V6i méi diem dit lieu x;, ta can tim nhan y; = k ctano, d day k € {1,2,..., K}.
Nhan ctia mot diém ciing thuong duge bicu dién dudi dang mot vector hang K

% Vonoroi diagram — Wikipedia (https://goo.gl/xReCWS8).
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phan ti y; € R trong d6 tat ci cac phan tit clia y; bang 0 trit phan tit & vi
tri thi & bang 1. Cach biéu dién nay con duge goi 1a mé hoa one-hot. Cu thé,
yij = 0, Vj # k,y; = 1. Khi chong cac vector y; lén nhau, ta dugc mot ma
tran nhan Y € RY*%. Nhdc lai réng y;; 1a phan tt hang thi 4, cot thi j clia ma
tran Y, va ciing la phan tit thit j ctia vector y;. Vi dy, néu mot diém dit lieu c6
vector nhan 1a [1,0,0,...,0] thi n6 thuoc vao cum thit nhat, 1a [0,1,0,...,0] thi
né thudc vao cum thi hai,... Diéu kién ctia y; ¢6 thé viét dusi dang toan hoc:

K
v €40,1}, Vi, j; Dy =1, Vi (10.1)
j=1

10.2.1. Ham mét mat va bai toan tdi wu

Goi my, € R? 13 tam ciia cum thit k. Gia st mot diém dit lieu x; dude phan vao
cum k. Vector sai s6 néu thay x; bang my, 1a (x; —my,). Ta mudn vector sai s6 nay
gan véi vector khong, titc x; gan véi my,. Viec nay cé thé duge thie hien thong
qua viéc t6i thiéu binh phuong khodng cach Euclid ||x; — my||2. Hon nita, vi x;
duge phan vho cum k nén y;, = 1,y;; = 0, Vj # k. Khi d6, biéu thitc khoang
cach Euclid ¢6 thé dugce viét lai thanh

K

s — |3 = gaellxs — 3 = D ygllxs — my3 (10.2)
j=1

Nhu vay, sai s6 trung binh cho toan bo dit lieu sé la:

N K
1
L(Y,M) = szyz‘jﬂxz‘ —my|3 (10.3)
=1 j—1
Trong d6 M = [my, my, ..., mg] € R>K 13 ma tran tao bsi K tam cum. Ham

mat mat trong bai toan phan cum K-means la £(Y, M) véi rang budc nhu duge
néu trong (10.1]). D& tim cac tam cum va cum tuong tng clia mdi diém dit ligu,
ta can giai bai toan toi uu c6 rang buoc

N K

1
Y,M:armin—g g iillx; — m |2
é’M Nizl jlyJH J||2

K (10.4)
thod man: y;; € {0,1}, Vi, j; Zyij =1, Vi
j=1

10.2.2. Thuat toan téi wu ham méat mat

Bai toan (10.4) 13 mot bai toan kho tim diém t6i wu vi c6 thém cac diéu kién
rang budc. Bai toan nay thudc loai miz-integer programming (diéu kién bién la
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s6 nguyén) - la logi rat khé tim nghiém toi wu toan cuc. Tuy nhién, trong mot s6
truong hop ching ta vAn c6 phuong phap dé tim nghiem gan ding. Mot ki thuat
don gian va pho bién dé giai bai toan la xen ké giai Y va M khi bién con
lai duge ¢6 dinh cho t6i khi ham mat mat hoi tu. Chung ta sé lan lugt gidi quyét
hai bai toan sau.

Cé dinh M, tim Y

Gid st da tim dugc cdc tam cum, hdy tim cdc vector nhan dé ham mat mat dat
gid tri nhé nhat.

Khi céc tam cum 1a ¢6 dinh, bai toan tim vector nhan cho toan bo dit lieu c6 thé
dugc chia nhé thanh bai toan tim vector nhan cho timg diém dit lieu x; nhu sau:

K

o1
y; = argmin N ZyUHXz - mjﬂg
yi —
7=1

. (10.5)
thod man: y;; € {0,1}, Vi, j; Y wy =1, Vi,

Jj=1

Vi chi ¢6 mot phan tit clia vector nhan y; bang 1 nén bai toan (10.5)) chinh 1a bai
toan di tim tam cum gan diém x; nhat:

j = argmin ||x; — m;|[3. (10.6)
J

Vi ||x; — m;]|3 1 binh phuong khoang cach Euclid tit diém x; t6i centroid m;, ta
c6 thé két luan ring moi diém x; thudc vao cum cé tam gan né nhat. Tu do6 co
thé suy ra vector nhan ctia ting diém dit lieu.

Cé6 dinh Y, tim M

Gid st da biét cum cia tung diém, hay tim cdc tam cum mdi dé ham mat mdt
dat gid tri nho nhat.

Khi vector nhan cho timg diém dit lieu da duge xac dinh, bai toan tim tam cum
duge rat gon thanh

N
.1
m; = argmin — g Yisl|xi — myl)3. (10.7)
m;

=1

bé ¥ rang ham muc tiéu la mot ham lién tuc va c6 dao ham xac dinh tai moi
diém m;. Vi vay, ta c6 thé tim nghiém bing phuong phép giai phuong trinh dao
ham bang khong. Dat /(m;) 1a ham muc tiéu beén trong dau argmin cta (10.7),
ta can giai phuong trinh sau day:
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- S i
S m; Zym ZymxZ Sm; = 11\} A (10.9)
1= Zz 1y’L]

Dé ¥ rang mau s6 chinh la tong s6 diém dit lieu trong cum 7, tit s6 1a tong cac
diém dit ligu trong cum j. Néi cach khéc, m; 1a trung binh cong (mean) ctia cac
diém trong cum j.

Ten goi phan cum K-means xuat phat tu day.

10.2.3. Tém tat thuat toan

Téi day, ta c6 thé tém tit thuat toan phan cum K-means nhu sau.

Thuat toan 10.1: phan cum K-means

Dau vao: Ma tran di lieu X € RN va s6 luong cum can tim K < N.
DPau ra: Ma tran tam cum M € R™E vq ma tran nhan Y € RV*XE,

1. Chon K diém bat ky trong tap hudn luyén lam cdc tam cum ban dau.

2. Phan moi diém di lieu vao cum cé tam gan né nhat.

3. Néu viéc phan cum di lieu vao tung cum J budec 2 khong thay doi so vdi
vong lap trudc no thi dung thudt toan.

4. Cap nhat tam cum bing cach lay trung binh cong ciia cic diém da dugc
gan vao cum do sau budc 2.

5. Quay lai budc 2.

Thuat toan nay sé hoi tu sau mot sé6 hitu han vong lap. That vay, day sé biéu
dién gia tri ctia ham mat mat sau moéi bude 1a mot dai lugng khong tang va bi
chiin dudi. Dieu nay chi ra ring day sb6 nay phai hoi tu. Dé ¥ them nita, s6 lugng
cach phan cum cho toan bo dit li¢u 1a hitu han (khi s6 cum K 14 ¢6 dinh) nén dén
mot ldc ndo dé, ham mét mat sé khong thé thay doi, va ching ta c6 thé dimg
thuat toan tai day.

Néu ton tai mot cum khong chita diém nao, mau sé trong sé bang khong,
va phép chia sé khong thuc hien duge. Vi vay, K diém bat ky trong tap huén
luyen dude chon lam cac tam cum ban dau ¢ bude 1 dé dam bao mdi cum c6 it
nhat mot diém. Trong qua trinh hudn luyén, néu ton tai mot cum khong chia
diém nao, c6 hai cach giai quyét. Cach thit nhat 1a bé cum dé va gidm K di mot.
Céch thtt hai la thay tam ciia cum dé bing mot diém bat ky trong tap huan
luyén, chdng han nhu diém xa tam cum hién tai cia n6 nhat.
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10.3. Vi du trén Python
10.3.1. Giéi thiéu bai toan

Ching ta sé lam mot vi du don gian. Trude hét, ta tao tam cum va dit liéu cho
ting cum bang cach ldy mau theo phan phdi chuan cé ky vong la tam clia cum
do6 va ma tran hiép phuong sai la ma tran don vi. o) day, ham cdist trong scipy.
spatial.distance dugc ding dé tinh khoang cach giita cac cip diém trong hai tap
hgp mot cach hiéu qu.

Dit lieu dudc tao bing cach lay ngau nhieén 500 diém cho méi cum theo phan phéi
chuan c¢6 ky vong lan lugt 1a (2, 2), (8, 3) va (3, 6); ma tran hiép phuong sai
giong nhau va la ma tran don vi.

from _ future_  import print_function
import numpy as np

import matplotlib.pyplot as plt

from scipy.spatial.distance import cdist
import random

np.random.seed (18)

means = [[2, 2], [8, 31, [3, 6]]

cov = [[1, O], [0, 111

N = 500

X0 = np.random.multivariate_normal (means[0], cov, N)
X1 = np.random.multivariate_normal (means[1l], cov, N)
X2 = np.random.multivariate_normal (means[2], cov, N)

X = np.concatenate ((X0, X1, X2), axis = 0)
K =3 # 3 clusters
original_label = np.asarray ([0]*N + [1]*N + [2]*N).T

10.3.2. Cac ham sb can thiét cho phan cum K-means

Trude khi viét thuat toan chinh phan cum K-means, ta can mot s6 ham phu tro:

a. kmeans_init_centroids khdi tao cac tam cum.
b. kmeans_asign_labels tim nhan mdéi cho cac diem khi biét cac tam cum.
c. kmeans_update_centroids cap nhat cac tam cum khi biét nhan ctia ting diem.

d. has_converged kiém tra diéu kieén dimg ctia thuat toan.

def kmeans_init_centroids (X, k):
# randomly pick k rows of X as initial centroids
return X[np.random.choice (X.shape[0], k, replace=False)]

26 viec xay dung ham sb nay khong st dung thu vien da dugce thao luan ki trong Chuong @]
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def kmeans_assign_labels (X, centroids):
# calculate pairwise distances btw data and centroids

D = cdist (X, centroids)
# return index of the closest centroid
return np.argmin (D, axis = 1)

def has_converged(centroids, new_centroids) :
# return True 1f two sets of centroids are the same
return (set ([tuple(a) for a in centroids]) ==
set ([tuple(a) for a in new_centroids]))

def kmeans_update_centroids (X, labels, K):
centroids = np.zeros((K, X.shapell]))
for k in range (K):
# collect all points that are assigned to the k-th cluster
Xk = X[labels == k, :]
centroids[k,:] = np.mean(Xk, axis = 0) # take average
return centroids

Phan chinh ctia phan cum K-means:

def kmeans (X, K):
centroids = [kmeans_init_centroids (X, K)]
labels = []
it = 0
while True:
labels.append (kmeans_assign_labels (X, centroids[-1]))

new_centroids = kmeans_update_centroids (X, labels[-1], K)
if has_converged(centroids[-1], new_centroids):
break
centroids.append (new_centroids)
it += 1

return (centroids, labels, it)

Ap dung thuat toan vita viét vao dit licu ban dau va hién thi két qua cudi cing:

centroids, labels, it = kmeans (X, K)
print (' Centers found by our algorithm:\n’, centroids[-1])
kmeans_display (X, labels[-1])

Két qua:

Centers found by our algorithm:
[[ 1.9834967 1.96588127]

[ 3.02702878 5.95686115]

[ 8.07476866 3.014949317]

Hinh minh hoa thuat toan phan cum K-means trén tap dit lieu nay sau mot
s6 vong lip. Nhan thay ring tam cum va céac ving lanh tho ctia ching thay doi
qua cac vong lap va hoi tu chi sau sau vong lip. T két qua nay ta thiy ring
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iteration: 1/7 iteration: 2/7 iteration: 3/7

Hinh 10.2. Thuat toan phan cum K-means qua cac vong ldp.

thuat toan phan cum K-means lam viéc kha thanh cong, cac tam cum tim dugc
gan véi cac tam cum ban dau v cidc nhom dit lieu duge phan ra gan nhu hoan
hdo (mot vai diém gan ranh gidi gitta hai cum hinh thoi va hinh sao c¢6 thé 1an
vao nhau).

10.3.3. Két qua tim dugc biang thu vién scikit-learn

Dé kiém tra them, ching ta hay so sanh két qua trén véi két qua thu duge bing
cach sit dung thu vién |scikit—1learn.

from sklearn.cluster import KMeans

model = KMeans (n_clusters=3, random_state=0).fit (X)
print (' Centers found by scikit-learn:’)

print (model.cluster_centers_)

pred_label = model.predict (X)

kmeans_display (X, pred_label)

Két qua:

Centroids found by scikit-learn:
[[ 8.0410628 3.02094748]

[ 2.99357611 6.03605255]

[ 1.97634981 2.011236941]

Ta nhan thiy rang cac tam cum tim dugc rat gan véi két qua ky vong.
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Hinh 10.3. 200
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trong bd co sé dir
liéu MNIST.
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Tiép theo, ching ta cliing xem xét ba ting dung don gian ctia phan cum K-means.
10.4. Phan cum chit s viét tay
10.4.1. Bo co sé diw lieu MNIST

MNIST [LCBI0] 1a bo co s6 dit ligu 16n nhat vé chit s6 viét tay va duge st dung
trong hau hét cac thuat toan phan loai hinh &nh. MNIST bao gom hai tap con:
tap huan luyén c6 60 nghin mau va tap kiém tra c6 10 nghin mau. Tat cd déu da
dudc gan nhan. Hinh hién thi 200 mau dugc trich ra tit MNIST.

MGbi biic &nh 1a mot anh xam (chi ¢6 mot kénh), ¢6 kich thuée 28 x 28 diém anh
(titc 784 diém anh). Mbi diém dnh mang gia tri 13 mot s6 tu nhién tit 0 dén 255.
Céc diém anh mau den c6 gia tri bing khong, cac diém anh cang trang thi c6 gia
tri cang cao. Hinh la mot vi du vé chit s6 7 va gié tri cac diem anh ctia n.

10.4.2. Bai toan phan cum gia dinh
Bai todn: Gia st ta khong biét nhan ctia cac bitc anh, hay phan cac biic 4nh

gan giong nhau vé mot cum.

27 Vi muc dich hién thi ma tran diém anh & ben phai, bic anh kich thudc 28 x 28 ban dau da dugc
resize vé kich thuée 14 x 14.
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Bai toan nay c6 thé duge giai quyét bang phan cum K-means. Mdi biic anh c6
thé dugc coi 1a mot diém dit lieu v6i vector dic trung 1a vector cot 784 chiéu.
Vector nay nhan duge bang céch chdng cac cot clia ma tran diém anh lén nhau.

10.4.3. Lam viéc trén Python

Dé tai vé MNIST, chiing ta c6 thé ding truc tiép mot ham sé trong scikit-learn:

from _ future_  import print_function
import numpy as np
from sklearn.datasets import fetch_mldata

data_dir = ’../../data’ # path to your data folder

mnist = fetch_mldata (’MNIST original’, data_home=data_dir)
print ("Shape of minst data:", mnist.data.shape)

Keéet qua:

Shape of minst data: (70000, 784)

shape clla ma tran di liéu mnist.data 1 (70000, 784) tiic ¢6 70000 mau, moi mau
c6 kich thude 784. Chi ¥ rang trong scikit-learn, méi diém dit lieu thuong dudc
luu du6i dang mot vector hang. Tiép theo, ching ta lay ra ngau nhién 10000 mau
va thuc hién phan cum K-means trén tap con nay:

from sklearn.cluster import KMeans
from sklearn.neighbors import NearestNeighbors
K = 10 # number of clusters

N = 10000
X = mnist.data[np.random.choice (mnist.data.shape[0], N)]
kmeans = KMeans (n_clusters=K) .fit (X)

pred_label = kmeans.predict (X)

Sau khi thic hien doan code trén, cac tam cum dugc luu trong bién kmeans.
cluster_centers_, nhan ctia mdi diem dit lieu dugc luu trong bién pred_label.
Hinh hién thi cac tam cum tim dugc va 20 mau ngau nhién duge phan vao
cum tuong tng. Mdi hang tuong ting véi mot cum, cot dau tién bén trai 1a cac
tam cum tim duge. Ta thay rang cdc tam cum déu giong véi mot chit s6 hodc 1a
két hop ctia hai/ba chit s6 ndo doé. Vi dy, tam cum & hang thit tu 1a sy két hop
clia cac chit s6 4, 7, 9; ¢ hang thit by 1a két hgp ctia cac chit s6 7, 8 va 9.

Nhan thay rang cac bitc 4nh lay ra ngau nhién tit méi cum khong thuc su giong
nhau. Ly do c¢6 thé vi nhitng biic 4nh nay & xa cac tam cum mic dit tam cum
d6 da 1a gan nhat. Nhu vay phan cum K-means lam viéc chua thyc si tot trong
truong hop nay. Tuy nhién, ching ta van c6 thé khai thac mot s6 thong tin hitu
ich sau khi thite hién thuat toan. Thay vi chon ngau nhién cac biic anh trong moi
cum, ta chon 20 biic 4nh gan tam ctia mdi cum nhat, vi cang gan tam thi do tin
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Hinh 10.5. Cic tam
cum (cbt dﬁu) va 20
diém nglu nhién trong
mdi cum. Cac chit sb
trén mdi hang thudc
vao cung moét cum.

Hinh 10.6. Tam va
20 diém gan tdm nhat
clla moi cum.

cl6[6[¢ €]
R [H]4[9]4 EIIIIEIIII
IIIII-IIIIII

cay cang cao. Quan sat Hinh [10.6] c¢6 thé thiy dit lieu trong mdi hang kha giéng
nhau va giong véi tam cum 6 cot dau tien bén trai. T day cé theé rit ra mot vai
quan sat tha vi:

a. C6 hai kiéu viét chit s6 1 — thang va chéo. Phan cum K-means nghi ring do6
1 hai chit s6 khac nhau. Diéu nay 1a dé& hiéu vi phan cum K-means la mot
thuat toan hoc khong giam sat. Néu c6 sit can thiép ciia con ngudi, ching c6
thé duge nhém lai thanh mot.

b. O hang thtt chin, chit s6 4 v 9 duge phan vao cing mot cum. Su that 1a hai
chit s6 nay kha giéong nhau. Diéu tuong tir xay ra doi véi hang thi bay vdi cac
chit s6 7, 8, 9. Phan cum K-means c6 thé duge ap dung dé tiép tuc phan nho
cac cum do.

Mot k¥ thuat phan cum thuong duge st dung 1a phan cum theo tang (hierarchical
clustering [Ble0§]). C6 hai loai phan cum theo tang:

o Agglomemtwe tiic “di tit dudi len”. Ban dau ta chon K 13 mot s6 16n gan bang
s6 diém dit lieu. Sau khi thye hién phan cum K-means lan dau, cdc cum gan
nhau dugc ghép lai thanh mot cum. Khoang cach giita cac cum c6 thé duge
xac dinh bang khodng cach gifta cac tam cum. Sau budc nay, ta thu duge mot
s6 lugng cum nhé hon. Tiép tuc phan cum K-means v6i diém khdéi tao 1a tam
ctia cum 16n vira thu dude. Lap lai qua trinh nay dén khi nhan duge két qua
chap nhan dugc.
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Hinh 10.7. Anh:Trong Vi (https:
//g00.gl/9D8aXW, xem anh mau

trong Hinh :

e Divisive tiic “di tr trén xudng”. Ban dau, thyc hién phan cum K-means véi
K nhé dé dugce cac cum 16n. Sau dé tiép tuc ap dung phan cum K-means vao
modi cum 16n dén khi két qua chap nhan duge.

10.5. Tach vat thé trong anh

Phan cum K-means ciing dugc 4p dung vao bai toan tdch vdt thé trong dnh (object
segmentation). Cho bitc a&nh nhu trong Hinh [10.7, hay xay dung mot thuat toan
tu dong nhan dién va tach roi viing khuon mat.

Biic 4nh c¢6 ba mau chit dao: hong ¢ khan va moi; den ¢ mat, toc, va hau canh;
mau da & vung con lai cia khudn mat. Anh nay kha ro nét va cac vung dugce
phan biét 6 rang bdi mau sic nén ching ta c6 thé 4p dung thuat toan phan cum
K-means. Thuat toan nay sé phan cac diém anh thanh ba cum, cum chita phan
khuon mit c6 thé dude chon tu dong hoic bing tay.

Day 1a mot biic anh mau, mdi diém anh duge biéu dién béi ba gia tri tuong tng
v6i mau do, luc, va lam (RGB). Néu coi méi diém anh 13 mot diém dit lieu dugc
mo ta bdi mot vector ba chiéu chita cac gia tri nay, sau dé 4p dung phan cum
K-means, ching ta c¢6 thé dat duge két qua nhu mong mudn.

10.5.1. Lam viéc trén Python

Khai béo thu vién va hién thi bitc &nh:

import matplotlib.image as mpimg
import matplotlib.pyplot as plt
import numpy as np

from sklearn.cluster import KMeans
img = mpimg.imread(’girl3. jpg’)
plt.imshow (img)

imgplot = plt.imshow (img)

plt.axis('off’)

plt.show ()
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Hinh 10.8. K& quad nhan ducc
sau khi thuyc hién phan cum K-
means. C6 ba cum tuong (ing véi ba
mau dd, héng, den (xem anh mau

trong Hinh .

Bién do6i biic anh thanh mot ma tran ma mdi hang 1a ba gia tri mau clia mot
diém anh:

X = img.reshape ((img.shape[0]*img.shape[l], img.shapel2]))

Phan con lai ctia ma ngudn c6 the duge tim thay tai https://goo.gl/ Tn6Gec.

Sau khi tim dudc cac cum, gia tri clia moi pixel duge thay bang gid tri clia tam
tuong ting. Két qua duge minh hoa trén Hinh Ba mau do, den, va mau da
(xem &nh mau trong Hinh da dugc phan nhom kha thanh céng. Khuén mat
c6 thé duge tach ra tit phan c6 mau da va ving bén trong né. Nhu vay, phan
cum K-means tao ra mot két qua chap nhan dugce cho bai toan nay.

10.6. Nén anh

Tru6e hét, xét doan code dudi day:

for K in [5, 10, 15, 20]:
kmeans = KMeans (n_clusters=K) .fit (X)
label = kmeans.predict (X)

img4 = np.zeros_like (X)
# replace each pixel by its centroid
for k in range (K):
img4 [label == k] = kmeans.cluster_centroids_[k]
# reshape and display output image
img5 = img4.reshape ((img.shape[0], img.shape[l], img.shape([2]))
plt.imshow (img5, interpolation=’nearest’)
plt.axis ('off’)
plt.show ()

Nhan thay ring méi diém anh c6 thé nhan mot trong sb6 256° ~ 16 trieu mau.
Day la mot s6 rat 16n (tuong duong véi 24 bit cho mot diém anh). Phan cum
K-means c6 thé dude ap dung dé nén anh véi sb bit it hon. Phép nén anh nay
lam mat dit lieu nhung két qui van chap nhan duge. Quay trd lai bai toan tach
vat thé trong muc truée, néu thay moi diém anh bing tam cum tuong tng, ta
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K =15 K=20

Hinh 10.9. ChAt luong nén anh véi sb luong cluster khac nhau (xem anh mau trong

Hinh [B.5).

thu dugc mot biic anh nén. Tuy nhién, chat lugng biic anh ré rang da gidm di
nhiéu. Trong doan code trén day, ta dia lam mot thi nghiém nhé véi s6 luong
cum tang lén 5, 10, 15, 20. Sau khi tim dugc tam cho mdi cum, gid tri clia mot
diém &nh dugc thay bang gié tri clia tam tuong ting. Két qua dude hién thi trén
Hinh . C6 thé thay rang khi s6 lugng cum tang lén, chat lugng bitc anh da
dugc cai thien. Dé nén btic anh nay, ta chi can luvu K tam cum tim duge va nhan
ctia mdi diém anh.

10.7. Thao luan

10.7.1. Han ché ctia phan cum K-means

e 56 cum K can dugec xdc dinh trudc. Trong truong hop, ching ta khong biét
trude gia tri ndy. Ban doc c¢6 thé tham khao phuong phdp elbow gitp xéac dinh
gia tri K nay (https://goo.gl/euYhpK)).

o Nghiém cuoi cing phu thudc vao cdic tam cum duge khdi tao ban dau. Thuat
toan phan cum K-means khong dam bdo tim dugc nghiém tdi uwu toan
cuc, nghiém cudi ciing phu thuoc vao cac tam cum dude khéi tao ban dau.
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iteration: 8/8 iteration: 14/14 iteration: 20/20

(a) (b) (c)

Hinh 10.10. Cic gia tri khdi tao ban d4u khac nhau d3n dén cac nghiém khac nhau.

Hinhthé hién cac két qua khac nhau khi cic tam cum dudge khéi tao khac
nhau. Ta ciing thay rang truong hop (a) va (b) cho két qua tot, trong khi két
qua thu duge § trusng hop (c) khong thyc sy t6t. Mot diém nita c6 thé rit ra
1a s6 Tugng vong 1dp t6i khi thuat toan hoi tu ciing khac nhau. Truong hop (a)
va (b) cuing cho két qué tot nhung (b) chay trong thoi gian gan gap doi. Mot
k¥ thuat gitip han ché nghiem xau nhu truong hop (c) 1a chay thuat toan phan
cum K-means nhiéu lan vé6i cac tam cum duge khéi tao khac nhau va chon
ra lan chay cho gi4 tri ham méat mét thap nhat? Ngoai ra, c6 mot vai thuat
toén gitip chon cac tam cum ban dau [KA04], Kmeans++ [AV07, BMV*12].

o Cdc cum can co s6 ligng diém gan bang nhau. Hinh [10.11al minh hoa két qua
khi cac cum c6 s6 diem chénh léch. Trong trudng hgp nay, nhiéu diém 16 ra
thudc cum hinh vuong da bi phan nham vao cum hinh sao.

e Cdc cum can cé dang hinh tron (cau). Khi cdc cum van tuan theo phan phdi
chuan nhung ma tran hiép phuong sai khong ti lé véi ma tran don vi, cac
cum sé khong c6 dang tron (hodc cau trong khong gian nhiéu chiéu). Khi
d6, phan cum K-means khong hoat dong hiéu qua. Ly do chinh la vi phan
cum K-means quyét dinh nhan ctia mot diem dit lieu dua trén khodng cach
Euclid ctia n6 t6i cac tam. Trong truong hgp nay, Gaussian mixture models
(GMM) [Rey15] c6 thé cho két qua tot hd Trong GMM, moi cum duge gia
stt tuan theo mot phan phéi chuan véi ma tran hiép phuong sai khong nhat
thiét ti 1é v6i ma tran don vi. Ngoai cac tAm cum, cdc ma tran hiép phuong
sai ciing 1a cac bién can t6i uu trong GMM.

e Khi mot cum nam trong cum khdc. Hinh 14 mot vi du kinh dién vé viéc
phan cum K-means khong lam viéc. Mot cach tir nhién, ching ta sé phan di
liéu ra thanh bon cum: mat trai, mat phai, miéng, xung quanh mat. Nhung vi
méat va miéng nam trong khuon mit nén phan cum K-means cho két qua khong

28 KMeans — scikit-learn (https://goo.gl/5KavVn).
2 Doc them: Gaussian mizture models — Wikipedia (https://goo.gl/GzdauR).
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chinh xac. Véi dit lieu nhu trong vi du nay, phan cum spectral [VLOT, NJWO02]
sé cho két qua t6t hon. Phan cum spectral ciing coi cac diém gan nhau tao
thanh mot cum, nhung khong gia st vé mot tam chung cho cd cum. Phan cum
spectral dugdc thie hien dya trén mot do thi vo huéng véi dinh 1a cac diém dit
lieu v& canh dugc ndi giita cac diem gan nhau, mdi canh duge danh trong s6
la mot ham ctia khoang céch gitta hai diém.

iteration: 15/15 iteration: 12/12
10 10

4 w
=
£
2 sy *
0.
-2 T T T T T T -2 T T T T T T
-2 0 2 4 6 8 10 -2 0 2 4 6 8 10
(a) (b)

Hinh 10.11. Phin cum K-means hoat dong khdng thuc su tbt trong trudng hop
cac cum c6 s6 lugng phan tir chénh [éch hodc cac cum khéng c6 dang hinh tron.

Hinh 10.12. M6t vi du vé viéc phan
cum K-means khdng hoat dong hiéu
qua.

10.7.2. Cac ing dung khac cia phan cum K-means

Mic du ¢6 nhitng han ché, phan cum K-means van cic ky quan trong trong
machine learning va la nén tang cho nhiéu thuat toan phic tap khac. Dudi day
la mot vai ing dung khac ctia phan cum K-means.

Céch thay mot diém di lieu biang tam cum tuong @ng ld mot trong s6 cac ki
thuat c6 tén chung la vector quantization — VQ [AM93]). Khong chi dugce ap dung
trong nén dit ligu, VQ con duge két hop véi Bag-of-Words[LSP06] 4p dung rong
rai trong cac thuat toan xay dung vector dac trung.

Ngoai ra, VQ ciing dugc ap dung vao cac bai toan tim kiém trong co sé dit lieu
16n. Khi s6 diém dit lieu la rat 16n, viéc tim kiém tré nén cuc ky quan trong.
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Khé khin chinh ctia viec nay la lam thé nao c6 thé tim kiém mot cach nhanh
chéng trong lugng di lieu khéng 16 d6. Y tudng co ban la st dung cac thuat
toan phan cum dé phan cac diém dit lieu thanh nhiéu cum nhé. Dé tim cac diém
gan nhat ciia mot diém truy van, ta c6 thé tinh khoadng cach giita diém nay va
cac tam cum thay vi toan bo cac diém trong co sé dit lieu. Ban doc c6 thé doc
thém cac bai bdo noi tiéng gan day vé van dé nay: Product Quantization [JDST1],
Cartesian k-means [NEF13| [JDJ17], Composite Quantization [ZDW14], Additive
Quantization [BL14].

M& ngudn cho chuong nay c6 thé duge tim thay tai https://goo.gl/QgW5f2.
10.7.3. Poc thém

a. Clustering documents using k-means — scikit-learn (https://goo.gl/y4xsy2).
b. Voronoi Diagram — Wikipedia (https://goo.gl/v8WQEv).

c. Cluster centroid initialization algorithm for K-means clustering (https://goo.
gl/hBdody).

d. Visualizing K-Means Clustering (https://goo.gl/ULbpUM).

e. Visualizing K-Means Clustering — Standford (https://goo.gl/idzR2i).
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Chuong 11

B6 phan loai naive Bayes

11.1. Bo phan loai naive Bayes

Xét cac bai toan phan loai v6i C' nhan khac nhau. Thay vi tim ra chinh xac nhan
ctia mdi diém dit lieu x € R, ta c6 thé di tim xéac suat dé két qua roi vao méi
nhan: p(y = c|x), hodc viét gon thanh p(c|x). Biéu thic nay duge hiéu la xac
suat dé dau ra la nhan c biét rang dau vao la vector x. Néu tinh dugc biéu thic
nay, ta co thé gitp xac dinh nhan ctia méi diém dit lieu bang cach chon ra nhan
c6 xAc suat rdi vao cao nhat:

c = argmax p(c|x) (11.1)
ce{1,....C}

Nhin chung, khé ¢6 cach tinh tryc tiép p(c|x). Thay vao d6, quy tac Bayes thuong
dugc st dung:

¢ = argmax p(c|x) = argmax pxlelple) = argmax p(x|c)p(c) (11.2)

c c p(x) c

Dau béang thit hai x4y ra theo quy tic Bayes, dau bang thit ba xay ra vi p(x) 6
mau s6 khong phu thudce vao c. Tiép tuc quan sat, p(c) c6 the duge hiéu la xac
suat dé mot diém bdt ky roi vao nhan c. Néu tap huan luyen 1én, p(c) c6 thé dugce
xac dinh bang phuong phap udc Iugng hop 1y cuc dai (MLE) — 1a ti le gitta s6
diém thudc nhan ¢ va s6 diém trong tap huan luyen. Néu tap huan luyén nho,
gia tri nay c6 thé dude xac dinh bang phuong phap uwéc lugng hau nghiém ciec
dai (MAP).

Thanh phan con lai p(x|c) 1& phan phdi cia cac diém dit lieu trong nhan c. Thanh
phan nay thuong rat khé tinh todn vi x 13 mot bién ngau nhién nhiéu chiéu. Dé
c6 thé uée luong duge phan phéi dé, tap huan luyen phai rat 16n. Nhim don gian
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hod viéc tinh toan, ngudi ta thuong gid st rang cidc thanh phan ctia bién ngau
nhién x doc lap v6i nhau khi da biét c:

p(xlc) = plar, 2, - . 7ale) = [ plailc) (11.3)

i=1

Gia thiét cac chiéu cta dit lieu doc lap vdi nhau 1a qua chat va trén thuc té, it
khi tim dugc dit lieu ma cac thanh phan hoan toan doc lap véi nhau. Tuy nhién,
gia thiét ngdy tho (naive) nay doi khi mang lai nhitng két qua tot bat ngo. Gia
thiét vé sy doc lap clia cac chiéu dit lieu nay dudc goi 1a naive Bayes. Mot phuong
phap xac dinh nhan ciia dit lieu dya trén gid thiét nay c6 tén 1a phan loai naive
Bayes (NBC).

Nho gia thiét doc lap, NBC c6 téc do huan luyen va kiém tra rat nhanh. Viéc
nay rat quan trong trong cic bai toan véi dit lieu 16n.

O buée huan luyen, cac phan phdi p(c) va p(x;lc),i =1,...,d duge xac dinh dya
vao dit lieu huén luyen. Viéc xac dinh céc gia tri nay cé thé duge thuc hien bing
MLE hoac MAP.

O budc kiém tra, nhan ctia mot diém dit lieu méi x duge xac dinh béi

d

¢ = argmax p(c) Hp(xz|c) (11.4)
ce{1,...,C} i=1

Khi d 16n va céc xac suat nhd, biéu thiic ¢ vé phai ciia (11.4) 1& mot s6 rat nho,
khi tinh todn c6 thé gap sai s6. Dé gidi quyét viéc nay, (11.4) thuong duge viét
lai duéi dang tuong duong bang cach lay log ctia vé phai:

¢ = argmax (log(p(c)) + Zlog(p(xﬂc))) : (11.5)

ce{1,...,C}

Viéc nay khong anh huéng t6i két qua vi log 13 mot ham dong bién trén tap cac
s6 duong.

Su don gian cia NBC mang lai hiéu qua dac biét trong cac bai todn phan loai
van ban, vi du bai toan loc tin nhin hodc email rac. Trong phan sau ctia chuong
nay, ching ta cing xay dung mot bo loc email rac tiéng Anh don gian. Ca qua
trinh huan luyén va kiém tra cia NBC déu ciyc ky nhanh so véi cac phuong phap
phan loai phitc tap khac. Viéc gid st cac thanh phan trong dit licu 1a doc lap véi
nhau khién cho viéc tinh toan mdi phan phdi p(x;|c) tré nén don gian.

Viéc tinh toan p(x;|c) phu thudc vao loai dit ligu. C6 ba loai phan bd xac suat
pho bién 1a Gaussian naive Bayes, multinomial naive Bayes, va Bernoulli Naive.
Chiing ta ciing xem xét ting loai.
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11.2. Cac phan phdi thusng dung trong NBC
11.2.1. Gaussian naive Bayes

M5 hinh nay dude sit dung chii yéu trong loai dit liéu ma céc thanh phan 1a cac
bién lién tuc. V6i moi chicu dit liéu 4 va mot nhan ¢, 2; tuan theo mot phan phoi
chuan c6 ky vong i.; vi phuong sai o2;:

1 (zi — p ‘)2)
2 i ct
zilc) = p(xi|pei, 05) = ——=exp | —————— 11.6
p(wile) = p(@ilpici, 02;) 7mor P ( 207 (11.6)
Trong d6, bo tham s6 0 = {1, 02} duge xac dinh bang ML dua trén cac diém
trong tap huan luyén thuoc nhan c.

11.2.2. Multinomial naive Bayes

M6 hinh nay cht yéu dude st dung trong bai toan phan loai vin ban ma vector
ddc trung duge xay dung dya trén § tudng bag of words (BoW). Lic nay, moi
van ban duge bicu dién bdi mot vector ¢6 do dai d 1 sb tit trong tir dién. Gia tri
ctia thanh phan thit ¢ trong moi vector 1a s lan tir thit ¢ xuat hién trong vin ban
d6. Khi do, p(z;|c) tile v6i tan suat tir thit ¢ (hay dac trung thit ¢ trong truong
hop tong quét) xuat hién trong cac van ban c6 nhan c. Gia tri nay c6 thé duge
tinh bdéi

Nci
Aei = plxi|c) = N (11.7)

Trong do:

e N, la tong s6 lan tir thit ¢ xuat hién trong cac van ban ctia nhan c. N6 chinh
la tong tat cd thanh phan thit i clia cac vector dic trung tng v6i nhan c.

e N, la tong s6 tir, ké ca lip, xuat hién trong nhan c. N6i cach khac, N, 1a tong
do dai ctia tat ca cac van ban thudc nhan c. C6 thé suy ra rang N, = Zle N,
tur d6 Z 1 Aei = 1.

Cach tinh nay c6 mot han ché 1a néu c6 mot tit méi chua bao gid xuat hién trong
nhan c thi biéu thc sé bang khong, dan dén vé phai cla bang khong
bat ké cac gia tri con lai 16n thé ndo (xem thém vi du ¢ muc sau). Dé gidi quyét
viéc nay, mot ky thuat duge goi 1a lam mém Laplace (Laplace smoothing) duge
ap dung:

°~ Nci + «

Aej = ———— 11.
N, + do (11.8)

v6i o 1a mot s6 duong, thuong bang 1, dé tranh tru’dng hOp tlt sO bang khong
Mau sb6 duge cong véi da dé dam bao tong xac suit Z Aei = 1. Nhu vay, mdi

nhan ¢ duge mo ta bdi mot bo céc sé duong ¢ tong bang 1\, = {;\Cl, . Xcd}.

30 Xem vi du trang
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11.2.3. Bernoulli Naive Bayes

Mo hinh nay dude a4p dung cho cac loai dit lieu ma mdi thanh phan 14 mot gia
tri nhi phan — bang 0 hoac 1. Vi du, ciing v6i loai van ban nhung thay vi dém
tong s6 lan xuat hién clia mot tit trong van ban, ta chi can quan tam tit dé co
xuat hién hay khong.

Khi d6, p(z;|c) duge tinh béi
p(wile) = p(ile)™ (1 — p(ile)' ™ (11.9)

v6i p(i|c) duge hiéu la x4c suat tit thit i xuat hién trong cdc van ban clia class c,
x; bang 1 hodc 0 tuy vao viéc tit thi 7 ¢6 xuat hién hay khong.

11.3. Vi du
11.3.1. Bic hay Nam
Gi4 sit trong tap huén luyen c¢6 céc van ban d1, d2, d3, d4 nhu trong Bang [11.1]

Mbi van ban nay thudc vao mot trong hai nhan: B (Bdc) hodac N (Nam). Hay xéc
dinh nhan cua van ban db.

Bang 11.1: Vi du vé& ndi dung clia cac vin ban trong bai toan Bc hay Nam

’ \Vén bén\ch)i dung \th‘in‘
d1 hanoi pho chaolong hanoi| B
Dt lieu huén luyen d2 hanoi buncha pho omai B
i j d3 pho banhgio omai B
d4 saigon hutiu banhbo pho N
Dt lieu kiém tra d5 hanoi hanoi buncha hutiu| ?

Ta c6 thé du doan ring d5 c6 nhan Bic.

Bai toan nay c6 thé duge giai quyét bang NBC st dung multinomial Naive Bayes
ho#c Bernoulli naive Bayes. Chiing ta sé ciing lam vi du v6i mo hinh thit nhat va
trién khai code cho c& hai mé hinh. Viéc mo hinh nao t6t hon phu thudc vao mbi

bai toan. Ta ¢6 thé thit ci hai dé chon ra mo hinh t6t hon.

Nhan thay réng ¢ day c6 hai nhan B va N, ta can di tim p(B) va p(N) dua tréen
tan s6 xuat hién ctia moéi nhan trong tap huan luyén. Ta c6

(11.10)

Tap hgp toan bo cac tit trong tap huan luyén la

V' = {hanoi, pho, chaolong, buncha, omai, banhgio, saigon, hutiu, banhbo}
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Pha huan luyén Pha kiém tra
nhin = B N \0‘& PG %O N N °
Y S O > NSRS o~ NS
& & & & & \é‘\x &

dl: xy 2 1 1 0 0 0 0 0 0

d5: x5 = [2,0,0,1,0,0,0, 1,0]
d:x; | 1 | 1 o | 1] 1]0o] o] o]o

p(BId5) o p(B) [T, p(zi[B)

d3: x: 0 1 0 0 1 1 0 0 0
3 d=1[V[=9 4)2 2 1 —4
=3(%) F53~15x10

N

Téng 3 3 1 1 2 1 0 0 0 |=Nsg=11

= A |4/20]4/20|2/20 | 2/20 | 3/20 | 2/20 | 1/20 | 1/20 [ 1/20 | (20 = Ng + |V])

p(N|d5) o p(N) [Ti_, p(a:(N)

(£) 52 ~1.75x107°

IS

nhan = N =

d4: x4 0 1 0 0 0 0 1 1 1 |= Nn=4 = p(x5|B) > p(x5|N) = d5 € nhan(B)

= A | 1/13]2/13 | 1/13 [ 1/13|1/13 | 1/13 | 2/13 | 2/13 | 2/13 | (13 = Nn + V)

Hinh 11.1. Minh hoa NBC véi Multinomial naive Bayes cho bai todn Bac hay Nam.

Téng cong s6 phan tit trong tit dién 1a [V| = 9.

Hinh minh hoa qua trinh huén luyén va kiém tra cho bai toan nay khi si
dung Multinomial naive Bayes, trong d6 lam mém Laplace dudc st dung véi
a = 1. Cha ¥, hai gia tri tim dugc 1.5 x 107* va 1.75 x 10~° khong phai 1 hai
xac suat can tim ma la hai dai luogng ti lé thuan véi hai xac suat d6. Dé tinh cu
thé, ta co thé lam nhu sau:

1.5 x 1074

PBID) = T T 175 < 10

— ~0.8955, p(N|d5) = 1—p(B|d5) ~ 0.1045.

Nhu vay xéac suat dé d5 c6 nhan B 14 89.55%, c6 nhan N 1a 10.45%. Ban doc c6
thé ty tinh v6i vi du khac: d6 = pho hutiu banhbo. Néu tinh toan ding, ta sé
thu duge

p(BJd6) ~ 0.29, p(N|d6) ~ 0.71,

va suy ra d6 thudc vao class N.

11.3.2. Bo phan loai naive Bayes véi thu vién scikit-learn

Dé kiém tra lai cac phép tinh phia trén, ching ta cling giai quyét bai toan nay
bing scikit-learn. O day, dit lieu huén luyén va kiém tra da duge dua vé dang
vector dac trung sit dung BoW.
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from _ future__ import print_function

from sklearn.naive_bayes import MultinomialNB

import numpy as np
# train data

d1 = (2, 1, 1, 0, 0, 0, 0, 0, 0]

d2 = (1, 1, 0, 1, 1, 0, 0O, 0O, O]

d3 = [0, 1, 0, 0, 1, 1, 0, 0, 0]

d4 = [0, 1, 0, O, O, O, 1, 1, 1]
train_data = np.array([dl, d2, d3, d4])
label = np.array([’B’, 'B’, 'B’, 'N’'])

# test data

d5 = np.array([[2, O, O, 1, 0O, O, O, 1,
d6 = np.array([[0, 1, O, O, O, O, O, 1,
## call MultinomialNB

model = MultinomialNB ()
# training

model.fit (train_data, label)

# test

print (' Predicting class of db5:’,
print (' Probability of d6 in each class:’,

str (model.predict (d5) [0]))

model .predict_proba (d6))

Két qua:

Predicting class of d5: B
Probability of d6 in each class: [[

0.29175335

0.70824665]]

Két qua nay nhat quan vé6i nhiing két qua duge tinh bang tay & trén.

Néu stt dung Bernoulli naive Bayes, ching ta can thay déi mot chit vé feature
vector. Luc nay, cac gia tri khac khong sé déu duge dua vé mot vi ta chi quan
tam dén viéc tit d6 c¢6 xuat hién trong van ban hay khong.

from _ future_  import print_function

from sklearn.naive_bayes import BernoulliNB

import numpy as np
# train data

d1 = (1, 1, 1, O, O, O, O, O, O]

d2 = [1, 1, 0, 1, 1, 0O, O, O, O]

d3 = [0, 1, 0, O, 1, 1, 0, 0, O]

4 = [0, 1, 0, O, O, O, 1, 1, 1]
train_data = np.array([dl, d2, d3, d4])
label = np.array([’'B’, 'B’, '"B’, 'N"])
# test data

d5 = np.array([[1, O, O, 1, O, O, O, 1,
d6 = np.array([[0O, 1, O, O, O, O, O, 1,
## call MultinomialNB

model = BernoulliNB()

# training

model.fit (train_data,
# test
print (' Predicting class of db5:’,
print (' Probability of d6 in each class:’,

label)

# 0 -B, 1 -N

str (model.predict (d5) [0]))

model .predict_proba (d6))
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Két qué:

Predicting class of d5: B
Probability of d6 in each class: [[ 0.16948581 0.83051419]]

Ta thay rang, véi bai toan nhé nay, ca hai mo hinh déu cho két qua giong nhau
(xac suat tim duge khac nhau nhung khong &nh hudng t6i quyét dinh cudi ciing).

11.3.3. Bo phan loai naive Bayes cho bai toan loc email rac

Tiép theo, chiing ta cling lam viéc v6i mot bo co s§ dit lieu 16n hd. Trong vi
du nay, du lieu da duge xi 1y, va 1la mot tap con cua co sé dit lieu Ling-Spam
dataset (https://goo.gl/whHCd9).

Tap dit lieu nay bao gom 960 email tiéng Anh, dugc tach thanh tap huan luyén
va tap kiém tra theo ti 1& 700:260 v6i 50% trong mdi tap la cac email rac.

Dit lieu ¢ day da dugc tién xit Iy, Cac quy tée xit Iy nhu sauP}

e Loqi b6 stop words: Nhitng tit xuat hien thuong xuyén nhu ‘and’, ‘the’, ‘of’,...
dudce loai bé vi chiing xuat hién & ca hai nhan.

e Lemmatization: Nhitng tit c¢6 cling goc dude dua vé ciing loai. Vi duy, ‘include’,
‘includes’, ‘included’ déu dugc dua chung veé ‘include’. Tat ca cac tit ciing da

duge dua vé dang ky tu thuong.

e Loai b6 non-words: chit s6, dau cau va cac ky tu dic biet da duge loai bo.

Duéi day 1a mot vi du ciia mot email binh thuong trude khi duge xii 1y:

Subject: Re: 5.1344 Native speaker intuitions

The discussion on native speaker intuitions has been extremely interesting,
but I worry that my brief intervention may have muddied the waters. I

take it that there are a number of separable issues. The first is the
extent to which a native speaker is likely to judge a lexical string as
grammatical or ungrammatical per se. The second is concerned with the
relationships between syntax and interpretation (although even here the
distinction may not be entirely clear cut).

31 D lieu trong vi du nay dugc lay tit Ezercise 6: Naive Bayes — Machine Learning, Andrew Ng
(https://goo.gl/kbzR3d).
32 st dung thu vien NLTK (http://www.nltk.org/)
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va sau khi duge x1t 1y:

re native speaker intuition discussion native speaker intuition extremely
interest worry brief intervention muddy waters number separable issue first
extent native speaker likely judge lexical string grammatical ungrammatical
per se second concern relationship between syntax interpretation although
even here distinction entirely clear cut

Duéi day 1a mot vi du vé email rac sau khi duge xit 1y:

financial freedom follow financial freedom work ethic extraordinary desire
earn least per month work home special skills experience required train
personal support need ensure success legitimate homebased income opportunity
put back control finance life ve try opportunity past fail live promise

Cac tu ‘financial’, ‘extraordinary’, ‘earn’, ‘opportunity’,... la nhing tu thuong
thay trong cac email rac.

Trong vi du nay, ching ta sé st dung multinomial naive Bayes.

Dé bai toan dugc don gian, ching ta sé st dung dit lieu da duge x1t 1y, c6 thé tai
ve tai https://goo.gl/CSMxHU. Thu muc sau khi gidi nén bao gom cac file:

test-features.txt
test-labels.txt
train-features-50.txt
train-features-100.txt
train-features—-400.txt
train-features.txt
train-labels-50.txt
train-labels-100.txt
train-labels—-400.txt
train-labels.txt

tuong 1ing vdi céc file chita dit lidu ctia tap huan luyen va tap kiém tra. File train
—features—50. txt chita dit litu ctia tap huan luyén thu gon véi chi tong cong 50
email. M3i file labels.txt chiia nhiéu dong, mdi dong 14 mot ky tir 8 hosic 1 thé
hién email la thuong hay rac.

MaQi file features.txt chita nhiéu dong, méi dong c6 ba s, chang han:

1 564 1
119 2

Trong d6, s6 dau tién 1a chi s6 clia email, bat dau tir 1; s6 thit hai 1a thit tu clia
tit trong tit dién (tong cong 2500 tit); s6 thit ba la tan xuat ctia tit d6 trong email
dang xét. Dong dau tién noi ring trong email thi nhat, tit thit 564 trong tit dién
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xuat hien mot lan. Cach luu dit lieu nay gitp tiét kiem bo nhé vi cac email chi

chita mot lugng nho cac tir trong tit dién.

Néu biéu dién mdi email bing mot vector hang c6 do dai bang do dai ti dién
(2500) thi dong thit nhat noi rang dic trung thit 564 ctia vector nay bang 1.
Tuong tu, dic trung thit 19 clia vector nay bang 2. Néu khong xuat hién, cac
thanh phan khac duge hiéu bing 0. Dya trén cac thong tin nay, ta c6 thé tién

hanh lap trinh véi thu vién sklearn.

Khai bao thu vién va duong dan téi files:

from _ future_  import print_function

import numpy as np

from scipy.sparse import coo_matrix # for sparse matrix

from sklearn.naive_bayes import MultinomialNB, BernoulliNB

from sklearn.metrics import accuracy_score # for evaluating results
# data path and file name

path = ’ex6DataPrepared/’

train_data_fn = 'train-features.txt’
test_data_fn = ’"test-features.txt’
train_label fn = ’'train-labels.txt’
test_label_fn = 'test-labels.txt’

Tiép theo ta can viét ham s6 doc dit lieu ti file data_fn v6i nhan tuong ting duge

litu trong file label_£n. Chi ¥ ring s6 lugng tit trong tit dien 1a 2500.

Dit lieu duge luu trong mot ma tran ma moéi hang 1a mot vector dic trung cia
email. Day 1a mot ma tran thua nén ta st dung ham |scipy.sparse.coo_matrix.

nwords = 2500

def read_data (data_fn, label_fn):
## read label_fn
with open (path + label_fn) as f:
content = f.readlines/()
label = [int(x.strip()) for x in content]
## read data_fn
with open (path + data_fn) as f:

content = f.readlines/{()
# remove ’‘\n’ at the end of each line
content = [x.strip() for x in content]

dat = np.zeros((len(content), 3), dtype = int)
for i, line in enumerate (content):
a = line.split (' 7)
dat[i, :] = np.array([int(a[0]), int(a[l]), int(a[2])])

# remember to -1 at coordinate since we’re in Python

data = coo_matrix((dat[:, 2], (dat[:, 0] - 1, dat[:, 1] - 1)),\
shape=(len(label), nwords))

return (data, label)
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Doan code duéi day giap lay dit lieu hudn luyeén va kiém tra, sau dé st dung
MultinomialNB dé phan loai.

(train_data, train_label) = read_data(train_data_fn, train_label_fn)
(test_data, test_label) = read_data (test_data_fn, test_label_fn)

clf = MultinomialNB ()
clf.fit (train_data, train_label)

y_pred = clf.predict (test_data)
print (' Training size = %d, accuracy = %.2f%%’ % \
(train_data.shape[0],accuracy_score (test_label, y_pred)*100))

Két qua:

Training size = 700, accuracy = 98.08%

Nhu vay, c6 t6i 98.08% email duge phan loai ding. Chung ta tiép tuc thit véi cac
tap huan luyén nhé hon:

train_data_fn = 'train-features-100.txt’
train_label_fn = 'train-labels-100.txt’
test_data_fn = ’'test-features.txt’

test_label _fn = ’"test-labels.txt’

(train_data, train_label) = read_data(train_data_fn, train_label_fn)
(test_data, test_label) = read_data (test_data_fn, test_label_fn)

clf = MultinomialNB ()

clf.fit (train_data, train_label)

y_pred = clf.predict (test_data)

print (' Training size = %d, accuracy = %.2£%%’ % \
(train_data.shape[0],accuracy_score (test_label, y_pred)*100))

train_data_fn = ’'train-features-50.txt’
train_label fn = ’"train-labels-50.txt’
test_data_fn = ’"test-features.txt’
test_label fn = ’"test-labels.txt’

(train_data, train_label) = read_data(train_data_fn, train_label_fn)
(test_data, test_label) = read_data (test_data_fn, test_label_fn)

clf = MultinomialNB ()

clf.fit (train_data, train_label)

y_pred = clf.predict (test_data)

print (' Training size = %d, accuracy = %.2f%%’ % \
(train_data.shape[0],accuracy_score (test_label, y_pred)*100))

Két qua:

Training size = 100, accuracy = 97.69%
Training size 50, accuracy = 97.31%
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Chuong 11. B0 phéan loai naive Bayes

Ta thay rang tham chi khi tap huan luyén la rat nhd, chi c¢6 tong cong 50 email,
két qua dat dude da rat an tuong.

Néu ban mudn tiép tuc thit mé hinh BernoulliNs:

clf = BernoulliNB (binarize = .5)

clf.fit (train_data, train_label)

y_pred = clf.predict (test_data)

print (' Training size = %d, accuracy = %$.2£%%’ % \
(train_data.shape[0],accuracy_score (test_label, y_pred)*100))

Két qué:

Training size = 50, accuracy = 69.62%

Ta thay rang trong bai todn nay, MultinomialNB hoat dong hiéu qua hon.
11.4. Thao luan

11.4.1. Tém tit

e Bo phan loai Naive Bayes (NBC) thuong dugce st dung trong cac bai toan
phan loai van ban.

e NBC c6 thai gian huan luyén va kiém tra rat nhanh. Diéu nay c6 dugce la do
gid sit ve tinh doc lap gitta cac thanh phan.

e Néu gid sit vé tinh doc 1ap duge thod man (dya vao ban chat cia dit lieu),
NBC dugc cho 1a sé ¢6 két qua tot hon so v6i SVM (Phan [VIII) va hoi quy
logistic (Chuong khi c6 it dit lieu huan luyeén.

e NBC c6 thé hoat dong véi cac vector dac trung ma mot phan la lien tuc (st
dung Gaussian naive Bayes), phan con lai é dang roi rac (sit dung multinomial

hoac Bernoulli). Sy doc lap gitta cac dac trung khién NBC c6 kha nang nay.

e Lam mém Laplace dudc st dung dé tranh trudng hop mot tit trong tap kiém
tra chua xuat hién trong tap huan luyéen.

e Ma ngudn trong chuong nay cé thé duge tim thay tai https://goo.gl/yUR550.

11.4.2. Poc thém
a. Text Classification and Naive Bayes - Stanford (https://goo.gl/HcefLX).

b. 6 Easy Steps to Learn Naive Bayes Algorithm (with code in Python) (https:
//goo.gl/odQaaY).
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Chuong 12. Gradient descent

Chuong 12

Gradient descent

12.1. Giédi thiéu
Xét mot ham s6 f : R — R vé6i tap xac dinh D,

e Diém x* € D dugc goi la cue tiéu toan cuc (tuong tng cuc dai toan cuc) néu
f(x) > f(x*) (tuong tng f(x) < f(x*)) v6i moi x trong tap xac dinh D. Céac
diém cuec tiéu toan cuc va cuc dai toan cuc dude goi chung 1a cuc tri toan cuc.

e Diém x* € D dudc goi la cuc tieu dia phuong (tuong ting cuc dai dia phuong)
néu ton tai € > 0 sao cho f(x) > f(x*) (tuong tng f(x) < f(x*)) véi moi
x niim trong lan can V(e) = {x : x € D,d(x,x*) < ¢}. O day d(x,x*) ky
hiéu khoang cach gitta hai vector x va x*, thuong la khoang cach Euclid. Céc
diém cyc tiéu dia phuong va cuc dai dia phuong dude goi chung 1a cuc tri
dja phuong. Cac diém cyc tiéu/cyc dai/cyc tri toan cuc ciing 1 cac diém cice
ticu/ce dai/cue tri dia phuong.

Gia sit ta dang quan tam dén mot ham lien tuc mot bién c6 dao ham moi noi,
xac dinh trén R. Cuing nhéc lai mot vai diém co ban:

e Diém cuyc tiéu dia phuong z* ctia ham s6 1a diém c6 dao ham f’(z*) bing
khong. Hon nita, trong lan can ctia né, dao ham ctia cac diém phia bén trai
2* 1a khong duong, dao ham clia cac diém phia bén phai z* 1a khong am.

e Dudng tiép tuyén v6i do thi ham s6 d6 tai mot diem bat ky c6 he sb géc bang
dao ham ctia ham s6 tai diém dé.

Hinh 12.1) mo ta su bién thién ctia ham s6 f(z) = %(.CE —1)2 - 2. Diém 2* = 1
la mot diem cyc tieu toan cuc cia ham so nay. Cac diém bén trai cia x* ¢6 dao
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Chuong 12. Gradient descent

Hinh 12.1. Kh3o sat su bién thién
cta mbt da thdc bac hai.

ham am, cac diém bén phai c6 dao ham duong. V6i ham s6 nay, cang xa vé phia
trai ctia x* thi dao ham cang am, cang xa vé phia phai thi dao ham cang duong.

Trong machine learning néi riéng va toan téi wu néi chung, chiing ta thuong xuyén
phai tim céc cuc tiéu toan cuc clia mot ham sé. Néu chi xét rieng cac ham kha
vi, viec gidi phuong trinh dao ham bang khong cé thé phiic tap hodc c6 vo s6
nghiem. Thay vao d6, ngudi ta thudng tim cac diém cuye tiéu dia phuong, va coi
d6 1a mot nghiém can tim clia bai toidn trong nhitng truong hop nhat dinh.

Céc diém cie tiéu dia phuong 13 nghiém ctia phuong trinh dao ham bing khong
(ta van dang gi st rdng cac ham nay lién tuc va kha vi). Néu tim duge toan bo
(hitu han) cac diém cuec tiéu dia phuong, ta chi can thay timg diém do6 vao ham
s6 dé suy ra diém ciec tiéu toan cuc. Tuy nhién, trong hau hét céc truong hop,
viéc giai phuong trinh dao ham bang khong 1a bat kha thi. Nguyén nhan c6 thé
dén tit su phiic tap ctia dao ham, tit viéc cac diem dit liéu c6 s6 chiéu 16n hodc tir
viéc ¢6 qua nhiéu diém dit lieu. Thuyc té cho thay, trong nhiéu bai toan machine
learning, cac diém cuc tiéu dia phuong thusng cho két qua tot, dic biet 1a trong
cac mang neuron nhan tao.

Mot huéng tiép can pho bién dé giai quyét cac bai toan t6i wu la diing mot phép
toan. Dau tién, chon mot diém zudt phdt roi tién dan dén dich sau mdi vong lap.
Gradient descent (GD) va céc bién thé ctia n6 la mot trong nhitng phuong phap
duge diing nhiéu nhat.

Chai 9 : Khai niem nghiém ctia mot bai toan t6i uu dude st dung khong han dé
chi cyc tiéu toan cuc. N6 duge st dung theo nghia la két qua ciia qua trinh t6i
uu. Két qua 6 mot vong lap trung gian dudce goi 1a vi tri ctia nghiém. N6i cach
khac, nghiém co thé duge hidu 1a gia tri hién tai ctia tham s6 can tim trong qué
trinh t61 wu.

12.2. Gradient descent cho ham mét bién
Xét cac ham sd6 mot bién f : R — R. Quay trd lai Hinh va mot vai quan

sat da neu. Gia st 2, 1a diém tim duge sau vong lip thi ¢. Ta can tim mot thuat
toan dé dua x; vé cang gan z* cang tot. C6 hai quan sat sau day:
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Chuong 12. Gradient descent

e Néu dao ham ctia ham s6 tai z; 1a duong (f'(z;) > 0) thi z; ndm vé bén phai
so v6i x*, va nguge lai. Dé diém tiép theo x,,, gan véi 2* hon, ta can di chuyén
x; vé bén trai, tidc vé phia am. No6i cac khéc, ta can di chuyén x, nguoc dau
vdi dao ham:

Tir1 = T + A. (].2].)

Trong d6 A 1a mot dai lugng nguge dau véi dao ham f/(xy).

e 1, cang xa x* vé bén phai thi f'(z;) cang 16n (va ngugc lai). Mot cach tir nhien
nhat, ta chon lugng di chuyén A ti 1¢ thuan véi — f/(z).

Tt hai nhan xét trén, ta c¢6 cong thic cap nhat don gian la

Tep1 = 2 — 0 f (1) (12.2)

Trong d6 7 1a mot s6 duong duge goi 1a toc do hoc (learning rate). Dau trit the
hién viec z; can di ngugc v6i dao ham f'(x;). Teén goi gradient descent xuat phat
tu da. Magc du cac quan sat nay khong diang trong moi truong hop, ching van
12 nén tang cho rat nhiéu phuong phap toi wu.

12.2.1. Vi du don gian véi Python

Xét ham s6 f(x) = 2 + 5sin(x) v6i dao ham f/(x) = 2x + 5 cos(z). Gid sit xuat
phat tit mot diém zo, quy tic cap nhat tai vong lap tht ¢ 1a

Tip1 = oy — N(2x¢ + 5 cos(zy)). (12.3)

Khi thuyc hién trén Python, ta can viét cac ham s:

a. grad dé tinh dao ham.

b. cost dé tinh gi4 tri ctia ham s6. Ta khong st dung ham nay trong thuat toan
cap nhat nghiem. Tuy nhién, né van déng vai trdo quan trong trong viéc kiém
tra tinh chinh x4c ctia dao ham va sy bién thién ctia ham s6 sau mdi vong lap.

c. myGD1 13 phan chinh thyc hién thuat toan GD. Dau vao clia ham s6 nay 13
diém xuat phéat x0 va téc do hoc eta. Dau ra la nghiém ctia bai toan. Thuat
toan dung lai khi dao ham da nho.

def grad(x):
return 2*x+ 5*np.cos(x)

def cost (x):
return x**2 + 5*np.sin(x)

33 Descent nghia 13 di ngugc
34 Gi4 st ring céc thu vien da dugce khai bao diy du
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def myGD1 (x0, eta):

x = [x0]
for it in range (100):
x_new = x[-1] - eta*grad(x[-1])
if abs(grad(x_new)) < le-3: # just a small number
break

x.append (x_new)
return (x, it)

Diém zudt phdt khdc nhau

Sau khi di c6 cdc ham can thiét, ching ta thit tim nghiém véi cac diém xuét

phéat khac nhau la g = —5 va xg = 5 v6i cung toc do hoc n = 0.1.

(x1, itl) = myGD1l (-5, .1)

(x2, 1it2) = myGD1 (5, .1)

print (' Solution x1 = %$f, cost = %f, after %d iterations’\
$(x1[-1], cost(x1[-1]), itl))

print (' Solution x2 = %f, cost = %f, after %d iterations’\
%$(x2[-1], cost(x2[-1]1), it2))

Két qua:

Solution x1 = -1.110667, cost = —-3.246394, after 11 iterations

Solution x2 = -1.110341, cost = -3.246394, after 29 iterations

Nhu vay, thuat toan tra vé két qui gan gidng nhau véi cac diem xuat phat khac
nhau, nhung téc do hoi tu khac nhau. Hinh va Hinh thé hién vi tri ctia
z, va dao ham qua cac vong lap véi cting téc do hoc = 0.1 nhung diém xuéat
phéat khac nhau tai —5 va 5.

Hinh tuong ing véi xg = —5, thuat toan hoi tu nhanh hon. Hon nita, duong
di t6i dich kha suon sé v6i dao ham luon am va tri tuyet déi ciia dao ham nho
dan khi z; tién gan t6i dich.

Hinh tuong ting véi xg = 5, duong di ctia x; chita mot khu vye c6 dao ham
kha nhé gan diém c6 hoanh do bang 2.5. Diéu nay khién thuat toan la ca & day
kha lau. Khi vugt qua duge diém nay thi moi viec dién ra tét dep. Céac diém
khong phai la diém cuc tiéu nhung c6 dao ham gan bing khong rat dé gay ra
hién tuong x; bi bay vi dao ham nhé khién né khong thay déi nhiéu 6 vong lap
tiép theo. Ching ta sé thay mot ki thuat khac gitp thuat toan thodt nhitng chiéc
bay nay.

Téc do hoc khdc nhau

Téc do hoi tu ctia GD khong nhitng phu thuoc vao diém xuédt phat ma con phu
thudc vao téc do hoc. Hinh va Hinh theé hién vi tri clia z; qua cac vong
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Hinh 12.3. K&t qua tim dugc qua cac vong I3p véi 29 = 5,17 = 0.1

lip véi ciing diém xuat phéat zo = —5 nhung téc do hoc khac nhau. Ta quan sat
thay hai diéu:

e V6i toc do hoc nhé = 0.01 (Hinh [12.4)), téc do hoi tu rat cham. Trong vi du
nay ta chon t6i da 100 vong lap nén thuat toan ding lai trude khi téi dich,
mic dit da rat gan. Trong thuc té, khi viéc tinh toan tré nén phic tap, toc do
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hoc qua thap sé anh hudng nhiéu t6i toc do ctia thuat toan. Tham chi z; c6
thé khong bao gis t6i duge dich.

e Véi téc do hoc 16n n = 0.5 (Hinh [12.5), z; tién nhanh t6i gan dich sau vai
vong lap. Tuy nhién, thuat toan khong hoi tu duge vi su thay doi vi tri clia
x; sau moi vong lap 1a qua 16n, khién z; dao dong quanh dich nhung khong

t61 duge dich.
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Viéc Iya chon téc do hoc rat quan trong. Téc do hoc thuong duge chon thong
qua cac thi nghiem. Ngoai ra, GD ¢6 thé lam viéc hiéu qua hon bing cach chon
toc do hoc khac nhau ¢ mdi vong lap. Trén thuyc té, mot ki thuat thuong duge st
dung c6 tén 1a suy gidm toc do hoc (learning rate decay). Trong k¥ thuat nay, toc
do hoc duge giam di sau mot vai vong lap dé nghiem khong bi dao dong manh
khi gan dich hon.

12.3. Gradient descent cho ham nhiéu bién

Gia stt ta can tim cyc tiéu toan cuc cho ham f(6) trong dé 6 1a tap hop cac tham
sO can toi uvu. Gradien ctia ham s6 do6 tai mot diém 6 bat ky ducce ky hieu la
Vo f(0). Tuong tu nhu ham mot bién, thuat todn GD cho ham nhiéu bién ciing
bt dau bang mot diém du doan 6, sau dé st dung quy tic cap nhat

9t+1 = Qt — T]V@f(et) (124)

Ho#c viét dudi dang don gian hon: 6 < 0 — nVyf(6).
Quay lai vdi bai todn hodi quy tuyén tinh

Trong muc nay, chiing ta quay lai véi bai toan hoi quy tuyén tinh va thi t6i uu
ham mat mat ctia n6 bang thuat toan GD.
Nhic lai ham mat mat ctia hoi quy tuyén tinh va gradient theo w:

1

1
L(w) = oxlly = XTwlz - VwL(w) = =X(X'w —y) (12.5)

Vi du trén Python va mot vai luu y khi lap trinh

Truée tién, ching ta tao 1000 diém dit lieu gan duong thang y = 4 + 3z 16i diing
thu vien scikit-learn dé tim nghiém cho hdi quy tuyén tinh:

from sklearn.linear_model import LinearRegression

X = np.random.rand (1000)

y =4+ 3 * X + .5*np.random.randn (1000) # noise added
model = LinearRegression()

model.fit (X.reshape (-1, 1), y.reshape(-1, 1))

w, b = model.coef_[0][0], model.intercept_[0]
sol_sklearn = np.array([b, w])

print (sol_sklearn)

Két qué:

Solution found by sklearn: [ 3.94323245 3.12067542]

35 V6i cac bién nhiéu chiéu, ching ta sé st dung gradient thay cho dao ham.
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10 Hinh 12.6. Nghiém cuta bai todn
hdi quy tuyén tinh (dudng thing
mau den) tim dugc bang thu vién
scikit-learn.

0.0 0.2 0.4 0.6 0.8 1.0

Céc diém dit licu v duong thang tim duge bing hoi quy tuyén tinh c6 phuong
trinh y ~ 3.94 + 3.12x dudc minh hoa trong Hinh Nghiém tim nay dudc rat
gan v6i mong dai.

Tiép theo, ta sé thuc hién tim nghiém bang GD. Ta can viét ham mat mét va
gradient theo w. Chi ¥ rang & day w da bao gom heé s6 diéu chinh b.

def grad(w) :
N = Xbar.shape[O0]
return 1/N * Xbar.T.dot (Xbar.dot (w) - vy)

def cost (w) :
N = Xbar.shape[O0]
return .5/N*np.linalg.norm(y — Xbar.dot (w))**2

V6i cac ham phiic tap, ching ta can kiém tra do chinh xac ciia gradient thong
qua numerical gradient (xem Muc . Phan kiém tra nay xin gianh lai cho ban
doc. Duéi day la thuat toan GD cho bai toan.

def myGD (w_init, grad, eta):

w = [w_init]
for it in range (100):
w_new = w[-1] - eta*grad(w[-1])
if np.linalg.norm(grad(w_new))/len(w_new) < le-3:
break

w.append (w_new)
return w, it

one = np.ones((X.shape[0],1))

Xbar = np.concatenate((one, X.reshape(-1, 1)), axis = 1)

w_init = np.array([[2], [1]1])

wl, itl = myGD(w_init, grad, 1)

print (' Sol found by GD: w = ', wl[-1].T, ’, after %d iterations.’ $(itl+1l))
Két qua:

Sol found by GD: w = [ 3.99026984 2.98702942] , after 49 iterations.
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47 iterations 101 iterations

3

2 3 4 5 6

(@) n=1. (b) n=0.1.

Hinh 12.7. Dudng di nghiém clia hdi quy tuyén tinh véi cac téc db hoc khac nhau.

Thuat toan hoi tu t6i két qua kha gan véi nghiem tim duge theo scikit-learn sau
49 vong lap. Hinh mo6 ta dudng di clia w véi ciing diém xuat phat nhung toc
do hoc khac nhau. Cac diem dugce danh dau ‘start’ 1a céc diém xuat phat. Cac
diém dugc danh dau ‘destination’ 1a nghiem tim dugc bang thu vien scikit-learn.
Céc diém hinh tron nhé mau den la vi tri clia w qua cac vong lip trung gian. Ta
thay rang khi n = 1, thuat toan hoi tu t6i rat gan dich theo thu vién sau 49 vong
lap. V6i toc do hoc nhé hon, n = 0.1, nghiém van con cach xa dich sau hon 100
vong lap. Nhu vay, viéc chon téc do hoc hgp 1y 1a rat quan trong.

0 day, chiing ta cting lam quen v6i mot khai niém quan trong: duong dong maic.
Khai niém nay thuong xuat hién trong cac ban do tu nhién. V6i cac ngon nii,
dudng dong miic 1a cac duong kin bao quanh dinh nii, bao gdm cac diém cé cling
do cao so v6i muc nude bién. Khéi niem tuong ty cling dugce st dung trong t6i wu.
Duong dong mrtc ctia mot ham s6 1a tap hop céac diém lam cho ham s6 ¢6 ciing
gia tri. Xét mot ham s6 hai bién v6i do thi 13 mot bé mat trong khong gian ba
chiéu. Cac dudng dong miic 1a giao diém ctia bé mit nay véi cac miit phing song
song vdi day. Ham mat méat clia hoi quy tuyén tinh vé6i dit lieu mot chicu 1a mot
ham bac hai theo hai thanh phan trong vector trong s6 w. Do thi clia n6 1a mot
bé mat parabolic. Vi vay, cac dudng dong miic clia ham nay 1a cac dudng ellipse
¢6 cung tam nhu trén Hinh Tam nay chinh la day ctia parabolic va la gia tri
nhé nhat ctia ham mat mat. Cac dudng dong mic cang gan tam (’destination’)
tuong ting véi gia tri cang thap.
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A

©o

(a) GD (b) GD (c) GD véi momentum

Hinh 12.8. So sinh GD véi cic hién tugng vat ly.

12.4. Gradient descent v4i momentum

Truée hét, nhic lai thuat toan GD dé t6i wu mot ham mat mat J(6):

e Du doan mot diem xudt phat 6 = 6.
e Cap nhat 0 theo cong thtc
0« 0—nVyJ(0) (12.6)

t6i khi hoi tu. O day, V4J(0) 1a gradient cia ham méat mat tai 6.

Gradient duot goc nhin vat ly

Thuat toan GD thuong duge vi v6i tac dung cta trong lirc 1én mot hon bi dit
trén mot mat c¢6 dang thung ling nhu Hinh . Bat ké ta dat hon bi & A hay
B thi cudi cling n6 ciing sé lan xudng va két thic ¢ vi tri C.

Tuy nhién, néu bé mit c6 hai ddy thung liing nhu Hinh thi tity vao viéc
d#t bi 6 A hodc B, vi trf cudi cing tuong ting ctia bi sé¢ ¢ C hosic D (gia st réng
ma sat di 16n va da khong manh dé bi c6 thé vugt doc). Diém D 1a mot diém
cuc tiéu dia phuong, diém C la diém cuc tiéu toan cuc.

Van trong Hinh [12.8b, néu van téc ban dau ciia bi ¢ diém B dit 16n, n6 van c6
thé tién t6i déc ben trai ciia D do ¢ da. Néu van tdc ban dau 16n hon nita, bi ¢6
thé vuot déc t6i diém E rdi lan xubng C nhu trong Hinh [12.8k. Dya trén quan
sat nay, mot thuat toan duge ra doi nham giup GD thoat dudge cac cuc tiéu dia
phuong. Thuat toan dé c6 tén la momentum (tic theo da).
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Gradient descent vdi momentum
Lam thé nao dé biéu dién momentum dudi dang toan hoc?

Trong GD, ta can tinh lugng thay déi ¢ thoi diém ¢ dé cap nhat vi tri méi cho
nghiém (tic hon bi). Néu ta coi dai lugng nay nhu van toc v; trong vat 1y, vi
tri mdéi ctia hon bi sé 1a 0,41 = 0; — v, v6i gid sit rang modi vong lap 14 mot don
vi thoi gian. Dau trit thé hien viéc phai di chuyén ngudc véi gradient. Viéc tiép
theo 1a tinh dai luong v, sao cho né vita mang thong tin ctia do doc hién tai (tic
gradient), vita mang thong tin ctia da. Thong tin ctia da c6 thé duge hiéu 1a van
toc trude d6 v,y (v6i gid st rang van téc ban dau vy = 0). Mot cach don gidn
nhét, ta c6 thé lay tdng trong s6 clia ching:

vy = yvi—1 + Ve J(0) (12.7)

Trong d6 ~ 1a mot s6 duong nhé hon mot. Gia tri thuong duge chon 1a khoang
0.9, v,_; 1a van toc tai thoi diém truée d6, VeJ(0) chinh 1a do dbc tai diém hién
tai. Tu do, ta c6 cong thitc cap nhat nghiém:

0+ 0—v,=0—nVeJ(0) — vy (12.8)

Su khac nhau gitta GD thong thuong vd GD véi momentem nam ¢ thanh phan
cudi cung trong (12.8)). Thuat toan don gidn nay mang lai hieu qué trong cac bai
toan thuc té.

Xét mot ham don gidn c6 hai diém cuc tiéu dia phuong, trong d6 mot diém la
cuc tiéu toan cuc:
f(z) = 2% + 10sin(z). (12.9)

Ham s6 nay c¢6 dao ham 1a f'(z) = 2z + 10 cos(z). Hinh thé hien cac vi tri
trung gian ctia nghiém khi khong stt dung momentum. Ta thay rang thuat toan
hoi tu nhanh chéng sau chi bon vong lap. Tuy nhién, nghiem dat dugc khong
phai 1 cuc tiéu toan cuc. Trong khi dé, Hinh theé hien cac vi trf trung gian
ctia nghiém khi c6 st dung momentum. Ching ta thay ring hon bi vuot duce
déc thit nhat nho c6 da, theo quan tinh tiép tuc vuot qua diém cuc tiéu toan cuc,
nhung tré lai diém nay sau 50 vong lip r6i chuyén dong cham dan quanh dé téi
khi dimg han & vong lip thit 100. Vi du nay cho thady momentum thc sy da gitp
nghiém thoat dugc khu viue cuc tiéu dia phuong.

Néu biét trudc diém xudt phat theta, gradient cia ham méat mat tai mot diém
bat ky grad(theta), lugng thong tin luu trit tit van toc trude dé gamma va toc do
hoc eta, chiing ta c6 thé viét ham GD_momentum nhu sau:
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30 30 30 30
201 20 20 20 1
10 10 10 10
0 0 0 0
—10+— T — —10+— r — —10+— r — —10+— T -
-5 0 5 -5 0 5 -5 0 5 -5 0 5
iter 0/4, grad = 12.837 iter 1/4, grad = -0.961 iter 2/4, grad = -0.208 iter 4/4, grad = -0.006

Hinh 12.9. GD théng thudng

301 30 301 301
201 20 201 201
10 10 10 10
0 0 01 0
—10+— r — —10+— r — —10+— r — —10+— T r
-5 0 5 -5 0 5 -5 0 5 -5 0 5
iter 0/100, grad = 12.837 iter 1/100, grad = -0.961 iter 2/100, grad = -3.535 iter 10/100, grad = 9.845
301 30 301 301
201 20 201 201
10 10 101 10
0 0 01 0
—10+— T — —10+— r — —10+— r — —10+— r
-5 0 5 -5 0 5 -5 0 5 -5 0 5
iter 20/100, grad = -10.917 iter 50/100, grad = 2.289 iter 75/100, grad = -0.462 iter 100/100, grad = -0.044

Hinh 12.10. GD v4i momentum

def GD_momentum(grad, theta_init, eta, gamma):
# Suppose we want to store history of theta
theta = [theta_init]
v_old = np.zeros_like(theta_init)
for it in range (100):
v_new = gamma*v_old + eta*grad(theta[-1])

theta_new = theta[-1] - Vv_new

if np.linalg.norm(grad(theta_new))/np.array(theta_init).size < le-3:
break

theta.append (theta_new)

v_old = v_new

return theta

Machine Learning co ban 169

https://thuviensach.vn



Chuong 12. Gradient descent

- ant step:
cap nhit gradien _ yut,ﬂ

Qi1
~ 0, = O, 1—yve—1—nVeJ(04—1) > /TNGJ( ------

cap nhdt 6, =
9t71—7vt71—ﬁven}(9t71 - “/Ut—l)

Toa do diém tinh gradient thay d8i

>
0:—1 gradient step —nVyJ(0;—1) 0iq

(a) Momentum gradient descent. (b) Nesterov accelerated gradient.

Hinh 12.11. VY tudng cla Nesterov accelerated gradient

12.5. Nesterov accelerated gradient

Momentum gitip nghiém vugt qua duge khu vie cuce tiéu dia phuong. Tuy nhién,
c6 mot han ché c6 thé thay trong vi du trén. Khi téi gan dich, momemtum khién
nghiém dao dong mot khoang thoi gian nita trude khi hoi tu. Mot ky thuat co
tén Nesterov accelerated gradient (NAG) [Nes07] giap cho thuat todn momentum
GD hoi tu nhanh hon.

Y tuéng trung tam cua thuat toan la dy doan vi tri cia nghiém trude mot bude.
Cu thé, néu st dung s6 hang momentum ~yv,_; dé cap nhat thi vi trf tiép theo
ctia nghiem 1a 6 — yu,_;. Vay, thay vi st dung gradient tai diém hien tai, NAG

stt dung gradient tai diém tiép theo néu st dung momentum. Y tudng nay duge

thé hién trén Hinh [12.11]

12.5.1. Cong thic cap nhat

Cong thic cap nhat cia NAG duge cho nhu sau:

vy = Y1 +nVeJ (0 — yv,_1) (12.10)

Doan code duéi day thé hien cach cap nhat nghiem bang NAG:

def GD_NAG (grad, theta_init, eta, gamma):

theta = [theta_init]
v = [np.zeros_like(theta_init)]
for it in range (100):
v_new = gamma*v[-1] + eta*grad(theta[-1] - gamma*v[-1])
theta_new = theta[-1] - Vv_new
if np.linalg.norm(grad(theta_new))/np.array(theta_init).size < le-3:
break

theta.append (theta_new)
v.append (v_new)
return theta
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(a) GD v6i momentum. (b) GD véi NAG.

Hinh 12.12. Dudng di cla nghiém cho bai todn hdi quy tuyén tinh véi hai phuong
phdp gradient descent khic nhau. NAG cho nghiém mugt hon va nhanh hon.

12.5.2. Vi du minh hoa

Ching ta cung ap dung cd GD v6i momentum va GD véi NAG cho bai toan
hoi quy tuyén tinh. Hinh thé hien duong di clia nghiém véi phuong phap
momentum. Nghiem di kha zigzag va mat nhiéu vong lip hon. Hinh [12.12b] thé
hién dusng di ctia nghiém véi phuong phap NAG, nghiém hoi tu nhanh hon va
duong di it zigzag hon.

12.6. Stochastic gradient descent

12.6.1. Batch gradient descent

Thuat toan GD dudc dé cap tit dau chuong con dude goi 1a batch gradient desenct.
Batch 6 day dugc hiéu la tat cd, tidc sit dung tat ca cac diém dit lieu x; dé cap
nhat bo tham s6 6. Han ché ctia viéc nay 1a khi lugng co sé dit lieu 16n, viéc tinh
toan gradient trén toan bo dit licu tai moi vong lap tén nhiéu thoi gian.

Online learning 1a khi co s dit lieu dude cap nhat lién tuc, méi lan tang them
vai diém dit lieu méi. Viec nay yéu cau mo hinh ciing phai duge thay déi dé phi
hop véi dit lieu mdéi. Néu thuyc hién batch GD, tiic tinh lai gradient ctia ham mat
méat v6i toan bo dit lieu, do phiic tap tinh toan sé rat cao. Lic d6, thuat toan c6
thé khong con mang tinh online nita do mat quéa nhiéu thsi gian tinh toan.

Mot ky thuat don gian hon duge sit dung 1a stochastic gradient descent (SGD).
Thuat toan nay c6 thé gay ra sai sé6 nhung mang lai 1oi ich vé mit tinh toan.
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12.6.2. Stochastic gradient descent

Trong SGD, tai mot thoi diém, ta tinh gradient ctia ham mat mat dua trén chi
mot diem dit lieu x; r6i cap nhat 6. Chd ¥ ring ham mat mat thuong duoc lay
trung binh trén tat diém dit lieu nén gradient tuong tng véi mot diem duge ky
vong 1& kha gan véi gradient tinh theo moi diém dit lieu. Sau khi duyét qua tat
ci cac diém dit lieu, thuat toan lap lai qua trinh trén. Bién thé don gian nay trén
thuc té lam viéc rat hiéu qua.

epoch

MB&i lan duyét mot lugt qua tat cd cac diém trén toan bo dit lieu dude goi 1a mot
epoch. V6i GD thong thuong, mdi epoch ting v6i mot lan cap nhat 6. V6i SGD,
mdi epoch ting véi N lan cap nhat 6 v6i N 1a s6 diém dit lieu. Mot mat, viec cap
nhat @ theo timg diém cé thé lam gidm toc do thuc hien mot epoch. Nhung mat
khéc, véi SGD, nghiém c6 thé hoi tu sau vai epoch. Vi vay, SGD phit hgp véi cac
bai toan c6 luong co s6 dit liu 16n va céc bai toan yéu cau mo hinh thay doi lien
tuc nhu hoc truc tuyé V6i mot mo hinh da dude huan luyén tit trude, khi co
them dit liéu, ta c6 thé chay thém mot vai epoch nita 1a da c6 nghiem hoi tu.

Moi lan cdap nhat nghiém la mot vong lap. Moi lan duyét hét toan bo dit liéu
la mot epoch. Mot epoch bao gom nhiéu vong ldp.

Thit tw lwa chon diém dit liéu
Mot diém can luu ¥ 1a sau mdi epoch, thtt tu lay cac dit lieu can dude xéo tron
dé dam bao tinh ngiu nhién. Viéc nay ciing anh hudéng t6i hieu nang cia SGD.

Day ciing chinh la 1y do thuat toan nay c6 chita tu stochasti.

Quy tac cap nhat cia SGD 1a

0 < 0—nVeJ(0;x:,¥:) (12.12)

Trong d6 J(0;%;,y;) = J;(f) 1a ham mat mat néu chi c6 mot cap dit lieu thi .
Céc ky thuat bién thé ciia GD nhu momentum hay NAG hoan toan cé thé dudc
ap dung vao SGD.

36 online learning

37 ngdu nhién
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Hinh 12.13. Vi du vé gi4 trj
ham mit mat sau mdi vong
l3p khi st dung mini-batch

8 gradient descent. Ham mét
< mat dao dong sau mai lan cip
T 71 nhat nhung nhin chung gidm
“E dan va cé xu hudng héi tu.
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12.6.3. Mini-batch gradient descent

Khac véi SGD, mini-batch GD st dung 1 < k < N diém dit lieu dé cap nhat
§ mdi vong lap. Gidng v6i SGD, mini-batch GD bat dau méi epoch bang viéc
x40 tron ngau nhién dit liéu roi chia toan bo dit lieu thanh cac mini-batch, moi
mini-batch ¢6 k diém dit lieu (trit mini-batch cudi c6 thé c6 it hon néu N khong
chia hét cho k). O mdi vong lap, mot mini-batch dude lay ra dé tinh toan gradient
roi cap nhat 0. Khi thuat toan chay hét dit licu mot lugt ciing 1a khi két thic
mot epoch. Nhut vay, mot epoch bao gom xap xi N/k vong lap. Gia tri k& duge goi
1a kich thude batch (khong phai kich thudc mini-batch) duge chon trong khoéng
khodng tit vai chuc dén vai tram.

Hinh [12.13|1& vi du vé gia tri cia ham mat mat clia mot mo hinh phitc tap hon
khi sit dung mini-batch GD. Mic du gia tri cia ham mat mat sau cac vong lap
khong luon luén giam, nhin chung gia tri nay c¢6 xu huéng giam va hoi tu.

12.7. Thao luan
12.7.1. Diéu kién dirng thuat toan
Khi nao thi nén diung thuat toan GD?

Trong thuc nghiém, ching ta c¢6 thé két hop cac phuong phéap sau:

a. Gidi han s6 vong lap. Nhugce diém ctia cach lam nay 1a thuat toan cé thé dimg
lai truée khi nghiem du t6t. Tuy nhién, day 1a phuong phép pho bién nhat va
cling dam bao duge chuong trinh chay khong qua lau.

b. So sanh gradient ctia ham méat mat tai hai lan cap nhat lién tiép, khi nao gia
tri nay da nho thi dung lai.
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c. So sanh gia tri cia ham mat mat sau mot vai epoch, khi nao sy sai khac du
nhé thi dimg lai. Nhuge diém ctia phuong phap nay la néu ham mét mat c6
dang bing phéng tai mot diém khong phai ciyc tiéu dia phuong, thuat toan sé
ditng lai truée khi dat gia tri mong muon.

d. Vita chay GD, vita kiém tra két qua. Mot k¥ thuat khac thuong dude sit dung
14 cho thuat toan chay véi s6 luong vong lap 16n. Trong qua trinh chay, chuong
trinh thuong xuyen kiém tra chat luong mo hinh trén tap huan luyen va tap
xac thie. Dong thoi, mo hinh sau mot vai vong lip dude luu lai trong bo nhé.
Néu ta thay chat lugng mo hinh bat dau gidm trén tap xac thuc thi dimg lai.
Day chinh 13 ki thuat early stoping da dé cap trong Chuong

12.7.2. Poc thém

M4 nguon trong chuong nay cé thé duge tim thay tai https://goo.gl/RIJrRv7.
Ngoai cac thuat toan da dé cap trong chuong nay, c¢6 nhiéu thuat toan khac giap
cai thien GD duge dé xuat gan day [Rudl16]. Ban doc c6 thé tham khao them
AdaGrad [DHSTI], RMSProp [TH12|, Adam [KB14],...

Cac trang web va video dudi day ciing 1a cac tai lieu tot ve GD.

a. An overview of gradient descent optimization algorithms (https://goo.gl/
AGwbbg).

b. Stochastic Gradient descent — Wikipedia (https://goo.gl/pmulzk).
c. Stochastic gradient descent — Andrew Ng (https://goo.gl/jgBf2N).

d. An Interactive Tutorial on Numerical Optimization (https://goo.gl/t85mvA).

e. Machine Learning co ban, Bai 7, 8 (https://goo.gl/US17PP).
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Chuong 13. Thuat toan hoc perceptron

Chuong 13

Thuat toan hoc perceptron

13.1. Gi6i thiu

Trong chuong nay, ching ta ciing tim hiéu mot trong céc thuat toan xuét hien
dau tién trong lich st machine learning. Day 1a mot phuong phap phan loai
don gidn c6 tén la thuat toan hoc perceptron (perceptron learning algorithm —
PLA [Rosh7]). Thuat toan nay duge thiét ké cho bai toan phan logi nhi phan khi
dit lieu chi thudoc mot trong hai nhan. Day 1a nén tang cho cac thuat toan lien
quan t6i mang neuron nhan tao va gan day 1a deep learning.

Gia s1t ¢6 hai tap dit liéu hinh vudng va tron nhu duge minh hoa trong Hinh .
Bai toan dat ra la tu dit liéu ctia hai tap duge gan nhan cho trude, hay xay dung
mot bo phan loai c6 kha ning du doan nhan ctia mot diém di lieu méi, chang
han diém hinh tam gidc mau xam.

Néu coi mdi vector dic trung 1a mot diém trong khong gian nhiéu chiéu, bai toan
phan loai c6 thé dudc coi nhu bai toan xac dinh nhan ciia ting diém trong khong
gian. Néu coi mdi nhan chiém mot hodic vai viing trong khong gian, ta can di tim
ranh gidi gitta cadc viing d6. Ranh gi6i don gian nhat trong khong gian hai chiéu 1
mot dudng thing, trong khong gian ba chiéu 1a mot mit phang, trong khong gian
nhiéu chiéu 1a mot siéu phdng. Nhitng ranh giéi phéng nay don gian vi ching c6
thé dugc biéu dién bdi mot ham s6 tuyén tinh. Hinh minh hoa mot duong
théng phan chia hai tap dit lieu trong khong gian hai chiéu. Trong truong hop
nay, diem dit lieu méi hinh tam giac roi vao ciing tap hop véi cac diém hinh tron.

PLA 13 mot thuat toan don gian gitp tim ranh gi6i siéu phéng cho bai toan phan
loai nhi phan trong truong hop ton tai sieu phéng do6. Néu hai tap dit lieu c6 thé
dugc phan chia hoan toan bing mot siéu phang, ta néi rang hai tap dé tdch biet
tuyén tinh (linearly separable).
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Hinh 13.1. Bai todn phan loai nhi phan trong khong gian hai chiéu. (a) Cho hai
tap dif liéu dudc gén nhan vudng va tron, hdy x4c dinh nhin cla diém tam giic. (b)
Vi du v& mét ranh giéi phing phan chia hai tap hop. Diém tam gi4c dugc phan vao
tap cac diém hinh tron.

13.2. Thuat toan hoc perceptron
13.2.1. Quy tac phan loai

Gid stt X = [x1, X, ..., Xy] € RN 13 ma tran chita tap huan luyén ma mdi cot
x; 1a mot diém dit lieu trong khong gian d chiéu. Cac nhan duge luu trong mot
vector hang y = [y1,vs, ..., yn] € RN v6i y; = 1 néu x; mang nhan vuong va
y; = —1 néu x; mang nhan tron.

Tai mot thoi diém, gia sit ranh gidi 13 mot siéu phang c6 phuong trinh
fw(X) =wizy + -+ wazg +wo = X' W +wy =0 (13.1)

véi w € R? 1a vector trong so6 va wp 1a hé sd diéu chinh. Bing cach st dung
thi thuat gop he s6 diéu chinh (xem Muc , ta c6 thé coi phuong trinh siéu
phiang 13 fy(x) = x’w = 0 v6i x ¢ day dugc ngam hiéu nhu vector dic trung
md rong them mot dic trung bang mot. Vector trong s6 w chinh 1& vector phdp
tuyén cta sieu phang x’w = 0.

Trong khong gian hai chiéu, gia stt dudng théng w,x, + waxs + wy = 0 1a nghiém
can tim nhu Hinh [13.2a] Ta théy ring cac diém niim cing phia so véi dudng
thang nay lam cho ham s6 f,,(x) mang ciing dau. Néu can thiét, ta c6 thé ddi
dau ctia w dé cac diém trén nita mat phang nén ké 6 vuong mang dau duong (+),
cac diem trén nita mat phang nén cham mang dau am (-). Cac dau nay tuong
duong vé6i nhan y ctia mdi diem dit lieu. Nhu vay, néu w 1a mot nghiem clia bai
toan thi nhan ciia mot diém dit lieu méi x duge xac dinh béi

label(x) = {

1 néuxw>0

—1 truong hop con lai (13.2)
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X2

(a) Dudng thing phan chia khéng gay 18i, moi diém (b) Dudng thing phan chia gy ra i tai cic diém
dugc phan loai ding. duoc khoanh tron.

Hinh 13.2. Vi du vé cic dudng thing trong khéng gian hai chiéu: (a) mét nghiém
ctia bai toan PLA, (b) dudng thing khéng phan chia chinh xac hai 16p.

T

Vay, label(x) = sgn(w’x) véi sgn 1a ham x4c dinh dau. Quy udc sgn(0) = 1.

13.2.2. Xay dung ham méat mat

Tiép theo, ching ta xay dyng mot ham mat mat theo tham s6 w bat ky. Van
trong khong gian hai chiéu, xét duong thing wyx; + wezs +wy = 0 dude cho nhu
Hinh . Céac diém khoanh tron 1a cac diém bi phan logi 16i. Tham s6 w 1a
mot nghiém clia bai toan néu né khong gay ra diém bi phan loai 16i nao. Nhu
vay, ham dém s6 lugng diém bi phan loai 16i ¢6 thé coi 13 ham mat mét clia mo
hinh. Ta sé tim cach to6i thiéu ham s6 nay.

Néu mot diém x; v6i nhan y; bi phan loai 18i, ta c6 sgn(x?w) # y;. Vi hai gia
tri nay chi bang 1 hodc —1, ta phai c¢6 y;sgn(x! w) = —1. Nhu vay, ham dém s6
lugng diém bi phan loai 16i ¢6 thé duge viét dudi dang

Jiw) = Y (~yisen(x] w)) (13.3)

x; EM

trong d6 M ky hiéu tap cac diém bi phan loai 16i tng v6i mdi w. Muc dich cudi
cling la di tim w sao cho moi diém trong tap huan luyén déu duge phan loai
dtng, titc J;(w) = 0. Mot diém quan trong can luu y 1d ham mat mat J;(w) rat
khé duge t6i wu vi sgn 1a mot ham roi rac. Ching ta can tim mot ham méat mat
khac dé viec t6i wu kha thi hon. Xét ham

J(w) = > (—yxw). (13.4)

x; EM

Trong ham s6 nay, ham roi rac sgn da duge luge bé. Ngoai ra, khi mot diém phan
loai 16i x; ndm cang xa ranh gidi, gid tri —y;x’ w sé cang 16n, khién cho ham mat
mat ciing cang 16n. Luu ¥ rang ham mat mat chi duge tinh trén cac tap diém bi
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phan loai 16i M, gia tri nhé nhat ctia ham s6 nay ciing bang khong néu M la
mot tap rong. Vi vay, J(w) duge cho la t6t hon Ji(w) vi né trung phat rat nang
nhitng diém lan sau sang lanh tho ciia tap con lai. Trong khi do, J,(w) trimg phat
cac diém phan loai 161 mot luong nhu nhau va déu bang mot, bat ké ching gan
hay xa ranh gidi.

13.2.3. T6i wvu ham méit mat

Tai mot thoi diém, néu chi quan tam t6i cac diém bi phan loai 16i thi ham s6
J(w) kha vi tai moi w. Vay ta c6 thé sit dung GD hozc SGD dé t6i wu ham mat
mat nay. Ching ta sé gidi quyét bai toan t6i tu ham mat mat J(w) biang SGD.
Néu chi mot diém dit lieu x; bi phan loai 16i, ham méat mat va gradient ctia né6
lan luot 1a

J(Wixi ) = —uiXi w; V(WX yi) = —uiX; (13.5)

Quy tac cap nhat w st dung SGD la
W W= n(—yiXi) = W+ nyix; (13.6)

v6i 1 toc do hoc. Trong PLA, n duge chon bang 1. Ta ¢6 mot quy tac cap nhat
rat gon:
Wipl = Wi + UiX; (13.7)

Tiép theo, ta thiy rang
X Wi =X; (W yix;) = %] we + yil x5 (13.8)

Néu x; bi phan loai 16i va c¢6 nhan ding y; = 1, ta c X;TFWt < 0. Cuang viy; = 1 nén
yil|xi||3 = ||x;||3 > 1 (chi ¥ x; 13 mot vector diic trung md rong véi mot phan ti
bang mot). Tir d6 suy ra x! wiy > x? wy. N6i cach khac, —yxIwi < —yx! wy.
Diéu tuong tu ciing xay ra véi y; = —1. Viec nay chi ra ring duong thing dudc
mo ta bdi w1 ¢6 xu hudng khién ham mét mat tai diém bi phan loai 161 x; gidam
di. Chii 4 rang viéc nay khong dam bio ham mat mat tong cong sé gidm, vi rat co
thé siéu thang mdi sé lam cho mot diém lic trude duge phan logi ding trd thanh
mot diém bj phan loai 16i. Tuy nhién, thuat todn nay duoc dam bdo sé hoi tu sau
mot so hitu han budc. Thuat toan perceptron dude tém tat dusi day:

Thuat toan 13.1: Perceptron

a. Tai thoi diem t =0, chon ngav nhién mot vector trong so wy.

b. Tai thoi diém t, néu khong c¢é diém di lieu nao bi phan logi 16i, ding
thuat toan.

c. Gid st x; la mot diém bi phan loai 161, cap nhat

Wil = W + UiX;

d. Thay doit =t + 1 10i quay lai Budc 2.
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13.2.4. Ching minh hoi tu

Goi w* la mot nghiém ciia bai toan phan loai nhi phan. Nghiém nay luon ton
tai khi hai tap dit lieu tach biét tuyén tinh. Ta sé chiing minh bang phan chiing
Thuat toan két thic sau mot s6 hitu han budec.

Gia st ngugc lai, ton tai mot diém xuat phat w khién Thuat toan chay vo
han buéec. Trude hét ta thay ring, néu w* 1a nghiém thi aw* ciing 13 nghiém ctia
bai todn véi a > 0 bat ky. Xét day s6 khong am u,(t) = |[|[w; — aw*||3. Theo gia
thiét phan ching, luon ton tai mot diem bi phan loai 16i khi diing nghiem wy.
Gia sit d6 la diém x; v6i nhan y;. Ta c6
Uo(t +1) = Wi — aw’|3

= [|wi + yixi — aw*||3

= [lw; — aw’ |5 + y7[Ixill3 + 2u:x] (w, — aw”)

<u(t) + |Ixi|5 — 20yxI w* (13.9)

Dau nhé hon & dong cudi xay ra vi y? = 1 va 2y;x} w; < 0. Néu tiép tuc dat

T

p% = max ||XZI|§ >1, v= min_ yx;, W
i

i=1,2,..., i=1,2,...,N
va chon o = %2, ta s6 ¢6 0 < un(t + 1) < un(t) + B2 — 2ay = uy(t) — B2 Ta co
theé chon gia tri nay vi ding v6i o bat ky. Diéu nay chi ra rang néu luon c6
diém bi phan loai 16i thi day u.(t) 14 mot day giam bi chan dudi bdi 0, va phan
tt sau kém phan ti truée it nhat mot lugng 1a 32 > 1. Diéu vo 1y nay ching to
gid thiét phan chiing 1a sai. N6i cach khéc, thuat toan perceptron hoi tu sau mot
s6 httu han bude.

13.3. Vi du va minh hoa trén Python
Thuat toan c6 thé dugce trién khai nhu sau:
Quy tdc phan loai

Gia stt da tim dugce vector trong s6 w, nhan clia cac diém dit lieu x dude xac dinh
bang ham predict(w, X):

import numpy as np

def predict (w, X):
predict label of each row of X, given w
X: a 2-d numpy array of shape (N, d), each row is a datapoint
w: a l1-d numpy array of shape (d)

mmwn

return np.sign (X.dot (w))
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Thudt todn téi wu ham mat madt

Ham perceptron(X, y, w_init) thiuc hién thuat toin PLA vé6i tap huan luyén x,
nhan y va nghiém ban dau w_init.

def perceptron(X, y, w_init):
""" perform perceptron learning algorithm
X: a 2-d numpy array of shape (N, d), each row is a datapoint
y: a 1-d numpy array of shape (N), label of each row of X. y[i] = 1/-1
w_init: a 1-d numpy array of shape (d)
w = w_1init
while True:
pred = predict (w, X)
# find indexes of misclassified points

mis_idxs = np.where (np.equal (pred, y) == False) [0]

# number of misclassified points

num_mis = mis_idxs.shapel[0]

if num_mis == 0: # no more misclassified points
return w

# randomly pick one misclassified point
random_id = np.random.choice(mis_idxs, 1) [0]

# update w
w = w + y[random_id]*X[random_id]
return w

Ap dung thuat toan vira viét vao dit licu trong khong gian hai chiéu:

means = [[-1, 0], [1, 0O]]

cov = [[.3, .21, [.2, .311]

N = 10

X0 = np.random.multivariate_normal (means[0], cov, N)

X1 = np.random.multivariate_normal (means[1], cov, N)

X = np.concatenate ((X0, X1), axis = 0)

y = np.concatenate ((np.ones(N), —-l*np.ones(N)))

Xbar = np.concatenate ((np.ones((2*N, 1)), X), axis = 1)
w_1init = np.random.randn (Xbar.shape[l])

w = perceptron (Xbar, y, w_init)

Mbi nhan c¢6 10 phan ti, 1a cac vector ngau nhién lay theo phan phdi chuan cé
ma tran hiép phuong sai cov va vector ky vong means. Hinh minh hoa thuat
toan hoc perceptron cho bai toan nay. Nghiém hoi tu chi sau sau vong lap.

13.4. M6 hinh mang neuron dau tién

Ham s6 du doan dau ra ctia perceptron label(x) = sgn(w’x) dugc mo ta trén
Hinh [13.4al Day chinh 13 dang don gian nhét ciia mot mang neuron.
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iter 1/6 iter 2/6 iter 3/6

Hinh 13.3. Minh hoa thuit todn perceptron. Cac diém hinh vuéng cé nhan b5ng
1, cac diém hinh trc‘)n c6 nhan —1. Tai mdi vong I3p, dudng thing 13 du&mg ranh
gidi. Vector phap tuyen w, clia dudng th3ng ndy 13 vector dam nét lién. Diém duoc
khoanh tron la mot dlem bi phan loai 18i x;. Vector manh nét lién thé hién vector
x;. Vector nét ddt thé hién Wit Néuy; = 1 (mot diém hinh vudng), vector nét dit
bang t67ng hai vector kia. Néu y; = —1, vector nét ddt bing hiéu hai vector kia.

2 5= E :wixi — wTx Tangdauvao  Tang diura Tang dauvao  Tang daura

. O\wo y= S;n(Z)
\ wy O\ O\
. g o §@@ O——~ D O——— 2

Jed
(a) (b) (c)

Hinh 13.4. Biéu di&n perceptron va hdi quy tuyén tinh dudi dang mang neuron. (a)
perceptron day du, (b) perceptron thu gon, (c) hdi quy tuyén tinh thu gon.

T
T

Dau vao x ciia mang dude minh hoa bang cac hinh tron bén trai goi la cac nait.
Tap hop cac nit nay duge goi 1a tang dau vao. S6 nit trong tang dau vao la d +1
v6i nit diéu chinh z, doi khi duge an di va ngam hiéu bing mot. Cac trong so
Wo, Wi, - . ., wWg duge gan vao cac mii tén di t6i nit 2z = Z?:o w;x; = x'w. Nt
y = sgn(z) la dau ra ctia mang. Ky hiéu hinh chit Z ngugdc trong nit y thé hién
do thi clia ham sgn. Ham y = sgn(z) déng vai tro 1a mot ham kich hoat. C6 nhiéu
loai ham kich hoat khac nhau sé duge trinh bay trong cac chuong sau. Dt lieu
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Schematic of a biological neuron.

Hinh 13.5. Chu tric cta mét neuron than kinh sinh hoc. Ngudn: Single-Layer Neural
Networks and Gradient Descent (https://goo.gl/RjBRED).

dau vao dugc dat tai tang dau vao, lay tong cé trong s6 luu vao bién z roi di qua
ham kich hoat dé c6 két qua & y. Day chinh 13 dang don gian nhat ciia mot mang
neuron nhan tao. Perceptron ciing c¢é thé duge vé gian luge nhu Hinh , v6i
an y rang ham tinh tong va ham kich hoat dugc gop lam mot.

Céac mang neuron c6 thé c6 mot hodc nhiéu nit ¢ dau ra tao thanh mot tang dau
ra. Trong cédc mo hinh phtc tap hon, cAc mang neuron cé thé cé them céc tang
trung gian gitta tang dau vao va tang dau ra goi la tang an. Ching ta sé di sau
vao cac mang nhiéu tang an ¢ Chuong Truée d6, ching ta sé tim hicu cac
mang neuron don gian hon khong c6 tang an nao.

Dé ¥ ring néu thay ham kich hoat bdi ham dong nhéat y = 2, ta sé c6 mot mang
neuron mo t4 moé hinh hdi quy tuyén tinh nhu Hinh [13.4¢ Dudng thing chéo
trong nit dau ra thé hien do thi ham s6 y = 2. Céc truc toa do da duge luge bo.

M6 hinh perceptron & trén khé giéng véi mot thanh phan nhé ctia mang than
kinh sinh hoc nhu Hinh Dit liéu tit nhiéu day than kinh dau vao di vé mot
nhan té bao. Nhan té bao tong hop thong tin va dua ra quyét dinh & tin hieu dau
ra. Trong mang neuron nhan tao ctia perceptron, moi gia tri x; déng vai tro mot
tin hieu dau vao, ham tinh téng va ham kich hoat cé chitc nang tuong tu nhan
té bao. Ten goi mang neuron nhan tao dude khéi nguon tir day.

182 Machine Learning co ban

https://thuviensach.vn


https://goo.gl/RjBREb

Chuong 13. Thuat toan hoc perceptron

X2

(a) (b)

Hinh 13.6. Vi bai todn phéan loai nhi phan, PLA c¢6 thé (a) cho vo sb nghiém, hodc
(b) v6 nghiém tham chi khi c6 nhiéu nhd.

13.5. Thao Luan

PLA ¢6 thé cho vo s6 nghiém khdc nhau. Néu hai tap dit lieu tach biét tuyén
tinh thi c6 vo s6 duong ranh gidi nhu trong Hinh . Cac duong khac nhau sé
quyét dinh diém hinh tam gidc c¢6 nhan khac nhau. Trong cac duong do, dudng
nao 14 tét nhat? Va dinh nghia “t6t nhat” duge hiéu theo nghia nao? Céac cau hoéi
nay sé duge théo luan ky hon trong Chuong .

PLA doi héi hai tap da liéu phdi tach biét tuyén tinh. Hinh mo ta hai tap
dit lieu gan tach biet tuyén tinh. M&i tap c6 mot diem nhiéu nim 1an tap con lai.
Trong truong hgp nay, thuat toan PLA khong bao gio ding lai vi luon c6 it nhat
hai diém bi phan loai 15i.

Trong mot chitng muc nao dé, dusng thing mau den van ¢ thé coi la mot nghiem
t6t vi né da gitp phan loai chinh x4c hau hét cac diém. Viec khong hoi tu véi dit
lieu gan tach biét tuyén tinh 1a mot nhuge diém 16n ctia PLA.

Nhugc diém nay c6 thé duge khic phuc bang thuat todn bé tii (pocket algorithm).

Thuat todn bé tii [AMMILI2]: mot cach tric quan, néu chi ¢6 it nhiéu, ta sé di
tim mot dudng ranh gidi sao cho c6 it diém bi phan loai 16i nhat. Viéc nay c6 thé
dugde thyc hien thong qua PLA va thuat todn tim s6 nhé nhat trong mang mot
chiéu:

e Gidi han s6 lugng vong lap ctia PLA. Dat nghiém w sau vong lap dau tién va
s6 diém bi phan loai 161 vao trong tui.

e MB5i lan cap nhat nghiem w, méi, ta dém xem cé bao nhiéu diém bi phan loai
16i. So sanh s6 lugng nay véi sé diém bi phan loai 16i trong tii. Néu s6 lugng
diém bi phan loai 16i nay nhé hon, tic ta dat duge mo hinh t6t hon trén tap
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huén luyén, ta thay thé nghiém trong tai bang nghiém méi va s6 diém bi phan
loai 16i tuong tng. Lap lai bude nay dén khi hét s6 vong lap.

M4 nguon trong chuong nay cé thé duge tim thay tai https://goo.gl/tisSTq.
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Chuong 14

Hoi quy logistic

14.1. Giédi thiéu
14.1.1. Nhéc lai hai mé6 hinh tuyén tinh

Hai mo hinh tuyén tinh da thdo luan trong cudén sich nay, hoi quy tuyén tinh va
PLA, déu c6 thé viét chung dudi dang y = f(x”w) trong d6 f(s) 14 mot ham
kich hoat. Trong hoi quy tuyén tinh f(s) = s, tich vo huéng x’w dugc tryc tiép
stt dung dé du doan dau ra y. Mo hinh nay phit hop néu ta can dy doan mot dau
ra khong bi chin. PLA c6 dau ra chi nhan mot trong hai gia tri 1 hodc —1 véi
ham kich hoat f(s) = sgn(s) phu hgp v6i cac bai toan phan loai nhi phan. Trong
chuong nay, ching ta sé thdo luan mot mo hinh tuyén tinh véi mot ham kich
hoat khac, thuong dugc ap dung cho cac bai toan phan loai nhi phan. Trong mo
hinh nay, dau ra c6 thé dugce biéu dién dudi dang xac suat. Vi du, xac suat thi
d6 néu biét thoi gian on thi, xac suat ngay mai ¢6 mua dia trén nhitng thong tin
do dudc trong ngay hom nay,... M6 hinh nay c6 tén 1a hoi quy logistic. Mac dit
trong tén c6 chia tit hoi quy, phuong phap nay thuong dugde sit dung nhiéu hon
cho céc bai toan phan loai.

14.1.2. Mot vi du nho

Bang 14.1: Thai gian 6n thi va k&t qua thi clia 20 sinh vién.

[S6 gid|Dau?[[Sé gid|Dau?[[Sé gid|Dau?|[S6 gis|Dau?|

0.5 0 0.75 0 1 0 1.25 0
1.5 0 1.75 0 1.75 1 2 0
2.25 1 2.5 0 2.75 1 4 0
3.25 1 3.5 0 4 1 4.25 1
4.5 1 4.75 1 5 1 5.5 1
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Hinh 14.1. Vi du vé két qua thi

21 0O oo o ooooo o dua trén so gid 6n tap. Truc hoanh
g 9 A \, " . A A 2 R
& thé hién thoi gian 6n tap cta modi
S0| eeeecee o o o sinh vién, truc tung gbm hai gid
. - : . : - i tri 0/fail (cdc diém hinh tron) va
: 5 R s A
hours studying 1/pass (cac diém hinh vubng).
7 Hinh 14.2. Mbét vai vi du vé
, — 7 Y Ve 7/
1 o A— hardthreshold | c4¢ ham kich hoat khac nhau.
RN J8) = o=
--‘“ﬁ‘ es
N O
/ === linear
'/

Xét mot vi du vé quan hé gitta thoi gian 6n thi va két qua ctia 20 sinh vién trong
Béng [14.1] Bai toan dat ra la tir dit lieu nay hay xay dyng mo hinh danh gia kha
nang do ctia mot sinh vién dua trén thoi gian on tap. Dit lieu trong Bang
duge mo ta trén Hinh Nhin chung, thai gian hoc cang nhiéu thi khi nang
dd cang cao. Tuy nhién, khong ¢6 mot ngudng thoi gian hoc ndo gitup phan biét
rach roi viéc d6/trugt . No6i cach khéc, di liéu ciia hai tap nay 1a khong tach biét
tuyén tinh, va vi vay PLA sé khong hitu ich. Tuy nhién, thay vi dir doan chinh
xac hai gia tri dd/trugt, ta c6 thé dy doan xac suat dé mot sinh vien thi d6 duya
trén thoi gian 6n thi.

14.1.3. Mo hinh héi quy logistic

Quan sat Hinh v6i cédc ham kich hoat f(s) khac nhau.

e Duong nét dit biéu dién mot ham kich hoat tuyén tinh khong phit hgp vi dau
ra khong bi chan. C6 mot cach don gidn dé dua dau ra vé dang bi chan: néu
dau ra nhé hon khong thi thay bang khong, néu dau ra 16n hon mot thi thay
bang mot. Diém phan chia, con goi 1a ngudong, duge chon la diém cé tung do
0.5 trén duong thing nay. Day ciing khong phai 1a mot lia chon tot. Gid st
c6 them mot ban sinh vién tiéu biéu on tap dén 20 gio hodc hon thi dé. Lic
nay ngudng tuong ting véi moc tung do bang 0.5 sé dich nhiéu vé phia phai.
Kéo theo d6, rat nhiéu sinh vién thi dé dugc dir doan 1a trugt. Ro rang day
13 mot mo hinh khong t6t. Nhic lai rang hoi quy tuyén tinh rat nhay cam véi
nhiéu, ¢ day la ban sinh vién tiéu bicu dé.

e Duong nét lién tuong tu véi ham kich hoat clia PL Ngudng du doan
dd/trugt tai vi tri ham s6 doi dau con duge goi la ngudng cing.

38 Dudng nay chi khac ham kich hoat ctia PLA & chd hai nhan 13 0 va 1 thay vi -1 va 1.
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e Cac duong nét cham va cham gach phit hop véi bai toan dang xét hon. Chung
c6 mot vai tinh chat quan trong:

— La c4c ham s6 lién tuc nhan gia tri thyc, bi chin trong khoang (0,1).

— Néu coi diém c6 tung do bang 0.5 14 ngudng, cac diém cang xa ngudng ve
bén trai c6 gia tri cang gan khong, cac diém cang xa ngudng vé bén phai
c6 gia tri cang gan mot. Diéu nay phu hop v6i nhan xét ring hoc cang
nhiéu thi xac suat dd cang cao va ngudc lai.

— Hai ham nay c6 dao ham moi noi, diéu nay cé thé c6 ich trong téi vu.

Ham sigmoid va tanh

Trong cac ham s6 ¢6 ba tinh chat néi trén, ham sigmoid:

1

= T e £ o(s) (14.1)

f(s)

duge sit dung nhiéu nhét, vi né bi chan trong khoang (0, 1) va:

SEI_HOOO'(S) = 0; sginoo o(s) =1. (14.2)
Tht vi hon:
e’ 1 e ?

a'(s) =

(1+e2)2 T ltecltes o(s)(1 —a(s)) (14.3)

V6i dao ham don gian, ham sigmoid dugc sit dung rong rai trong mang neuron.
Chiing ta sé sém thay ham sigmoid dugc kham pha ra nhu thé nao.
Ngoai ra, ham tanh cing hay dugc st dung:

e’ —e?®

tanh(s) = +—
es+e %

= 20(2s) — 1. (14.4)
Ham s6 nay nhan gia tri trong khoang (—1,1).

Ham sigmoid c6 thé duge thuc hién trén Python nhu sau:

def sigmoid(S):
mrrn
S: an numpy array
return sigmoid function of each element of S

mmn

return 1/ (1 + np.exp(-9S))
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14.2. Ham mat mat va phuong phap t6i vu
14.2.1. Xay dung ham méat mat

Véi cac mo hinh c6 ham kich hoat f(s) € (0,1), ta c6 thé gia st ring xac suat dé
mot diém dit liéu x; c6 nhan thit nhat 14 f(x7w) va nhan con lai 1a 1 — f(x7w):

plys = Uxisw) = f(x] w) (14.5)
ply; = Olxi;w) =1— f(x; w) (14.6)
trong dé p(y; = 1|x;; w) duge hicu 1a xac suat x4y ra su kieén nhan y; = 1 khi biét

tham s6 mo hinh w va dit lieu dau vao x;. Muc dich 14 tim céc hé s6 w sao cho
f(xTw) ~ y; v6i moi diém trong tap huan luyén.

Ky hiéu a; = f(xI'w), hai biéu thiic (14.5) va (14.6) c6 thé duge viét gon lai:
p(yi|xs;w) = a’ (1 —a;)™ ¥ (14.7)

Biéu thiic nay tuong duong véi hai biéu thric va vi khi y; = 1, thita
s6 thit hai ctia vé phai sé bang mot, khi y; = 0, thita s6 thit nhat sé bang mot.
Dé mo hinh tao ra du doan khép véi dit lieu da cho nhéat, ta can tim w dé xac
xuat nay dat gia tri cao nhat.

Xét toan bo tap huan luyén v6i ma tran dit lieu X = [x1,Xa,...,Xy] € RN v
vector nhan tuong ing y = [y1,¥s, - - ., yn]. Ta can gidi bai toan t6i uu
w = arg max p(y|X; w) (14.8)

Day chinh 1& mot bai toan MLE v6i tham s6 mo hinh w can duge uéc lugng. Ta
c6 theé gidi quyét bai toan nay bang cach gia st cac diém dit lieu doc lap néu biét
tham s6 mo hinh. Day ciing 1a gid sit thuong dude dung khi giai cac bai toan lien
quan t6i MLE:

N N
plyXsw) = [ [ p(wilxiiw) = [ [ a?' (1 — a;)' ¥ (14.9)
=1 1=1

Lay logarit tu nhién, doi dau r6i lay trung binh, ta thu duge ham s6

N
1 1
J(w) = —Nlogp(y]X W) =N Z yiloga; + (1 —y;)log(l —a;)) (14.10)
v6i chil § rang a; 13 mot ham s6 clia w va x;. Ham s6 nay 13 ham mat mat clia
hdi quy logistic. Vi da do6i dau sau khi lay logarit, ta can tim w dé J(w) dat gia
tri nho nhat.
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14.2.2. T6i wu ham méat mat

Bai toan t6i wu ham mét mat ctia hoi quy logistic ¢6 thé dudce gidi quyét bing
SGD. Tai mdi vong lip, w dudc cap nhat dua trén mot diém dit lieu ngau nhien.
Ham mat mat ctia hdi quy logistic v6i chi mot diém dit lisu (x;,y;) va gradient
clia n6 lan lugt 1a

J(w;x;,y;) = —(yiloga; + (1 — y;) log(1 — a;)) (14.11)

o) = (Y 1w A ‘
Vwd(W; %, ;) = —( ) (Vwa;) = ol —a) (Vwa;) (14.12)

a; 1-@2'

& day ta da stt dung quy tic chudi dé tinh gradient v6i a; = f(x?7w). Dé cho biéu

thitc nay don gidn, ta sé tim ham a; = f(x/ w) sao cho mau s6 bi triét tieu.

Dit 2 = xI'w, ta ¢6

8@1- (9@,-
way = iy Ly = iy 14.13
Vwa o=, (Vwzi) 8zix ( )
Tam thoi bd qua cac chi 6 i, ta di tim ham s6 a = f(2) sao cho
0
a_z = a(l - a) (14.14)

Néu diéu nay xay ra, mau s6 trong bicu thite (14.12)) sé bi triet ticu. Phuong trinh
vi phan nay khong qua phtc tap. That vay, (14.14) tuong duong véi

Oa

T )
a(l —a) :
1 1
& (—+ )8@282
a l—a
& loga —log(l —a)=2+C
& log ¢ =z+C
1—a
a
PN — #1+C
1—a ‘
& a=e1(1—a)
e TC 1
& a:1+€z+czl+ei’zic:a(z+0)

v6i C' 1a mot hing s6. Chon C' = 0, ta duge a = f(x'w) = o(z). Day chinh la
ham sigmoid. Hoi quy logistic v6i ham kich hoat 1a4 ham sigmoid dugc st dung
pho bién nhat. Mo hinh nay con c6 tén 1a hoi quy logistic sigmoid. Khi n6i hdi
quy logistic, ta ngam hiéu ring dé chinh 1a hoi quy logistic sigmoid.

Thay ([4.13) va (T4.14) vao ([4.12) ta thu dugc

Vol (Wixi, i) = (a5 = yi)xi = (0(x] W) = yi)x;. (14.15)
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Tu do, cong thiic cap nhat nghiém cho hoi quy logistic stt dung SGD la

w e w—n(a; —y)xi = w —n(o(xI'w) — y;)x; (14.16)
véi i 1a téc do hoc.
14.2.3. Hoi quy logistic véi suy giam trong sb

Mot trong céc ki thuat pho bién gitp tranh overfitting cho cdc mang neuron la
stt dung suy gidm trong s6 (weight decay). Day 1a mot ki thuat kiém soét, trong
d6 mot dai lugng ti 1é v6i binh phuong chuan £ ctia vector trong sé w dude cong
vao ham méat mat dé kiém soat do 16n ctia cac he s6. Ham mét méat tré thanh

J(w) = %Z (—yi loga; — (1 —y;)log(1 — a;) + %HWH%) : (14.17)

=1

Cong thitc cap nhat w bang SGD trong hoi quy logistic v6i suy gidm trong so la:

w < w—n ((o(x] W) — y;)x; + Aw) (14.18)

14.3. Trién khai thuat toan trén Python

Ham u6c lugng xac sudt dau ra cho mdi diem dit lieu va ham tinh gia tri ham
mat mat véi weight decay co6 thé duge thuc hién nhu sau trong Python.

def prob(w, X):
mrmn
X: a 2d numpy array of shape (N, d). N datatpoint, each with size d
w: a 1d numpy array of shape (d)

mon

return sigmoid (X.dot (w))

def loss(w, X, y, lam):
X, w as 1in prob
y: a 1d numpy array of shape (N). Each elem = 0 or 1
a = prob(w, X)
loss_0 = -np.mean(y*np.log(a) + (l-y)*np.log(l-a))
weight_decay = 0.5*lam/X.shape[0] *np.sum (w*w)
return loss_0 + weight_decay

Tit cong thiie (14.18), ta c6 thé thic hién thuat toan tim w cho hdi quy logistic
nhu sau:
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def logistic_regression(w_init, X, y, lam, lr = 0.1, nepoches = 2000):
# lam: regulariza paramether, lr: learning rate, nepoches: # epoches
N, d = X.shape[0], X.shapel[l]

w = w_old = w_init
# store history of loss in loss_hist
loss_hist = [loss(w_init, X, vy, lam)]
ep = 0
while ep < nepoches:
ep += 1
mix_ids = np.random.permutation(N) # stochastic
for i in mix_ids:
xi = X[1i]
yi = yl[i]
ai = sigmoid(xi.dot (w))
# update
w=w - lr*((ai - yi)*xi + lam*w)

loss_hist.append(loss (w, X, y, lam))
if np.linalg.norm(w - w_old)/d < le-6:
break
w_old = w
return w, loss_hist

14.3.1. Hbi quy logistic cho vi du dau chuong

Ap dung vao bai toan dir doan dd/trugt ¢ dau chuong:

np.random.seed (2)

X = np.array([[0.50, 0.75, 1.00, 1.25, 1.50, 1.75, 1.75, 2.00, 2.25, 2.50,
2.75, 3.00, 3.25, 3.50, 4.00, 4.25, 4.50, 4.75, 5.00, 5.50]]).T

y = np.array([0O, 0, 0, 0, 0, O, 1, O, 1, O, 1, O, 1, O, 1, 1, 1, 1, 1, 11)

# bias trick

Xbar = np.concatenate((X, np.ones((X.shapel[0], 1))), axis = 1)

w_init = np.random.randn (Xbar.shape[l])

lam = 0.0001

w, loss_hist = logistic_regression(w_init, Xbar, y, lam, lr = 0.05, nepoches
= 500)

print (' Solution of Logistic Regression:’, w)

print ('Final loss:’, loss(w, Xbar, y, lam))

Két qué:

Solution of Logistic Regression: [ 1.54337021 -4.06486702]
Final loss: 0.402446724975

Tt day ta c6 thé rat ra xac suat thi dé dua tren cong thiic:

probability_of_pass =~ sigmoid(1.54 * hours_of_studying - 4.06)
Biéu thitc nay ciing chi ra ring xac sudt thi dé ting khi thoi gian on tap ting,
do sigmoid 1a mot ham dong bién. Nghiém ctia mo hinh hoi quy logistic va gia
tri ham mét mat qua moi epoch duge mo té trén Hinh [14.3]
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Hinh 14.3. Nghiém cda hdi quy logistic cho bai toan du doan két qua thi dua trén
thdi gian hoc. (a) Dudng nét lién the hién x4c suit thi d8 dua trén thdi gian hoc.
Diém tam giac thé hién ngerng ra quyet dinh dd /trut. Diém nay cé thé thay déi tuy
vao bai toan. (b) Gid tri ca ham mit mét qua cic vong 13p. Ham mit mét gidm

nhanh va hdi tu sém.

°
O
O
g Qe 0®0 o0
o O L4 °
= 0 Op @ °
Ds. °
Ono O
O O
€y

(a) D liéu cho bai toan phan loai trong khdng gian (b) D& thi ham sigmoid trong khéng gian hai

hai chiéu.

chiéu (xem anh mau trong Hinh

Hinh 14.4. Vi du vé dit liéu va ham sigmoid trong khéng gian hai chiéu.

14.3.2. Vi du véi dit liéu hai chiéu

Gia sit ¢6 hai tap dit lieu vuong va tron phan bé trén mat phang nhu trong Hinh
14.4a] V6i dit lieu dau vao niim trong khong gian hai chidu, ham sigmoid c¢6 dang

thac nuée nhu trong Hinh [14.4b,

Két qua dir doan x4c suat dau ra khi 4p dung mo hinh hoi quy logistic duge minh
hoa nhu Hinh v6i do sang clia nén thé hién xac suat diém dé cé nhan tron.
Mau den dam thé hién gia tri gan bing khong, mau tring thé hién gia tri rat gan

bang mot.
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Hinh 14.5. Vidu vé hdi quy logis-
tic v6i dit lieu hai chiéu. Viing mau
cang den thé hién xac sult thudc
nhan hinh vuong cang cao. Vung
mau cang tring thé hién x4c subt
thuéc nhan hinh tron cang cao.
Vung bién gilta hai nhan (khu vuc
mau xdm) thé hién cic diém thudc
vao mdi nh3n véi xac sut thip hon.

Néu phai lua chon mot ranh giéi thay vi xéac suét, ta thay cac duong thang nam
trong khu vire mau xam 1& cac Iga chon hop 1y. Ta sé chitng minh ¢ phan sau
rang tap hop cac diém c6 cliing xac suat dau ra tao thanh mot siéu phang.

M4 nguon cho chuong nay cé thé duge tim thay tai https://goo.gl/9e7sPF.

Cach stt dung hoi quy logistic trong thu vien scikit-learn c6 thé dugce tim thay
tai https://goo.gl/BJLINX.

14.4. Tinh chat ctia hoi quy logistic
a. Hoi quy logistic thuc ra la mot thuat todn phan logi.

Mic du trong tén c6 tit hoi quy, hoi quy logistic dude stt dung nhiéu trong cac
bai toan phan loai. Sau khi tim dugc mo hinh, viéc xac dinh nhan y cho mot
diém di lieu x dude xac dinh bing viéc so sanh hai gia tri:

Py =1x;w); Py =0[x;w) (14.19)

Néu gia tri thit nhat 16n hon, ta két luan diém di liéu c6 nhan mot va ngudc lai.
Vi tong hai gia tri nay luon biang mot nén ta chi can xac dinh P(y = 1|x;w)
c6 16n hon 0.5 hay khong.

b. Duong ranh gidi tao bdi hoi quy logistic la mot siéu phdng.

That vay, gid sit nhitng diém c6 xac sudt dau ra 16n hon 0.5 duge gan nhan
mot. Tap hgp cac diém nay la nghiém ctia bat phuong trinh:

1
Py =1jx;w) > 05 < P >05c eV <lex'w>0
e*X w

Néi cach khac, tap hop cac diém duge gan nhan mot tao thanh mot nita khong
gian x"w > 0, tap hop céac diém duge gan nhan khong tao thanh nita khong
gian con lai. Ranh gi6i gita hai nhan 14 siéu phiang x”w = 0.

Vi vay, hoi quy logistic duge coi nhu mot bo phan loai tuyén tinh.
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@, @

N
N
Vi

Hi quy tuyén tinh PLA Hai quy logistic
Hinh 14.6. Biéu dién hdi quy tuyén tinh, PLA, v3 hdi quy logistic dudi dang neural
network.
c. Hoi quy logistic khong yéu cau gid thiét tach biét tuyén tinh.
Mot diém cong clia hoi quy logistic so véi PLA 1 né khong can gia thiét dit
lieu hai tap hop 1 tach biet tuyén tinh. Tuy nhién, ranh giéi tim duge van c6
dang tuyén tinh. Vi vay, mo hinh nay chi phtt hop véi loai dit liéu ma hai tap
gan tach biét tuyén tinh.
d. Ngudng ra quyét dinh cé thé thay dos.

Ham du doén dau ra ctia céc diém dit lieu méi c6 thé duge viét nhu sau:

def predict (w, X, threshold = 0.5):

predict output for each row of X

X: a numpy array of shape (N, d), threshold: 0 < threshold < 1
return a 1d numpy array, each element is 0 or 1

mmn

res = np.zeros (X.shapel0])

res[np.where (prob (w, X) > threshold) [0]] =1

return res

Trong cac vi du da néu, ngudng ra quyét dinh déu duge lay tai 0.5. Trong
nhiéu truong hop, ngudng nay cé thé duge thay déi. Vi du, viec xac dinh cac
giao dich 1a lita ddo clia mot cong ty tin dung la rat quan trong. Viéc phan
loai nham mot giao dich lita ddo thanh mot giao dich thong thuong gay ra
hau qua nghiém trong hon chiéu nguge lai. Trong bai toan d6, ngudng phan
loai c6 thé giam xudng con 0.3. Nghia la cac giao dich ducc du doan la lira
dao véi xac suat 16n hon 0.3 sé duge gan nhan lita ddo va can duge xit 1y bang
cac bién phap khac.

e. Khi biéu dién duéi dang cac mang neuron, hoi quy tuyén tinh, PLA va hoi
quy logistic c6 thé duge biéu dién nhu trong Hinh Su khac nhau chi ndm
G lya chon ham kich hoat.

194 Machine Learning co ban

https://thuviensach.vn



Chuong 14. Hoi quy logistic

14.5. Bai toan phan biét hai chi s6 viét tay

Xét bai toan phan biét hai chit s khong va mot trong bo co sd dit lieu MNIST.
Trong muc nay, class LogisticRegression trong thu vién scikit-learn sé dugc st
dung. Truéc tién, ta can khai bdo cac thu vién va tai vé bo co s dit lieu MNIST:

import numpy as np

from sklearn.datasets import fetch_mldata

from sklearn.model_selection import train_test_split

from sklearn.linear_model import LogisticRegression

from sklearn.metrics import accuracy_score

mnist = fetch_mldata ('MNIST original’, data_home=’../../data/’)
N, d = mnist.data.shape

print (' Total {:d} samples, each has {:d} pixels.’.format (N, d))

Két qué:

Total 70000 samples, each has 784 pixels.

Co6 tong cong 70000 diem dit lieu trong tap dit lieu MNIST, méi diém la mot
mang 784 phan ti tuong tng véi 784 pixel. Mdi chit s tit khong dén chin chiém
khoang mudi phan tram. Ching ta sé lay ra tat ca cac diém tng v6i chit s6 khong
va mot, sau d6 chon ngau nhién 2000 diém lam tap kiém tra, phan con lai déng
vai tro tap huan luyen.

X_all = mnist.data
y_all = mnist.target

X0 = X_all[np.where(y_all == 0)[0]] # all digit O
X1 = X_all[np.where(y_all == 1)[0]] # all digit 1
yv0 = np.zeros (X0.shape[0]) # class 0 label

1 = np.ones (X1l.shape[0]) # class 1 label

Yy
X = np.concatenate ((X0, X1), axis = 0) # all digits 0 and 1
y = np.concatenate ((y0, yl)) # all labels
# split train and test

X_train, X_test, y_train, y_test = train_test_split (X, y, test_size=2000)

Tiép theo, ta xay dung mo hinh hoi quy logistic trén tap huan luyén va du doin
nhan cia cac diém trong tap kiém tra. Két qua nay duge so sanh v6i nhan thice
sit ctia mbi diem dit lieu dé tinh do chinh xac ctia bo phan loai:

model = LogisticRegression(C = le5) # C is inverse of lam
model.fit (X_train, y_train)
y_pred = model.predict (X_test)

) [ ) )

print ("Accuracy %.2f %%" % (l00O*accuracy_score(y_test, y_pred.tolist())))

Két qua:

o

Accuracy 99.90 %
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Hinh 14.7. Céc chit s bi phan loai 15i
trong bai todn phan loai nhi phan véi hai
chir s6 khéng va mét.

Nhu vay, gan 100% cac anh duge phan loai chinh xac. Diéu nay dé& hiéu vi hai
chit s6 khong va mot khac nhau rat nhiéu.

Tiép theo, ta ciing di tim nhitng anh bi phan loai sai va hién thi ching:

mis = np.where((y_pred - y_test) !=0)[0]
Xmis = X_test[mis, :]

from display_network import *

filename = 'mnist_mis.pdf’

with PdfPages (filename) as pdf:
plt.axis(off’)

A = display_network (Xmis.T, 1, Xmis.shape[0])
f2 = plt.imshow (A, interpolation=’nearest’ )
plt.gray()

pdf.savefig (bbox_inches=’"tight’)

plt.show ()

Chi ¢6 hai chit s6 bi phan loai 16i dude cho trén Hinh [14.7, Trong d6, chit sb
khong bi phan loai 16i 14 d& hiéu vi né trong rat giéng chit s6 mot.

Ban doc c¢6 thé xem thém vi du vé bai toan xac dinh gisi tinh dya trén anh khuon
mit tai https://goo.gl/9V8wdD.

14.6. Bai toan phan loai da 16p

Hoi quy logistic duge ap dung cho céc bai toan phan loai nhi phan. Cac bai toan
phan loai thuc té c6 thé c6 nhiéu hon hai nhan dit lieu, dugce goi 1a bai toan phan
loai da 16p (multi-class classification). Hoi quy logistic ciing c6 thé dugce 4p dung
vao cac bai toan nay bang mot vai ki thuat.

C6 it nhat bon cach 4p dung cac bo phan loai nhi phan vao bai toan phan loai
da 16p.

14.6.1. one-vs-one

Ta c6 thé xay dung nhiéu bo phan loai nhi phan cho ting ciap hai nhan di lieu.
Bo thit nhat phan biét nhan thit nhat va nhan thi hai, bo thit hai phan biét nhan

(C

thit nhat va nhan tht ba,... C6 tong cong P = CT*D bo phan loai nhi phan can

xay dung véi C 1a s6 lugng nhan. Cach thye hién nay duge goi 1a one-vs-one.
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V6i mot diém dit lieu kiém tra, ta diing tat cd P bo phan loai dé du doan nhan
ctia n6. Két qua cubi ciing c6 thé duge xac dinh bing cach xem diém dit lieu do6
dugce gan nhan nao nhiéu nhat. Ngoai ra, néu mdi bo phan loai ¢6 thé dua ra xéc
suat giong hoi quy logistic, ta c6 thé tinh tong cac xac sudt ma diem dit lieu do6
roi vio moi nhan. Chi y ring tong cac xac suat la P thay vi mot béi c6 P bo
phan loai khac nhau.

Cach lam nay khong loi vé tinh toan vi s6 bo phan loai phai huan luyén tang
nhanh khi s6 nhan tang lén. Hon nita, diéu khong hop 1y x4y ra néu mot chit s6
c6 nhan bang mot duge dua vao bo phan loai gitta hai nhan chit s6 nam va sau.

14.6.2. Phan loai phan tang

One-vs-one yéu cau xay dung @ b6 phan loai khac nhau. Dé gidm s6 bo phan

loai can xay dung, ta c¢6 thé dung phuong phap phan tang. Y tudng ctia phuong
phap nay c6 thé duge thiy qua vi du sau.

Xét bai toan phan loai bén chit s6 {4, 5, 6, 7} trong MNIST. Vi chit s6 4 va 7 kha
giong nhau, chit s6 5 va 6 kha giéong nhau nén truée tién ta xay dung bo phan
loai gitta {4, 7} va {5, 6}. Sau d6 xay duyng thém hai bo phan loai dé xac dinh
timg chit s6 trong méi nhom. Tong cong, ta can ba bo phan loai nhi phan so véi
sdu bo nhu khi sit dung one-vs-one.

C6 nhiéu cach chia nhé tap dit lieu ban dau ra cac cap tap con. Cach phan tang
c6 uu diém la gidm s6 bo phan loai nhi phan can xay dung. Tuy nhién, cach lam
nay c¢6 mot han ché 16n: néu chi mot bo phan loai cho két qua sai thi két qua cudi
cting chac chan sé sai. Vi du, néu mot anh chita chit s6 5 bi phan loai 16i bdi bo
phan loai dau tién thi cudi cting n6é sé bi nhan nham thanh 4 hosc 7.

14.6.3. Ma hoa nhi phan

C6 mot cach tiép tuc gidm s6 bo phan loai 1& ma hod nhi phdan. Trong phuong
phap nay, méi nhan duge ma hoa bdi mot s6 nhi phan. Vi du, néu c¢6 bon nhan
thi ching duge ma hoa béi 00, 01, 10, va 11. S6 bo phan loai nhi phan can xay
dung chi 1a m = [logy(C)] trong d6 C' 1a s6 nhan, [a] 14 s6 nguyén nho nhat
khong nhé hon a. Bo phan loai dau tién gitip xac dinh bit dau tién ctia nhan,
bo thit hai xac dinh bit tiép theo,.... Cach lam nay st dung mot s6 lugng nho
nhét cac bo phan loai nhi phan. Tuy nhién, mot diém dit liéu chi duge phan loai
dting khi moi bo phan loai nhi phan duy doan dung bit tuong ting. Hon nita, néu
s6 nhan khong phai la lily thita cia hai, ma nhi phan nhan dudc c6 thé khong
tuong tng véi nhan nao.
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A

Hinh 14.8. Vi du vé phan phdi clia cic tap dif liéu trong bai todn phan loai da 16p.

14.6.4. one-vs-rest

Ky thuat dugc stt dung nhiéu nhat 1a one—vs—res. Cu thé, C bo phan loai nhi
phan dugc xay dung tuong @ng véi cac nhan. Bo thit nhat xac dinh mot diém c6
nhan thi nhat hay khong, hodc xac suat dé mot diém c6 nhan dé. Tuong tu, bo
thit hai xac dinh diém dé c6 nhan tht hai hay khong hodc x4c xuat c¢6 nhan thi
hai 14 bao nhiéu. Nhan cudi cing dugc xac dinh theo nhan ma diém d6 roi vao
v6i x4c suat cao nhat.

Hoi quy logistic trong thu vién scikit-learn c¢6 thé dude ap dung triec tiép vao cac
bai toan phan loai da 16p véi ki thuat one-vs-rest. Véi MNIST, ta c6 thé dung
hoi quy logistic két hgp véi one-vs-rest (mic dinh) nhu sau:

X_train, X_test, y_train, y_test = \

train_test_split (X_all, y_all, test_size=10000)

model = LogisticRegression(C = le5) # C is inverse of lam
model.fit (X_train, y_train)

y_pred = model.predict (X_test)

) o )

print ("Accuracy %.2f %%" % (l00*accuracy_score(y_test, y_pred.tolist())))

Két qua thu dugc tuong déi thap, khoang 91.7%. Phuong phap KNN don gidn
hon da c6 do chinh xac khodng 96%. Diéu nay ching t6 one-vs-rest khong lam
viéc tot trong truong hgp nay.

14.7. Thao luan

14.7.1. Két hop cac phuong phap trén

Trong nhiéu truong hop, ta can két hgp nhiéu ki thuat trong s6 bon ky thuat da
dé cap. Xét ba vi du trong Hinh [14.8

e Hinh [14.8h: C4 bén phuong phéap trén day déu cé thé ap dung dugc.

39 Mot sb tai lieu goi 14 one-vs-all, one-against-rest, hoic one-against-all.
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Hinh 14.9. M6
hinh neural net-
O 12 vs 34 Worllf CI;]O cac If)"/
() 1vs 2 thuat sir dung cac
O3vs4 bcf)Aphén Io\a'i n/hi
phan cho bai toan
phan loai da I6p.

one-vs-one

class 1 = '00’
class 2 = '01’
class 3 ="10'
class 4 ='11'

O 1 vs rest

O bit 0 vs bit 1 O 2 vs rest

A
O bit 0 vs bit 1 O 3 vs rest
O 4 vs rest
M3 hod nhj phén one-vs-rest

e Hinh [14.8b: One-vs-rest khong phit hop vi tap di lieu & giita va hop ciia hai
tap con lai 1a khong (gan) tach biet tuyén tinh. Lc nay, one-vs-one hodc phan
tang phu hop hon.

e Hinh : Tuong tu nhu trén, ¢6 ba tap dit lieu thing hang nén one-vs-rest
sé khong pht hop. Trong khi d6, one-vs-one van hiéu qua vi ting cip nhan
dit ligu 1a (gan) tach biet tuyén tinh. Tuong ty, phan tang cling lam viéc néu
ta phan chia cac nhan mot cach hop 1y. Ta ciing c6 thé két hop nhiéu phuong
phéap. Vi duy, diing one-vs-rest dé tach nhan & hang trén ra khéi ba nhan thing
hang & dudi. Ba nhan con lai ¢6 thé tiép tuc duge phan loai bing cac phuong
phap khac. Tuy nhién, khé khan vin ndm & viéc phan nhém nhu thé nao.

V6i bai toan phan loai da 16p, nhin chung cac ky thuat sit dung cac bo phéan loai
nhi phan it mang lai hiéu qua. Mai ban doc thém Chuong |15 va Chuong 29| dé
tim hiéu vé cac bo phan loai da 16p pho bién nhét hieén nay.

14.7.2. Biéu dién duéi dang mang neuron
Lay vi du bai toan c6 bén nhan dit licu {1, 2, 3, 4}; ta c6 thé biéu dién cac ky
thuat da dugce dé cap dudi dang mang neuron nhu trong Hinh [14.9] Méi nat &

tang dau ra thé hien dau ra ctia mot bo phan loai nhi phan.

Cac mang neuron nay déu c6 nhiéu nat 6 tang dau ra, vector trong s6 w da trd
thanh ma tran trong s6 W. Mdi cot cia W tuong ting vé6i vector trong sb clia
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mot nit dau ra. Cac bo phan loai nhi phan nay c6 thé duge xay dung dong thoi.
Néu ching 1a cac bo hoi quy logistic, cong thitc cap nhat theo SGD:

w—w —n(a; —y;)X; (14.20)
c6 thé duge tong quéat thanh
W+ W —x;(a; — yi)L. (14.21)

V6i W, y;, a; 1an luct 1a ma tran trong so, vector dau ra thie sy v vector dau ra
dir doan ting véi dit lieu x;. Cha ¥ rang vector y; 1a mot vector nhi phan, vector
a;, gom cac phan t1it ndm trong khoang (0, 1).

Chii 1j: S6 hang thit hai trong khong thé 1a (a; — y;)x! vi ma tran nay
khac chieu v6i W. S6 hang nay can 1a tich clia hai vector: vector thit nhat can
c6 cuing s6 hang v6i W, tiic chiéu ctia dit lieu x;; vector thit hai can phut hop véi
s6 cot ctia W, tidc s6 nit ¢ tang dau ra.
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Chuong 15

Hoi quy softmax

Cac bai toan phan loai thic té thuong c6 nhieu 16p dit lieu. Nhu da thdo luan
trong Chuong , cac bo phan loai nhi phan tuy c6 thé két hop v6i nhau dé giai
quyét cac bai toan phan loai da 16p nhung chting van c¢6 nhitng han ché nhat dinh.
Trong chuong nay, mot phuong phap mé rong ciia hoi quy logistic ¢6 tén 1a hoi
quy softmaz sé duge gi6i thieu nham khac phuc nhitng han ché da dé cap. Mot
l1an nita, mic du trong tén cé chia tit “hoi quy”, hoi quy softmax duge st dung
cho céc bai toan phan loai. Hoi quy softmax 1 mot trong nhing thanh phan pho
bién nhat trong cidc bo phan loai hién nay.

15.1. Gi6i thidu

V6i bai toan phan loai nhi phan sit dung hoi quy logistic, dau ra clia mang neural
I3 mot s6 thuc trong khoang (0,1), c6 ¥ nghia nhu xac suat dé dau vao thudc
mot trong hai 16p. Y tudng nay ciing ¢6 thé md rong cho bai toan phan loai da
16p, 6 d6 c6 C nit & tang dau ra va gia tri mdi nat déng vai tro nhu xac suat
dé dau vao roi vio 16p tuong tng. Nhu vay, cac dau ra nay lién két véi nhau qua
viec chiing déu la cac s6 duong va c6 tong bang mot. Mo hinh hoi quy softmax
thao luan trong chuong nay dam bao tinh chat do.

Nhéc lai biéu dién dudi dang mang neural ctia ki thuat one-vs-rest nhu trong
Hinh . Tang dau ra cé thé tach thanh hai tang con z va a. Méi thanh phan
clia tang con thit hai a; chi phu thuoc vao thanh phan tuong tng 6 tang con thi
nhat z; thong qua ham sigmoid a; = o(z;). Cac gia tri dau ra a; déu 1a céc s6
duong nhung vi khong c6 rang buoc giita chiing, tong cac xac suat nay khong
ddm bao bang mot.

Cac mo hinh hoi quy tuyén tinh, PLA, va hoi quy logistic chi c¢6 mot nat &
tang dau ra. Trong cac truong hop d6, tham s6 mo hinh chi 13 mot vector w.
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O —@®
Zj

wo;: hé s didu chinh
d: sb chiéu dir lidu
C: sb 16p dit lidu

x € RA+!

W € R(dJrl)xC
z=wlx
z=WTx c R¢

a; = sigmoid(z;) € R

0<a; <1

Hinh 15.1. Phan loai da 16p véi hdi quy logistic va one-vs-rest.

Trong truong hop tang dau ra c6 nhiéu hon mdot nat, tham sé mo hinh sé 1a
tap hgp tham sb w; tng v6i tiung nat. Lac nay, ta c6 mot ma tran trong so
W = [wy, W, ..., W¢], mdi cot ting v6i mot nat & tang dau ra.

15.2. Ham softmax

15.2.1. Ham softmax

Ching ta can mot mo hinh xéc suat sao cho véi mdi dau vao x, a; thé hién xac
suat dé dau vao dé rai vao 16p thit 7. Vay diéu kién can 1a céc a; phai duong va
tong clia ching bang mot. Ngoai ra, ta sé them diéu kien gia tri z; = x’w; cang
16n thi x4c suat dit lieu roi vao 16p thit i cang cao. Diéu kién cudi nay chi ra rang
ta can mot quan hé dong bién.

Chu ¥ ring z; c6 thé nhan gia tri cad am va duong vi né 1a mot t6 hop tuyén tinh
cac thanh phan ctia vector dac trung x. Mot ham s6 kha vi dong bién don gidn
c6 thé bién z; thanh mot gia tri duong 1a ham exp(z;) = e*. Ham s6 nay khong
nhitng kha vi ma con c6 dao ham bang chinh né, viéc nay mang lai nhiéu 1gi ich
khi t6i wu. Diéu kién tong céc a; bang mot c6 thé duge ddm bao néu

exp(z;)

S5y exp(z)

Mbi quan hé nay thod méan tat ci cic dieu kién da xét: cac dau ra a; duong, c6
tong bang mot va gitt dude thit tu ctia z;,. Ham s6 nay dude goi 1a ham softmaz.
Ltc nay, ta c6 thé coi rang

. Vi=1,2,...,C. (15.1)

i =

p(yr = i|xx; W) = (15.2)
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Z; O— Wy —>@ |z = softmax(W7x) |

wo;: hé sb didu chinh

d: sb chiéu dit lidu
C: sb 18p dit lieu
= Rd+1

dang don gian
W ¢ R(d+1)xc —
Zi = W;TX
z=WTx c R¢

a = softmax(z) € R®

C
a;>0, Y a;i=1
i=1

Hinh 15.2. Mb hinh hdi quy softmax dudi dang neural network.

Trong d6, p(y = i|x; W) dudc hiéu la xac suat dé mot diém dit lieu x roi vao 16p
thit ¢ néu biét tham s6 mo hinh 13 ma tran trong s6 W. Hinh thé hién mo
hinh hoi quy softmax dudéi dang mang neural. Mo hinh nay khac one-vs-rest nam
& chd no c6 cac lien két gitta moi nit clia hai tang con z va a.

15.2.2. Xay dung ham softmax trong Python
Duéi day 13 mot doan code thire hien ham softmax. Dau vao 14 mot ma tran véi

modi hang 1a mot vector z, dau ra ciing 1a mot ma tran ma mdi hang c6 gia tri 1a
a = softmax(z). Céc gia tri ctia z con duge goi 1a score:

import numpy as np
def softmax(Z2):
mmn
Compute softmax values for each sets of scores in Z.
each column of Z is a set of scores.
Z: a numpy array of shape (N, C)
return a numpy array of shape (N, C)
e_7Z = np.exp(2)
A =-e_ 7 / e_Z.sum(axis = 1, keepdims = True)
return A

15.2.3. Mot vai vi du

Hinh mo ta mot vai vi du vé mdi quan heé gitta dau vao va dau ra clia ham
softmax. Hang trén thé hien céc score z; véi gia stt rang s6 16p dit liéu 1a ba. Hang
dudi thé hien cac gia tri dau ra a; ctia ham softmax.
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|3
|3

21 k2 3 21 22 3 21| |%2| |*3 21 k2 Z3

softmax

—

0.333
0.333
0.333

NN
NN

NNNNNN

NN
N

NNNNAN
0O [NINNNY

S 0419 «—
2§ 0.069

&) 0.027

SRR
)

Hinh 15.3. M6t s6 vi du vé dau vao va dau ra clia ham softmax.

C6 mot vai quan sat nhu sau:

e Cot 1: Néu céc z; bang nhau (bang 2 hodc mot s6 bat ky) thi cac a; ciing bang
nhau va bang 1/3.

e (ot 2: Néu gia tri 16n nhat trong cac z; 14 z; van bang 2, thi mic dit xac suat
tuong tng a, van la 16n nhat, né da tang lén hon 0.5. Sy chénh léch & dau ra
la dang ké, nhung thtt tu tuong tng khong thay doi.

e Cot 3: Khi cac gia tri z; 1a am thi cic gia tri a; van 1a duong va thi ty van
duge dam béo.

o Cot 4: Néu z; = 2, thi a; = as.

Ban doc c6 thé thit v6i cac gia tri khac trén trinh duyet tai https: //goo.gl/pKxQYc,
phan softmax.

15.2.4. Phién ban on dinh hon ctia ham softmax

Khi mot trong cac z; qué 16n, viéc tinh toan exp(z;) ¢6 thé gay ra hién tuong
tran s6, anh hudng 16n t6i két qua ctia ham softmax. C6 mot cach khac phuc hién
tugng nay dua trén quan sat

exp(z;) exp(—c) exp(z;) exp(z; — ¢)
: - . S— (15.3)
Zj:l exp(z;)  exp(—c) ijl exp(2;) Zj:l exp(z; — ¢)
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v6i ¢ 1a mot hang s6 bat ky. T day, mot ki thuat don gidn gitp khac phuc hién
tuong tran so 1a trit tit ca cac z; di mot gia tri da 16n. Trong thic nghiem, gia
tri di 16n nay thuong duge chon la ¢ = max z;. Ta c6 thé cai tién doan code cho
ham softmax phia trén bang cach trit mdi hang clia ma tran dau vao z di gia tri
16n nhat trong hang d6. Ta c6 phién ban én dinh hon 1a softmax_stabl™0}

def softmax_stable (Z):
mmn
Compute softmax values for each set of scores in Z.
each row of Z is a set of scores.

mwn

e_7Z = np.exp(Z - np.max(Z, axis = 1, keepdims = True))
A =e 7 / e_Z.sum(axis = 1, keepdims = True)
return A

15.3. Ham mat mat va phuong phap t6i vu
15.3.1. Entropy chéo

Dau ra clia mang softmax, a = softmax(W7x), 1a mot vector c6 s6 phan tit biang
s6 16p dit lieu. Céc phan tit clia vector nay la céc s6 duong c6 tong biang mot,
the hieén x4c suat dé diem dau vao roi vao timg 16p dit licu. V6i mot diém dit lieu
huan luyén thudc 16p thi ¢, ching ta mong mudn xac suat tuong tng véi 16p nay
cang cao cang tot, tic cang gan mot cang tot. Viec nay kéo theo cac phan ti
con lai gan v6i khong. Mot cach tu nhién, dau ra thyc sy y 14 mot vector c6 tat
c cac phan tit bang khong trit phan tit & vi tri thit ¢ bing mot. Cach biéu dién
nhan dudi dang vector nay duge goi la ma hoa one-hot.

Ham méat mat clia hoi quy softmax dude xay dung dua trén bai toan toi thiéu
su khac nhau gitta dau ra du doan a va dau ra thuc sy y 6 dang one-hot. Khi ca
hai I cac vector thé hién xac suat, khoang cach giita chiing thuong duge do bing

mot ham s6 dude goi 1a entropy chéo H(y,a). Dac diém ndi bat ciia ham s6

Mot dac diém ndi bat 1a néu ¢d dinh y, ham s6 sé dat gia tri nhé nhat khia =y,
va cang 16n néu a cang khac y.

Entropy chéo giita hai vector phan phéi p va q rdi rac duge dinh nghia béi
c
H(p,q) = —) pilogg (15.4)
i=1

Hinh thé hién 1tu diém ctia ham entropy chéo so v6i ham binh phutong khoéng
cach Euclid. Day 1a vi du trong truong hop C' = 2 va p; lan lugt nhan cac gia tri
0.5,0.1 va 0.8 va p; = 1 — p;. C6 hai nhan xét quan trong:

40 Xem thém vé cach xit Iy mang numpy trong Python tai https://fundaml.com
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. p=05 6 =01 . =08
5 51 5
4 41 4
3 3
2{ —(0.1log(q) +0.91log(1 —q) 21 —(0.81log(g) + 0.21og(1 — q))
—(0.510g(g) + 0.51og(1 — q)

(a) (b) ()

Hinh 15.4. So sdnh ham entropy chéo (ducng nét I|en) va ham binh perdng khoang
cach (dudng nét diit). Cac dlem dugc danh du thé hién diém cuc tidu toan cuc clia
mdi ham. Cang xa diém cuc tiéu toan cuc, khodng céch giita hai ham sb cang I6n.

e Gi4 tri nhé nhat clia ca hai ham s6 dat duge khi ¢ = p tai hoanh do céc diém
duge danh dau.

e Nhan thay rang ham entropy chéo nhan gia tri rat cao, titc mat mat rat cao,
khi ¢ 6 xa p. Su chénh léch gitta cac mat mat & gan hay xa nghiém ctia ham
binh phuong khodng céch (¢ — p)? 1a it dang ké hon. Vé mat t6i wu, ham
entropy chéo sé cho nghiém gan véi p hon vi nhitng nghiém & xa gay ra mat
mat 16n.

Hai tinh chat trén day khién ham entropy chéo dugc sit dung rong rai khi tinh
khodng cach giita hai phan phéi xac suat. Tiép theo, chtng ta sé chitng minh
nhan dinh sau.

Cho p € Rg la mot vector vdi cac thanh phan duong cé tong bang mot. Bai todn
toi wu
q = argmin f(p, q)
q

c
thoa man: Zqi =1;¢,>0

i=1

co6 nghiém q = p.

Bai todn nay c6 thé gidi quyét bang phuong phap nhan tit Lagrange (xem Phu
luc |A)).

Lagrangian ciia bai toan toi uu nay 1a

c
ﬁ(leQQa"')QC) szlog QZ)+A<Z 1)
i=1 i=1
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Ta can giai hé phuong trinh

—%Jr/\:o, i=1,....C

\Y L(g1,...,q9c,)) =0&
q1ye-,0C A (QI qc ) { q1+q2++q0:1

Tu phuong trinh thid nhat ta c6 p; = Ag;. Vivay, 1 = Ziczlpi =\ 21021 G =\=
A = 1. Diéu nay tuong duong véi ¢; = p;, Vi.

a. Ham entropy chéo khong cé tinh doi zing H(p,q) # H(q,p). Dieu nay
6 thé nhan ra tw viéc cdc thanh phan cia p trong cong thic co
thé nhan gid tri bang khong, trong khi cdc thanh phan cia q phdi la
duong vi log(0) khong xdc dinh. Chinh vi vay, khi si dung entropy chéo
trong cdc bai todn phan logi, p la dau ra thuc su & dang one-hot, q la
dav ra du dodn. Trong cdc thanh phan thé hién xzdc sudt clia q, khong cé
thanh phan nao tuyét doi bang mot hodc tuyét doi bang khong do ham
exp luon trda vé mot gid tri duong.

b. Khi p la mot vector ¢ dang one-hot, gid st chi ¢6 p, = 1, biéu thic
entropy chéo trd thanh —log(q.). Biéu thic nay dat gid tri nhé nhat
néu q. = 1, dieu nay khong xdy ra vi nghiém nay khong thudc mién xdc
dinh cua bai toan. Tuy nhién, gid tri entropy chéo tiém can tdi khong
khi q. tién dén mot, tic z, rat rat lon so vdi cic z con lai.

15.3.2. Xay dung ham méat mat

Trong truong hgp c¢6 C 16p dit lieu, mat mat gitta dau ra du doan va dau ra thue
st ctia mot diém dit lieu x; v6i nhan y; duge tinh béi

C
JZ(W) = J(W7 X5 Yi) = - Z Yji log(aﬂ-) (155)
j=1

v6i y;; va aj; 1an lugt 1a phan ti thit j clia vector xéc suat y; va a;. Nhic lai riang
dau ra a; phu thuoc vao dau vao x; va ma tran trong s6 W. T6i day, néu dé y
rang chi ¢6 ding mot j sao cho y;; = 1,Vi, biéu thic (15.5) chi con lai mot sb
hang tuong @ng v6i gia tri j d6. Dé tranh viéc stt dung qua nhiéu ky hiéu, ching
ta gid st rang y; 14 nhan cia diém dit licu x; (cac nhan 1 cac s6 tu nhien tir 1
t6i C), khi d6 j chinh bing y;. Sau khi c¢6 ky hiéu nay, ta c6 the viét lai

JH(W) = — log(ay, ) (15.6)
v6i ay, ; 1a phan tit thit y; ctia vector a.

Khi sit dung toan bo tap huan luyen x;,y;,¢ = 1,2,..., N, ham mat mat ctia hoi
quy softmax dugc xac dinh bdi
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N
1
J(WX,Y) =~ > log(ay,.) (15.7)
=1

O day, ma tran trong s6 W 1a bién can t6i wu. Haim mat mat nay c6 gradient kha
gon, k¥ thuat tinh gradient gan giéng véi hoi quy logistic. Dé tranh qua khép, ta
ciing c¢6 thé sit dung co ché kiém soéat suy gidm trong so:

N
1 A
JW;X,Y) = =+ | D log(ay,0) + S[WIi (15.8)
1=1

Trong céc muc tiép theo, ching ta s& lam viéc v6i ham mat mat (15.7). Viec mé
rong cho ham mat mat véi co ché kiém soat (15.8]) khong phiic tap vi gradient
ctia s6 hang kiém soét 3||W/||% don gidn 1a AW. Ham mat mat (15.7) c6 thé duge
thuc hién trén Python nhu sa

def softmax_loss (X, y, W):
mrmn
W: 2d numpy array of shape (d, C),
each column correspoding to one output node
X: 2d numpy array of shape (N, d), each row is one data point
y: 1d numpy array -- label of each row of X
mmn
A = softmax_stable (X.dot (W))
id0 = range (X.shape[0]) # indexes in axis 0, indexes in axis 1 are in y
return -np.mean (np.log(A[id0, vy]))

a. Khi biéu dién dudi dang todn hoc, méi diém da liéu la mot cot cia ma
tran X; nhung khi lam viéc vdi numpy, moi diém di lieu duoc doc theo
axis = 0 ctia mdng hai chiéu X. Viéc nay thong nhat vdi cac thu vién
scikit-learn hay tensorflow & viéc X[i] duoc dung dé chi diém da liéu thi
i, tinh two. Tdc la, néu c6 N diém di lieu trong khong gian d chiéu thi
X € R™N  nhung X.shape == (N, d).

b. W € R¥C yi.shape == (d, ©).

WTX sé duge biéu dién bdi X.dot (W), vd c6 shape == (N, C).

d. Khi lam viéc vdi phép nhan ma tran hay mdng nhiéu chiéu trong numpy,
can chi i tdi kich thudc cia cdc ma tran sao cho cdac phép nhan thuc
hien duogc.

o

15.3.3. T6i wu ham méat mat

Ham mat mét sé dude toi uu bang gradient descent, cu thé 1a mini-batch gradient
descent. Mi lan cap nhat ctia mini-batch gradient descent duge thyc hién trén

4! Truy cap vao nhidu phan ti ctia mang hai chiéu trong numpy - FundaML https://goo.gl/SzLDxa.

208 Machine Learning co ban

https://thuviensach.vn


https://goo.gl/SzLDxa

Chuong 15. Hoi quy softmax

mot batch c¢6 sé phan tit 1 < k < N. Dé tinh dugc gradient ctia ham mat mat
theo tap con nay, trudc hét ta xem xét gradient ctia ham méat mat tai mot diém
dw liéu.

Véi chi mot cap di lidu (x;,y;), ta dung (15.5)

- S exp(x/w,)
J(W) = = ysilog(az) = =Y _yjlog
j=1 j=1

>y exp(x] W)

C C
= — Z <yjix;fpwj — y;; log <Z exp(x?w@))
j=1 k=1
c
= — Z y;X; w; + log (Z exp(xiTWk)) (15.9)

j=1 k=1

Tiép theo ta sit dung cong thic

VwdJi(W) = [leJi(W), Vw, Ji(W), ... ,VWCJZ-(W)] ) (15.10)
Trong d6, gradient theo timg cot clia w; c6 thé tinh duge dua theo (15.9) va quy
tac chudi:

exp(x; w;)

c X
> o1 eXP (X W)
= —yXi + a;iX; = Xi(aji — yji)

= e;ix; (VOi ej; = aji — ;i) (15.11)

Vi, Ji(W) = —y;ix; +

Gia tri e;; = aj; — y;; chinh 1a su sai khac gitta dau ra du doan va dau ra thuc su

tai thanh phan thit j. Két hop (15.10) va (15.11) v6i e; = a; — yi, ta c6

VwJi(W) = Xi[ew, €2, . - -, €ci] = xi€] (15.12)
N
1 2 : r_ L epr

v6i E = A — Y. Cong thiic don gian nay gitip ca batch gradient descent va mini-
batch gradient descent c¢6 thé dé dang dugce ap dung. Trong truong hgp mini-batch
gradient, gid st kich thu6c batch 1a k, ky hieu X, € R™* Y, € {0,1}9%% A, €
Rk 13 dit lieu tng véi mot batch, cong thiic cap nhat cho mot batch sé 1a

e

W(—W—Nb

X,E} (15.14)

v6i Ny 1a kich thude ctia mdi batch va n 1a tdoc do hoc.

Ham s6 tinh gradient theo W trong Python c¢6 thé dugc thiyc hién nhu sau:
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def softmax_grad(X, y, W):
mrmn
W: 2d numpy array of shape (d, C),
each column correspoding to one output node
X: 2d numpy array of shape (N, d), each row is one data point
y: 1d numpy array —--— label of each row of X
mrmn
A = softmax_stable(X.dot (W)) # shape of (N, C)
1d0 = range (X.shape[0])
A[id0O, y] -= 1 # A - Y, shape of (N, C)
return X.T.dot (A) /X.shape[0]

Ban doc ¢6 thé kiém tra lai su chinh zdc cia viéc tinh gradient nay bang ham
check_grad.

Tt d6, ta c6 thé viét ham s6 huan luyén hoi quy softmax nhu sau:

def softmax_fit(X, y, W, lr = 0.01, nepochs = 100, tol = le-5, batch_size =

10) :

W_old = W.copy ()

ep = 0

loss_hist = [loss(X, y, W)] # store history of loss

N = X.shape[0]
nbatches = int (np.ceil (float (N) /batch_size))
while ep < nepochs:
ep t= 1
mix_ids = np.random.permutation (N) # stochastic
for i in range (nbatches):
# get the i-th batch
batch_ids = mix_ids[batch_size*i:min (batch_size* (i+1), N)]
X_batch, y_batch = X[batch_ids], yl[batch_ids]
W —-= lr*softmax_grad(X_batch, y_batch, W) # gradient descent
loss_hist.append(softmax_loss (X, y, W))
if np.linalg.norm(W — W_old)/W.size < tol:
break
W_old = W.copy ()
return W, loss_hist

Cudi cting 1a ham du doan nhan ciia cac diém dit lieu méi. Nhan ctia mot diém
dit lieu méi duge xac dinh bang chi s6 ctia 16p dit lieu c6 xac suat roi vao cao
nhat, va ciing chinh 1a chi s6 clia score cao nhat.

def pred (W, X):
predict output of each columns of X . Class of each x_1 1s determined by
location of the max probability. Note that classes are indexed from 0.

mmn

return np.argmax (X.dot (W), axis =1)
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loss
©
|

0 20 40 60 80 100
number of epoches

(a) (b)

Hinh 15.5. Vi du vé st dung héi quy softmax cho nim I6p dif liéu. (a) Gia tri ham
mat mat qua cac epoch. (b) Két qua phén loai cudi clng.

15.4. Vi du trén Python

Dé minh hoa ranh gi6i ctia cac 16p dit licu khi sit dung hdi quy softmax, chiing
ta cling lam mot vi du nhé trong khong gian hai chiéu véi nam 16p dit lieu:

Cc, N =5, 500 # number of classes and number of points per class

means = [[2, 2], [8, 3], [3, 6], [14, 2], [12, 8]]

cov = [[1, O], [0, 11]

X0 = np.random.multivariate_normal (means[0], cov, N)

X1 = np.random.multivariate_normal (means[1l], cov, N)

X2 = np.random.multivariate_normal (means[2], cov, N)

X3 = np.random.multivariate_normal (means[3], cov, N)

X4 = np.random.multivariate_normal (means[4], cov, N)

X = np.concatenate ((X0, X1, X2, X3, X4), axis = 0) # each row is a datapoint
Xbar = np.concatenate ((X, np.ones((X.shapel[0], 1))), axis = 1) # bias trick
y = np.asarray ([0]*N + [1]*N + [2]*N+ [3]*N + [4]*N) # label

W_init = np.random.randn (Xbar.shape[l], C)

W, loss_hist = softmax_fit (Xbar, y, W_init, lr = 0.05)

Gia tri clia ham mat mat qua cac epoch duge cho tren Hinh [15.5a Ta thiy ring
ham méat mat giam rat nhanh sau d6 hoi tu. Céc diém dit lieu huén luyén cta
mbi 16p 1a cac diém c6 hinh dang khac nhau trong Hinh Cac phan c¢6 nén
khac nhau thé hien ving ctia mdi 16p dit lieu tim duge bing hoi quy softmax.
Ta thay rang cac dudng ranh giéi c6 dang dudng thang. Két qua phan chia ving
ciing khé tot, chi c6 mot s6 it diém trong tap huan luyén bi phan loai sai. Ta
cling thay hoi quy softmax tot hon rat nhiéu so véi phuong phap két hop cac bo
phan loai nhi phan.
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MNIST véi héi quy softmax trong scikit-learn

Trong scikit-learn, hoi quy softmax dugc tich hop trong class sklearn.linear_model
.LogisticRegression. Nhu sé thay trong phan thao luan, hoi quy logistic chinh la
hoi quy softmax cho bai toaAn phan loai nhi phan. Véi bai toan phan loai da 16p,
thu vien nay mic dinh st dung ki thuat one-vs-rest. Dé stt dung hoi quy softmax,
ta thay doi thudc tinh multi_class = ’multinomial’ Vi solver = ’lbfgs’. 0 day,
'1bfgs’ 1a mot phuong phap t6i wu rat manh cling duya trén gradient. Trong khuon
khé clia cuén séch, ching ta sé khong théo luan vé phuong phép nayf

Quay lai v6i bai toan phan loai chit s6 viét tay trong co sd dit lieu MNIST. Doan
code duéi day thuec hien viec lay ra 10000 diém dit lieu trong s6 70000 diém lam
tap kiém tra, con lai 14 tap huan luyén. Bo phan loai dude st dung 1a hoi quy
softmax.

import numpy as np

from sklearn.datasets import fetch_mldata

from sklearn.linear_model import LogisticRegression

from sklearn.model_selection import train_test_split

from sklearn.metrics import accuracy_score

mnist = fetch_mldata (’MNIST original’, data_home=’../../data/’)

X = mnist.data
y = mnist.target
X_train, X_test, y_train, y_test = train_test_split (X, y, test_size=10000)

model = LogisticRegression(C = le5,
solver = ’'1bfgs’, multi_class = 'multinomial’) # C is inverse of lam
model.fit (X_train, y_train)

y_pred = model.predict (X_test)
print ("Accuracy %.2f %%" % (l00*accuracy_score(y_test, y_pred.tolist())))

Két qué:

o

Accuracy: 92.19 %

So v6i két qua hon 91.7% ciia one-vs-rest hoi quy logistic, két qua ctia hoi quy
softmax da dugc cai thien. Két qua thap nay hoan toan c6 thé dy doan dudc
vi thie ra hoi quy softmax chi tao ra cac duong ranh gidi tuyén tinh. Két qua
tot nhat ctia bai toan phan loai chit s6 trong MNIST hién nay vao khoang hon
99.7%, dat dugc bing mot mang neuron tich chap véi rat nhiéu tang an va tang
cudi cuing 13 mot hoi quy softmax.

42 Doc them: Limited-memory BFGS — Wikipedia (https://goo.gl/qflkmn).
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15.5. Thao luan
15.5.1. Hoi quy logistic 1a trudng hop dac biét ctia hoi quy softmax

Khi C' = 2, hoi quy softmax va hoi quy logistic 14 hai mé hinh giéng nhau. That
vay, v6i C' = 2, dau ra clia ham softmax cho mot dau vao x la:

exp(xTwy) 1
- - ; =1-a (15.15
" exp(xTwy) +exp(xTwy) 1+ exp(x?(wy —wy))’ “ a )

T day ta thay rang, a; c6 dang 1a mot ham sigmoid véi vector trong sé c6 dang
w = —(wy —w;). Khi C = 2, ban doc ciing ¢6 thé thay rang ham mat mat ciia
hoi quy logistic va hoi quy softmax 1a nhu nhau. Hon ntta, méc du ¢6 hai dau ra,
hoi quy softmax c6 thé bi¢u dién bdi mot dau ra vi tong clia chiing bang mot.

Giong nhu hoi quy logistic, hoi quy softmax duge stt dung trong cac bai toan
phan loai. Cac tén goi nay dudc gitt lai vi van dé lich st

15.5.2. Ranh gidi tao bdi hdi quy softmax 14 cac mat tuyén tinh

That vay, dua vao ham softmax thi mot diém dit lieu x duge dut doan la rai vao
class j néu a; > ag, Vk # j. Ban doc c¢6 thé chitng minh duge rang:

aj>ap & 2> e x W >xX wy & x (W —wy) > 0. (15.16)

Nhu vay, mot diém thuoc 16p thit j néu va chi néu x7(w; — wy) > 0, Vk # j.
Nhu vay, mdi 16p dit licu chiém mot ving la giao ciia cic nita khong gian. N6i
cach khac, duong ranh gidi gitta cac 16p 1a cac mat tuyén tinh.

15.5.3. Hoi quy softmax 1A mot trong hai bé phan loai pho bién nhét

Hoi quy softmax ciing v6i may vector ho trg da 16p (Chuong la hai bo phan
loai phd bién nhéat duge ding hien nay. Hoi quy softmax diic biet duge sit dung
nhiéu trong cadc mang neuron sau véi rat nhiéu tang an. Nhitng tang phia trudc
c6 thé duge coi nhu mot bo trich chon vector dic trung, tang cudi ciing thudng
1a mot hoi quy softmax.

M4 nguon ctia chuong nay c6 thé duge tim thay tai https://goo.gl/XU8ZXm.
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Chuong 16

Mang neuron da tang va lan
truyen nguoc

16.1. Gisi thigu
16.1.1. Perceptron cho cac ham logic co ban

Chiing ta ciing xét kha nang clia perceptron (PLA) trong bai toan biéu dién cac
ham logic nhi phan: NOT, AND, OR, va XOR™| Dé ¢6 thé sit dung PLA véi
dau ra 1a 1 ho#c -1, ta quy u6c True = 1 vA False = —1 § dau ra. Quan sat hang
trén ctia Hinh céc diém hinh vuong la cdc diém c6 nhan bang 1, cac diém
hinh tron 1 cac diém c6 nhan bing -1. Hang dudi ctia Hinh [16.1] 1a céc mang
perceptron v6i nhitng hé s6 tuong ting. Nhan thay rang vé6i bai toan NOT, AND,
va OR, dit lieu hai 16p la tach biét tuyén, vi vay ta coé thé tim dudce cac hé sb
cho mang perceptron gitp biéu dién chinh xéc mdi ham s6. Chang han v6i ham
NOT, khi z; = 0 (False), ta c6 a = sgn(—2 x 0+ 1) = 1 (True); khi x; = 1,
a=sgn(—2 x 1+ 1) = —1. Trong ca hai truong hgp, dau ra dy doan déu giong
dau ra thuc su. Ban doc c6 thé tu kiem ching cac hé s6 véi ham AND va OR.

16.1.2. Biéu dién ham XOR vdi nhiéu perceptron

Déi v6i ham XOR, vi dit lieu khong téch biét tuyén tinh nén khong thé biéu dién
bang mot perceptron. Néu thay perceptron bang hoi quy logistic ta cling khong
tim dugc cac hé s6 thoa man, vi vé ban chat, hdi quy logistic hay cd hoi quy
softmax chi tao ra cic ranh gidi tuyén tinh. Nhu vy, cdc mo hinh mang neuron
da biét khong thé biéu dién duge ham sb logic don gian nay.

43 d4u ra bing True néu va chi néu hai dau vao logic khéc nhau.
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NOT problem AND problem OR problem XOR problem
+| -
Il
—
o f e
|
(’J 1
1

a=sgn(—2z1 +1) a=sgn(2x; +2z5 — 3)| a =-sgn(2zy + 225 — 1) No solution!

Hinh 16.1. Biéu din cic ham logic co ban st dung perceptron.

XOR problem (2 layers) Input layer Hidden layer Output layer WO = -2 2] b1 — 3
-2 2|’ —1
1
N W@ = L] ; b [_1}

T (1) (lil)
X= 72 T,

2 as
\® = f( et )

a®? a® — f<w(2)Ta(1) + b<2))

Hp)

f(.) =sgn(.) (element-wise)

(b)

Hinh 16.2. Ba perceptron biéu di&n ham XOR.

Nhan thay rang néu cho phép st dung hai duong théng, bai toan biéu dién ham
XOR c6 thé duge gidi quyét nhu Hinh [16.2) - Cac heé s6 tuong ting v6i hai duong
théng trong Hinh ’ duge minh hoa trén Hinh . Dau ra agl bang 1 véi
cac diém nim vé phia (4) ctia dudng théng 3 — 211 — 219 = 0, bang -1 v6i céc
diém ndm vé phia (-). Tuong tu, dau ra a2 bang 1 v6i cac diém nam vé phia
(+) ctia duong thang —1 + 22, + 275 = 0. Nhu Vay, hai dudng thang ting véi hai
perceptron nay tao ra hai dau ra tai cdc ntt ag , a2 . Vi ham XOR chi c¢6 mot dau
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ra nén ta can thém mot budc nita: coi ag, ap nhu la dau vao clia mot perceptron
khéc. Trong perceptron mdi nay, dau vao la cac nit § gitta (can nhé gia tri tuong
ting v6i he s6 diéu chinh luon ¢6 gia tri bang 1), dau ra la nat ben phai. Cac he
s6 duagc cho trén Hmh 16.2b. Kiém tra lai mot chit, véi cac diém hinh vuong
(Hinh [16.2h), ol = af” = 1, khi d6 a® = sgn(—1+ 1+ 1) = 1. Véi céc diém
hinh tron, vi agl) = —al! nen a® = sgn(— 1—|—a§ )+ alY) = sgn(—1) = —1. Trong
cd hai truong hop, dau ra dy doan déu giong véi dau ra thuc su. Nhu vay, ta
sé biéu dién dugec ham XOR néu st dung ba perceptron. Ba perceptron ké trén
duge xép vao hai tang (layers). O day, dau ra clia tang thit nhat chinh 1a dau vao
ctia tang tht hai. Tong hop lai ta dugc mot moé hinh ma ngoai tang dau vao va
dau ra, ta con c6 mot tang & git ¢c6 nén xam.

Mot mang neuron véi nhidu hon hai tang con dudce goi 1& mang neuron da tang
(multi-layer neural network) ho#c perceptron da tang(multilayer perceptron —
MLP). Tén goi perceptron & day cé thé gay nham 1an*| vi cum tit nay dé chi
mang neuron nhiéu tang va moi tang khong nhat thiét 1a mot hodc nhiéu percep-
tron. Thyc chat, perceptron rat hiém khi duge sit dung trong cadc mang neuron
da tang. Ham kich hoat thuong l1a cac ham phi tuyén khac thay vi ham sgn.

Mot mang neuron da tang c6 thé xap xf mdi quan hé gitta cac cap quan hé (x,y)
trong tap huan luyén bang mot ham s6 c6 dang

y ~ g (g5 (L (gP (M (x)))) - (16.1)

Trong dé, tang thit nhat déng vai trdo nhu ham a®) £ ¢(M(x); tang tht hai dong
vai tro nhu ham a® £ ¢® (¢ (x)) = f@(aW),...

Trong pham vi cuén sach, ching ta quan tam t6i cac tang déng vai tro nhu cac
ham c6 dang
g (a(l—l)) = 10 (W(Z)Ta(l—l) + b(l)) (16.2)

véi WO b® 13 ma tran va vector véi sé chiéu phit hop, f® 1a cac ham kich hoat.

Luu y:

e Dé don gian hon, ching ta sit dung ky hicu W®T thay cho (W®W)T (ma tran
chuyén vi). Trong Hinh , ky hieu ma tran W® duge sit dung miic du
n6 la mot vector. Ky hiéu nay dude sit dung trong trudng hop tong quat khi
tang dau ra c6 thé c6 nhiéu hon mot niat. Tuong tu véi vector dieu chinh b®

e Khéc véi cac chuong tride vé mang neuron, khi lam viéc v6i mang neuron da
tang, ta nén tach rieng phan vector diéu chinh va ma tran trong s6. Diéu nay
dong nghia véi viéc vector dau vao x 1a vector KHONG md rong.

44 Geofrey Hinton, pha thuyj Deep Learning, timg thita nhan trong khoa hoc “Neural Networks for

Machine Learning” (https://goo.gl/UfdT1t) rang “Multilayer Neural Networks should never have
been called Multilayer Perceptron. It is partly my fault, and I’'m sorry.”.
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WO e W Hinh 16.3. MLP vdi hai ting 4n
(cdc hé s6 diéu chinh d3 dugc an

O ).
O
O

Input Hidden 1 Hidden 2 Output

QR

Dau ra clia mang neuron da tang ¢ dang nay tng v6i mot dau vao x c6 thé duge
tinh theo:

a® — x (16.3)
2 =WOTa=0 1 pO 1 =12 .. L (16.4)
al = 00, 1=1,2,...,L (16.5)

g —a® (16.6)

Vector y chinh 1a dau ra dy doan. Bu6e nay duge goi 1a lan truyen thuan (feed-
forward) vi cach tinh toan duge thyc hién tit dau dén cudi clia mang. Ham mat
mat dat gia tri nhé khi dau ra dy doan gan véi dau ra thie sir. Tuy vao bai toan,
phan loai hodc hoi quy, ching ta can thiét ké cidc ham mat mat phu hop.

16.2. Cac ky hiéu va khai niém
16.2.1. Tang

Ngoai tang dau vao va tang dau ra, mot mang neuron da tang cé thé co nhiéu
tang an (hidden layer) & giita. Céc tang an theo thi tiu tit tang dau vao dén tang
dau ra duge danh s6 thi thuy tit mot. Hinh 14 mot vi du vé mot mang neuron
da tang véi hai tang an.

S6 luong tang trong mot mang neuron da tang, dugc ky hiéu 1a L, duge tinh
bing s6 tang an cong véi mot. Khi dém s6 tang clia mot mang neuron da tang,

ta khong tinh tang dau vao. Trong Hinh[16.3, L = 3.
16.2.2. Nt

Quan sat Hinh , mdi diém hinh tron trong mot tang duge goi la mot nait
(node hodc unit). Dau vao ctia tang an tht [ duge ky hieu béi z, dau ra tai mdi
tang thuong duge ky hieu 1 al) (thé hién activation, tic gia tri tai cac nut sau
khi ap dung ham kich hoat lén dau vao z). Dau ra ciia nit thit i trong tang thi
[ duge ky hiéu la az(l). Gia stt them ring s6 nit trong tang thit [ (khong tinh he
s6 diéu chinh) 1a d®. Vector biéu dién dau ra cia tang thi [ 1a a® € R,
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(I — 1)™ layer ™ layer Hinh 16.4. Cic ky hiéu su
dung trong mang neuron da
O tang.
O Z§l) agl)
-1 oy oY
z{ ) . ag O
: ; . ) d=D xa®
O SO wh e R
L) O b®) ¢ RAVx1
| W _ OT a-1) O
O L0 0 7 =wialmh 4 b
_ _ ; ) — WOTZ0-1) L HO®
Z{(ll(zfll)) a{(ll(t—ll)) O z a +
o n al=f=h)
711 (-1 2y a0
20 a0

16.2.3. Trong s6 va hé s6 diéu chinh

C6 L ma tran trong sd cho mot mang neuron c6 L tang. Cac ma tran nay dudc
k¢ hisu 1a WO € REVxdY 1 =1 2 L trong d6 W® thé hien céc két ndi tit
tang thit [ — 1 ti tang tht [ (néu ta coi tang dau vao la tang thi 0). Cu thé hon,
phan tit wg) thé hién két ndi tit nit thit ¢ ctia tang thi (I — 1) téi nidt tit j cla
tang thit (1). Cac he s6 didu chinh clia tang thit (1) duge ky hicu 1a b e R4
Cac trong s6 nay dudge ky hiéu trén Hinh . Khi t6i tu mot mang neuron da
tang cho mot cong viéc nao do6, ching ta can di tim cac trong s6 va hé s6 dieu
chinh nay. Tap hop cac trong s6 va hé s6 diéu chinh lan luot duge ky hieu 1a W
va b.

16.3. Ham kich hoat
Mai dau ra tai mot tang, trit tang dau vao, duge tinh theo cong thic:

al) = fOWOTR=D 1 p0), (16.7)
Trong d6 fW(.) 1a mot ham kich hoat phi tuyén. Néu ham kich hoat tai mot tang
la mot ham tuyén tinh, tang nay va tang tiép theo c6 thé rit gon thanh mot tang
vi hop clia cac ham tuyén tinh 1a mot ham tuyén tinh.

Ham kich hoat thuong 13 mot ham s6 ap dung lén timg phan tit ctia ma tran hoac
vector dau vad®]

16.3.1. Ham sgn khong dugc sit dung trong MLP

Ham sgn chi dude st dung trong perceptron. Trong thie té, ham sgn khong duge
stt dung vi dao ham tai hau hét cac diém bing khong (trit tai gdc toa do khong

45 Ham softmax khong 4p dung len timg phan ti vi né sit dung moi thanh phéin ciia vector dau vao.
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sigmoid function tanh function

(a) (b)
Hinh 16.5. Vi du vé dd thi cia ham (a)sigmoid va (b)tanh.

c6 dao ham). Viéc dao ham bang khong nay khién cho cac thuat toan dya tréen
gradient khong hoat dong.

16.3.2. Sigmoid va tanh

Ham sigmoid ¢6 dang sigmoid(z) = 1/(1 + exp(—=z)) véi do thi nhu trong
Hinh [16.5a] Néu dau vao 16n, ham s6 sé cho dau ra gan véi mot. Véi dau vao nhé
(rdt am), ham s6 sé cho dau ra gan véi khong. Trude day, ham kich hoat nay dugc
st dung nhiéu vi c6 dao ham rat dep. Nhiing nam gan day, ham sé nay it khi
duge st dung. Mot ham tuong tu thuong dude sit dung va mang lai hieu qua tot
hon 14 ham tanh vé6i tanh(z) = exp(z) — exp (_Z) Ham s6 nay c6 tinh chat dau
exp(z) T axp(—7)

ra chay tit -1 dén 1, khién cho n6 ¢6 tinh chat tam khong (zero-centered) thay
vi chi duong nhu ham sigmoid. Gan day, ham sigmoid chi dugc sit dung 6 tang
dau ra khi dau ra la cac gia tri nhi phan hoiic biéu dién cac xac suat. Mot nhuge
diém dé nhan thay la khi dau vao c6 tri tuyet déi 16n, dao ham ciia ca sigmoid
va tanh rat gan v6i khong. Diéu nay dong nghia vé6i viéc cac hé s6 tuong ing véi
nit dang xét sé gan nhu khong duge cap nhat khi st dung cong thiic cap nhat
gradient desent. Thém nita, khi khéi tao cac hé s6 cho mang neuron da tang véi
ham kich hoat sigmoid, ching can tranh truong hgp dau vao mot tang an nao do
qua 16n, vi khi d6 dau ra ctia tang d6 rat gan khong hodc mot, dan dén dao ham
bang khong va gradient desent hoat dong khong hiéu qua.

16.3.3. ReLLU

ReLU (Rectified Linear Unit) gan day dugc sit dung rong rai vi tinh don gian
ctia n6. Do thi clia ham ReLU dugc minh hoa trén Hinh Ham ReLU c6
cong thitc toan hoc f(z) = max(0, z) — rat don gian trong tinh toan. Dao ham
cia n6 bang khong tai cac diem am, bing mot tai cdc diem duong. ReLU dudc
chting minh gitip viéc huan luyén cdc mang neuron da tang nhanh hon rat nhieu
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Hinh 16.6. Ham RelLU va tdc d6 hdi tu khi so sanh véi ham tanh.

so v6i ham tanh [KSHI2]. Hinh [16.6b| so sanh sy hoi tu ciia ham mat méat khi
stt dung hai ham kich ReLU ho#ic tanh. Ta thay ring v6i cAc mang st dung ham
kich hoat ReLU, ham mat mat gidm rat nhanh sau mot vai epoch dau tien.

Mic dit ciing ¢6 nhude diém dao ham bing 0 véi cac gia tri dau vao am, ReLU
dugc ching minh bing thuc nghiem ring c¢6 thé khic phuc viéc nay bang viec
tang s6 nut é. Khi xay dyng mot mang neuron da tang, ham kich hoat ReLU
nén dude thit dau tien vi n6 nhanh cho két qua va thuong hiéu qua trong nhicu
truong hop. Hau hét cac mang neuron sau déu c6 ham kich hoat 14 ReLU trong
cac tang an, trit ham kich hoat & tang dau ra vi né phu thudc vao timg bai toan.

Ngoai ra, cac bién thé ctia ReLU nhu leaky rectified linear unit (Leaky ReLU),
parametric rectified linear unit (PReLU) va randomized leaky rectified linear units
(RReLU) [XWCLI5| ciing duge st dung va cho két qua t6t.

16.4. Lan truyén ngudc

Phuong phép pho bién nhat dé t6i wu mang neuron da tang chinh la gradient
descent (GD). Dé ap dung GD, chiing ta can tinh dugc gradient clia ham mat
mat theo tiing ma tran trong s6 W® va vector diéu chinh b®.

Gia st J(W,b, X, Y) la mot ham mat mat ctia bai toan, trong d6 W, b 1a tap hop
tat cd cdc ma tran trong s6 va vector diéu chinh. X, Y la cip dit lieu huan luyén
v6i mdi cot tuong ting v6i mot diém dit lieu. Dé c6 thé ap dung cac phuong phap
gradient descent, ching ta can tinh dugc cac Vo J; Vo J, VI=1,2,..., L.

Nhic lai qua trinh lan truyén thuan:

46 Neural Networks and Deep Learning — Activation function (https://goo.gl/QGjKmU).
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2 — (16.8
2D =WWTa=0 L b0 1=12 . L (16.9
al) = fOzM), 1=1,2,... L (16.10

g —a® (16.11

)
)
)
)

Xét vi du ctia ham mat mat 13 ham sai s6 trung binh binh phuong (MSE):

N N
1 . 1
J(W,b,X,Y) =+ > "y —9all3 = N > llyn —alPll;  (16.12)
n=1 n=1

véi N 1a s6 cap dit lieu (x,y) trong tap huan luyén. Theo cic cong thiic nay, viéc
tinh toan tryc tiép cac gia tri gradient twong doéi phitc tap vi ham mat mat khong
phu thuoc triyc tiép vao cac ma tran trong sé va vector diéu chinh. Phuong phap
pho bién nhat duge dimg c6 tén 1a lan truyén ngugc (backpropagation) gitip tinh
gradient ngude tit tang cudi ciing dén tang dau tién. Tang cudi ciing duge tinh
toan trudc vi n6é anh hudng truc tiép t6i dau ra du dodn va ham mat mat. Viec
tinh toan gradient ctia cac ma tran trong sb trong cac tang trude dude thye hien
dua trén quy tac chudi quen thuoc cho gradient ctia ham hop.

Stochastic gradient descent c6 thé duge sit dung dé cap nhat cac ma tran trong
s6 va vector diéu chinh dya trén mot cip diém huan luyén x,y. Don gidn hon, ta
coi J 1a ham mét mat néu chi xét cap diém nay. o) day J 1a ham mat mat bat
ky, khong chi ham MSE nhu 6 trén. Dao ham riéng ctia ham mat mat theo chi
mot thanh phan clia ma tran trong so ciia tang dau ra:

0 _ 9J 02" D) (L)
J

awgf) B azj(-L) ' aijL)

(16.13)

aJ .
trong do e;L) = W thuong la mot dai lugng khong qua kho dé tinh toan va
J
9z
8—]@) — aELil) vi zj(.L) = WEL)Ta(L‘l) +b§L). Tuong ti, gradient clia ham mat mat
w

ij
theo heé s6 tu do clia tang cudi cling 1a

aJ 0J azj(-L) (L)

= . = e.
(L) (L) 95,(L) J

(16.14)

Vé6i dao ham riéng theo trong sd & céc tang | < L, hay quan sat Hinh [16.7, O
day, tai mdi nat, dau vao z va dau ra a duge viét rieng dé tien theo doi.

Dua vao Hinh [16.7, biing quy nap ngugc tit cudi, ta c¢6 thé tinh dugc:

@
0J _ 9J 0z W (-1
PO TR R (16.15)
w,; 8zj awij
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(I —1)* layer
I™ layer (I + 1) layer

-1 I=1) 1+1
zg ) a(l J Q (1 )
M : WO g Ra Y
zZ .
0} B (1+1) —0O ) - pdOx1
(-1 (-1 W Wig 1) (1) b € R4"*
i i L - Y
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(-1 (-1 (+1)  (1+1) z() = WT4(=1) L p()

O %
() Q Zaart)y  Qgaen)

Zga-1)
0 = 0
! 1 al = f(z
-1 401 Z(% aiz()w 7D (D) )
zO a0

o oJ oJ aa§~l)

7T T 96D 90

U+ (1+1) d+1
9J 0z 0y () (1), (D |y L0
— (> 2 PO D) =[S0 el ) o0y
1+1 l J k Jk J

1 82,(f ) 8a§-) —

= (wli el 1) (o)

trong d6 e(+D) = [TV TV eg(ﬂl))]T e RITxL vy WJ(«{H) dugc hiéu 1a hang

thtt j ctia ma tran WU+ (chd ¥ dau hai chdm, khi khong c¢6 dau nay, ching
ta mic dinh ding né dé ky hi¢u cho vector cot). Dau Y tinh tong ¢ dong thit
hai trong phép tinh trén xuat hién vi al!

J
z,(glﬂ), k=1,2,...,d"". Biéu thic dao ham ngoai dau ngoic 16n xuét hien vi

agl) =f (l)(z](-l)). T6i day, ta c6 thé thay ring viec ham kich hoat ¢6 dao ham don
gidn sé c6 ich rat nhiéu trong viéc tinh toan. Véi cach lam tuong ti, ban doc c6
theé suy ra

déng gop vao viec tinh tat ca cac

— =W, (16.16)
0) J
!

~ % S ~ ~ . ~ Y . 0 32 A NP
Nhan thay rang trong nhdng cong thic trén, viéc tinh cac e;” dong HlQ:J vai tro
quan trong. Hon nita, dé tinh dudc gia tri nay, ta can tinh dugc céc e§~ . Neéi
cach khéc, ta can tinh ngugc cac gia tri nay tit tang cudi cling. tén goi lan truyén
ngude xuat phat ti day.
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Chuong 16. Mang neuron da tang va lan truyén ngugc

Tém tat qué trinh tinh todn gradient cho ma tran trong s6 va vector diéu chinh
tai moi tang:

Thuéat toan 16.1: Lan truyén ngudc téi /l.L)g]I'-), bf;l)

1. Lan truyén thuan: Véi 1 gid tri dav vao x, tinh gid tri dav ra ctia mang,
trong qud trinh tinh todan, luw lai cic gid trg a®) tai méi tang.
2. Vi moi mit j ¢ tang dau ra, tinh:
0J 0J _ 0J
e’ = 9.0 5D a e, D 7 (6a7)
“j Wij j
3 Voil=L—1L—2 .1, tinh:
ey) = (wg-l:Jrl)e(lH)) f’(zj(-l)) (16.18)
4. Cap nhat gradient cho ting thanh phan:
0J _ 0J
=y =al Ve = (16.19)
ow;; Ob;

Phién béan vector hoé ctia thuat toan trén c¢é thé duge thuc hien nhu sau:

Thuat toan 16.2: Lan truyén ngudc téi W va b®

1. Lan truyén thuan: Véi mot gia tri dau vao x, tinh gid tri dav ra cia
mang, trong qud trinh tinh todn, luu lai cic a®) tai moi tang.
2. Vai tang dau ra, tinh:

e V= alDedT ¢ RICTVxAD. g — oD

e(L) = VZ(L)J € Rd
3. Voil=L—1,L-2,..1, tinh:
e® = (WHDe®D) ¢ f(z0) € R (16.20)

trong dé ® la tich Hadamard, tic lay tung thanh phan cia hai vector
nhan vdi nhau dé dugc vector két qud.
4. Cdp nhat gradient cho cdc ma tran trong so va vector dieu chinh:

Vw(l)J — a(l—l)e(l)T c Rd(l—l)xd(l); Vb(z)J — e(l) (1621)

Khi lam viéc v6i cac phép tinh gradient phtic tap, ta luon can nhd hai diéu sau:
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Chuong 16. Mang neuron da tang va lan truyén ngugc

e Gradient ctia mot ham c6 dau ra la mot s6 vo huéng theo mot vector hozc
ma tran la mot dai lugng cé cting kich thuée v6i vector hodic ma tran do.

e Phép nhan ma tran va vector thyc hién duge chi khi chiing ¢6 kich thuée phu
hgp.

LT RAED xd(®)

Trong cong thiic Vi J = alt"DeT v trai la mot ma tran thuoc
vay vé phai ciing phai 1a mot dai lugng c6 chiéu tuong tu. Tt d6 ban doc c6 thé
thiy tai sao vé phai phai la al“~Ye™T ma khong thé 1a al“~ Ve hay e@all—1),

)

16.4.1. Lan truyén ngudc cho mdt mini-batch

Néu ta mudn thyc hién batch hofic mini-batch GD thi thé nao? Trong thuyc té,
mini-batch GD dudc st dung nhiéu nhat véi cac bai toan ma tap huan luyen 16n.
Néu lugng dit licu nhé, batch GD tryc tiép duge st dung. Khi do, cap (dau vao,
dau ra) sé ¢ dang ma tran (X,Y). Gid stt moi mini-batch c¢6 N dit lieu. Khi do,
X € RIXN 'y e RIY*N Vi d© = ¢ 1a chidu ctia dit lisu dau vao.

Khi d6 céc activation sau mdi layer sé c6 dang AD € RI*N Tyong tuy, EV €
RIV*N Vy ta ciing c¢6 thé suy ra cong thitc cap nhat nhu sau:

Thuat toan 16.3: Lan truyén ngugc téi W va b (mini-batch)

a. Lan truyén thuan: Véi toan bo dit lieu hodc mot mini-batch dau vao X,
tinh gid tri dav ra ctia mang, trong qud trinh tinh todn, luu lai cac A®
tai moi tang. Méi cot cia AW tuong wng vdi mot cot cia X, tic mot
diém da lieu dau vao.

b. Tai tang dau ra, tinh:

N
EX) = VzwJ; Vwwd = AT-VEMT, Vi J = ZeﬁlL)
n=1

c. Voil=L—-1,L—2,..,1, tinh:
EO — (W(l+1)E(l+1)) o f1(ZY)

d. Cap nhat gradient cho ma tran trong so va vector diéu chinh:

N
Vwao = A(l—l)E(l)T; Ve = Zeg)
n=1
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#hidden units = 100, accuracy =99.33333333333333%

(a) (b)

Hinh 16.8. Di lidu gia trong khong gian hai chiéu va vi du vé cac ranh giéi tbt.

w® w® Hinh 16.9. Mang neuron da tang
véi tang dau vao ¢ hai nat (nat
Q‘ Q Qiéu chinh da dugc §n), mot tén%
O an véi ham kich hoat ReLU (c6 thé
(4 c6 sb luong nit an tuy y), va tang
Q dau ra 13 mdt hdi quy softmax véi
o ba phﬁn tur dai dién cho ba I6p dir
_ - Jong davra iy,
Tang dau vao Tang an H6i quy softmax ;

16.5. Vi du trén Python

Trong muc nay, ching ta sé tao dit lieu giad trong khong gian hai chiéu sao cho
duong ranh gidi gitta cac class khong c6 dang tuyén tinh. Diéu nay khién hoi quy
softmax khong lam viéc duge. Tuy nhién, biang cach thém mot tang an, ching ta
sé thay rang mang neuron nay lam viéc rat hieu qua.

16.5.1. Tao dw liéu gia

Céc diém dit lieu gia ctia ba 16p dudce tao va minh hoa bédi cac diém vuong, tron,
tam giac trong Hinh Ta thay ré rang rang dudng ranh gidi gitta cac 16p dit
lieu khong thé 1a cac dudng thang. Hinh 14 mot vi du vé cac duong ranh
gi6i duge coi 1a t6t v6i hau hét cac diém dit lieu. Cac duong ranh gisi nay tao
duge béi mot mang neuron véi mot tang an st dung ReLU lam ham kich hoat
va tang dau ra 1a mot hdi quy softmax nhu trong Hinh [16.9] Ching ta ciing di
sau vao xay dung bo phan loai dya trén dit lieu huan luyén nay.

Nhéc lai ham ReLU f(z) = max(z,0), v6i dao ham:

f(z) = {O néu 2 <0 (16.22)

1 0.W
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Chuong 16. Mang neuron da tang va lan truyén ngudc

Vi lugng dit lieu huén luyén nhé chi véi 100 diém cho méi 16p, ta c6 thé ding
batch GD dé cap nhat cac ma tran trong sb va vector diéu chinh. Trudc hét, ta
can tinh gradient ctia ham mat mat theo cdc ma tran va vector nay bang lan
truyén ngugc.

16.5.2. Tinh toan lan truyén thuan

Gia st cac cap dit lieu huan luyen 1a (x;,y;) véi y; 1a mot vector & dang one-hot.
Céc diém dit lieu nay xép canh nhau tao thanh cédc ma tran dau vio X va ma
tran dau ra Y. Budce lan truyen thuan duge thie hien nhu sau:
Z® = whTx L gt ( )

AW = max(ZW, 0) (16.24)

72 = WATAM L B@ ( )

Y = A® = softmax(Z®) ( )

Trong d6 BM B® 13 cac ma tran diéu chinh véi tat ca céc cot bang nhau lan
lugt bang b va b(2). Ham mat mét duge st dung 1a ham entropy chéo:

R 1 N C
J2 J(W,b;X,Y) Z > yjilog(i;:) (16.27)

i=1 j=1

16.5.3. Tinh toan lan truyén ngudc

Ap dung Thuat toan , ta co
1

D =Vye = N(A@) -Y) (16.28)
N
Vwe = AVEAT, v o = Zeﬁf) (16.29)
EW = (WPE®P) o f/(Z ) (16.30)
N
Vwa = ADEDT = XEV"; vy =) el (16.31)

Cac cong thiic toan hoc phiic tap nay sé duge 1ap trinh mot cach don gian hon
trén numpy.

16.5.4. Trién khai thuat toan trén numpy

Trude hét, ta viét lai ham softmax va entropy chéo:

47 Ta cAn xép cac vector diéu chinh giéng nhau dé tao thanh cac ma tran diéu chinh vi trong toan hoc,
khong c6 dinh nghia téng clia mot ma tran va mot vector. Khi lap trinh, viec nay 1a kha thi.
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def softmax_stable(Z):
mmn
Compute softmax values for each sets of scores in Z.

each ROW of Z is a set of scores.
mmn

e_7Z = np.exp(Z - np.max(Z, axis = 1, keepdims = True))
A =e_7Z / e_Z.sum(axis = 1, keepdims = True)
return A

def crossentropy_loss(Yhat, vy):
mrrn
Yhat: a numpy array of shape (Npoints, nClasses) —-—- predicted output
y: a numpy array of shape (Npoints) —-- ground truth.
NOTE: We don’t need to use the one-hot vector here since most of
elements are zeros. When programming in numpy, in each row of Yhat, we
need to access to the corresponding index only.
mrron
1d0 = range (Yhat.shape[O0])
return -np.mean (np.log(Yhat[id0, v]))

Céc ham khéi tao vi dy dodn nhan cta cac diém di ligu:

def mlp_init (d0, di1, d2):
" Tnitialize W1, bl, W2, b2
d0: dimension of input data
dl: number of hidden unit
d2: number of output unit = number of classes
mmn
Wl 0.01*np.random.randn (d0, dl)
bl np.zeros (dl)
W2 = 0.01*np.random.randn (dl, d2)
b2 = np.zeros (d2)
return (W1, bl, W2, Db2)

def mlp_predict (X, Wl, bl, W2, b2):
""r"Suppose the network has been trained, predict class of new points.
X: data matrix, each ROW is one data point.
wi, bl, w2, b2: learned weight matrices and biases

mmn

71 X.dot (Wl) + bl # shape (N, dl1)
Al = np.maximum(zl, 0) # shape (N, dl1)
72 Al.dot (W2) + b2 # shape (N, d2)
return np.argmax(Z2, axis=l)

Tiép theo 1a ham chinh huan luyén hoi quy softmax:

def mlp_fit (X, y, Wl, bl, W2, b2, eta):
loss_hist = []
for i in xrange (20000): # number of epochs
# feedforward

7zl = X.dot (Wl) + bl # shape (N, d1)
Al = np.maximum(z1l, 0) # shape (N, dl)
722 = Al.dot (W2) + b2 # shape (N, d2)
Yhat = softmax_stable(Z2) # shape (N, d2)
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if i %1000 == 0: # print loss after each 1000 iterations
loss = crossentropy_loss (Yhat, vy)
print ("iter %d, loss: %f" %$(i, loss))
loss_hist.append(loss)

# back propagation
id0 = range (Yhat.shape([0])
Yhat [idO, y] -=1

E2 = Yhat/N # shape (N, d2)

dW2 = np.dot (A1.T, E2) # shape (d1, d2)

db2 = np.sum(E2, axis = 0) # shape (d2,)

El = np.dot (E2, W2.T) # shape (N, dl1)

E1[z1l <= 0] =0 # gradient of ReLU, shape (N, dl)
dWl = np.dot (X.T, EI) # shape (d0, dI1)

dbl = np.sum(El, axis = 0) # shape (dl,)

# Gradient Descent update
Wl += —eta*dwl
bl += —-eta*dbl
W2 += —eta*dwW2
b2 += —eta*db2
return (W1, bl, W2, b2, loss_hist)

Sau khi da hoan thanh cac ham chinh ctia mang neuron da tang nay, ching ta
dua dit lieu vao, xac dinh s6 nat an va huén luyén mang:

# suppose X, y are training input and output, respectively

do = 2 # data dimension

dl = h = 100 # number of hidden units

d2 =C =3 # number of classes

eta = 1 # learning rate

(W1, bl, W2, b2) = mlp_init (d0, d1, d2)

(Wl, bl, W2, b2, loss_hist) = mlp_fit (X, y, W1, bl, W2, b2, eta)
y_pred = mlp_predict (X, Wl, bl, W2, b2)

acc = 100*np.mean (y_pred == vy)

print (' training accuracy: %.2f %%’ % acc)

Két qué:

iter 0, loss: 1.098628

iter 2000, loss: 0.030014
iter 4000, loss: 0.021071
iter 6000, loss: 0.018158
iter 8000, loss: 0.016914

)

training accuracy: 99.33 %

C6 thé thay ring ham mat mat gidm dan va hoi tu. Két qua phan loai trén tap
huan luyén rat tot, chi mot vai diém bi phan loai 16i, nhiéu kha nang ndm & khu
vic trung tam. V6i chi mot tang an, mang nay da thyc hién cong viéc gan nhu
hoan hao.
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#hidden units = 2, accuracy =59.66666666666667% #hidden units = 5, accuracy =74.0%

(a (b)

#hidden units = 15, accuracy =94.33333333333334%  #hidden units = 30, accuracy =95.33333333333334%

(c) (d)

Hinh 16.10. K&t qua véi sb luong niit trong tang an 13 khac nhau.

Bing cach thay doi s6 lugng nit an(bién d1) va huan luyén lai cdc mang, ching
ta thu dugc cac két qua nhu trén Hinh . Khi chi ¢6 hai ntit an, cac dusng
ranh giéi vAn gan nhu duong thang, két qua 1a c6 t6i 40% sé diem dit lieu trong
tap huan luyén bi phan loai 16i. Khi lugng nut an 1a nam, do chinh xéc duge cai
thien them khodng 15%, tuy nhién, cic duong ranh giéi van chua thuc sy tot.
Néu tiép tuc tang s6 lugng nit an, ta thay rang cac dudng ranh gidi tuong déi
hoan hao.

C6 thé chiing minh dudc ring véi mot ham s6 lien tuc bat ky f(z) va mot sd
e > 0, luon luodn ton tai mot mang neuron ma dau ra c6 dang g(x) chi v6i mot
tang an (v6i s6 niat an da 16n va ham kich hoat phi tuyén phit hop) sao cho véi
moi z, | f(z) — g(z)| < e. N6i cach khéac, mang neuron ¢6 kha ning xap xi hau
hét cdc ham lien tuc [Cyb&9).

Trén thyc té, viec tim ra sé lugng nit an va ham kich hoat noi trén gan nhu bat
kha thi. Thay vao d6, thiic nghiém chitng minh rang mang neuron véi nhiéu tang
an két hop ciing cac ham kich hoat don gidn, vi du ReLU, c6 kha ning xap xi
dit lieu t6t hon. Tuy nhien, khi s6 lugng tang an 16n len, s6 lugng trong sé can
t6i uu cling 16n theo vA mo hinh tré nén phtc tap. Sy phiic tap nay anh hudng
t6i hai khia canh. Tht nhat, toc do tinh toan sé cham di rat nhiéu. Thit hai, néu

Machine Learning co ban 229

https://thuviensach.vn



Chuong 16. Mang neuron da tang va lan truyén ngudc

mo hinh qua phiic tap, n6 cé thé biéu dién rat t6t dit lieu huan luyén, nhung c6
thé khong biéu dién t6t dit lieu kiém tra. Day chinh la hién tugng qua khép.

Vay c¢6 cac ki thuat nao gitp tranh qua khép cho mang neuron da tang? Ngoai ki
thuat xac thiuc chéo, ching ta quan tam hon t6i cac phuong phap kiém soat. Ky
thuat pho bién nhat duge dung dé tranh qua khép 1a suy gidm trong s6 (weight
decay) hodc dropout.

16.6. Suy giam trong sb

V6i suy gidm trong s6, ham méat mat sé duge cong them mot dai lugng kiém soat
c6 dang:

L
AR(W) =A% WO
=1

titc tong binh phuong Frobenius norm ciia tat cd cac ma tran trong so6. Chd ¥
rang khi lam viéc v6i mang neuron da tang, hé sé diéu chinh hiém khi dugc kiém
soat. Day ciing 1a 1§ do vi sao nén tach rdi ma tran trong sb6 va vector diéu chinh
khi lam viéc v6i mang neuron da tang. Viéc t6i thitu ham mat mat méi (véi s6
hang kiém soat) sé khién cho thanh phan ctia cac vector trong s6 W® khong qua
16n, tham chi nhié¢u thanh phan sé gan véi khong. Diéu nay dan dén viée c6 nhicu
nit an van an toan vi phan lén trong do gan véi khong.

Tiép theo, chiung ta sé lam mot vi du khac trong khong gian hai chiéu. Lan nay,
chiing ta sé st dung thu vién scikit-learn.

from _ future_  import print_function
import numpy as np
from sklearn.neural_network import MLPClassifier

means = [[-1, -11, [1, -11, [O, 1]]

cov = [[1, O], [0, 111

N = 20

X0 = np.random.multivariate_normal (means[0], cov, N)
X1 = np.random.multivariate_normal (means[1l], cov, N)
X2 = np.random.multivariate_normal (means[2], cov, N)

X = np.concatenate ((X0, X1, X2), axis = 0)
y = np.asarray ([0]*N + [1]1*N + [2]*N)

alpha = le-1 # regularization parameter

clf = MLPClassifier (solver='1lbfgs’, alpha=alpha, hidden_layer_sizes=(100))

clf.fit (X, y)

y_pred = clf.predict (X)

acc = 100*np.mean (y_pred ==y
2

)
print ('training accuracy: %.2f %%’ % acc)

Két qua:

)

training accuracy: 100.00 %
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Hinh 16.11. K&t qua véi sb niit 4n khic nhau.

Trong doan code trén, thudc tinh alpha chinh la tham s6 kiém soat A. alpha

cang 16n sé khién thanh phan trong cdc ma tran trong sé6 cang nhé. Thuoc
tinh hidden_layer_sizes chinh la s6 lugng nit trong mdi tang an. Néu c6 nhiéu
tang an, chang han hai v6i s6 ntat an lan lugt 1a 10 va 100, ta can khai béo
hidden_layer_sizes=(10, 160). Hinh minh hoa ranh gidi gita cac 16p tim
dugc véi cac gia tri alpha khac nhau, titc mic do kiém soat khac nhau. Khi alpha
nho ¢d 0.01, ranh gidi tim duge trong khong tu nhién va ving xac dinh 16p mau
xam nhat hon (chita cic diém tam gidc) khong duge lien tuc. Mic dit do chinh
xac trén tap huan luyen nay la 100%, ta c6 thé quan sat thay ring qua khop da
x4y ra. Véi alpha = 0.1, két qua cho thay viing nén ctia cac 16p da lién tuc, nhung
qua khép van xay ra. Khi alpha cao hon, do chinh xic gidm xudng nhung cac
duong ranh gidi tu nhién hon. Ban doc c¢o thé thay doi cac gia tri alpha trong ma
nguon (https://goo.gl/czxrSf) va quan sat cac hién tugng xdy ra. Dic biét, khi
alpha = 100, do chinh xac con 33.33%. Tai sao lai nhu vay? Hy vong ban doc c6
thé tu tra 161 duge.
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16.7. Poc thém

a. Neural Networks: Setting up the Architecture, Andrej Karpathy (https://goo.
gl /rfzCVK)).

b. Neural Networks, Case study, Andrej Karpathy (https://goo.gl/3ihCxL).

c. Lecture Notes on Sparse Autoencoders, Andrew Ng (https://goo.gl/yTgtlLe).
d. Yes you should understand backprop (https://goo.gl/8B3h1b).

e. Backpropagation, Intuitions, Andrej Karpathy (https://goo.gl/fjHzNV).

f. How the backpropagation algorithm works, Michael Nielsen (https://goo.gl/
mwz2kU).
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Phan V

Heé théng goi v

Cé6 1& cac ban da timg gap nhitng hién tugng sau day nhiéu lan. Cac ban c6 18
da gap nhiing hién tugng sau day nhiéu lan. Youtube tu dong chay cac clip lién
quan dén clip ban dang xem hoiic goi ¥ nhitng clip ban c6 thé sé thich. Khi mua
mot mén hang trén Amazon, hé théng sé tu dong goi ¥ nhitng sdn pham thuong
xuyén dude mua ciing nhau, hosic biét ngudi ding c6 thé thich mén hang nao
dua trén lich st mua hang. Facebook hién thi quing cdo nhing san pham cé lién
quan dén tir khoa ban vita tim kiém hodc goi ¥ két ban. Netflix tu dong goi ¥
phim cho khan gid. Va con rat nhiéu vi du khac ma hé théng c6 kha nang tu
dong goi ¥ cho ngusi dung nhitng sdn pham ho c6 thé thich. Bing cach thiét lap
quang cao huéng dén ding nhom ddi tuong, hieu qua clia viec marketing ciing sé
tang lén.

Nhitng thuat toan dang sau cac tng dung nay 1a nhém thuat toin machine learn-
ing dugc goi chung 1a hé thong goi 4 hodic hé thong khuyén nghi (recommender

system, recommendation system).

Trong phan nay ciia cudn sach, ching ta sé ciing tim hiéu ba thuat toan co ban
nhat trong cac hé thong gai .
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Chuong 17

Hé thoéng goi v dua trén noéi dung

17.1. Gi6i thidu

Heé thong goi ¥ 1a mot mang kha rong clia machine learning va c¢6 xuat hién sau
phan loai hay hoi quy vi internet mdéi chi thic syt biing ndé khoang 10-15 nam gan
day. C6 hai thiyc thé chinh trong mot hé thong goi ¥ 1a nguoi ding (user) va sdn
pham (item). Muc dich chinh ciia cac hé théng gdi ¥ 1a du dodn mtc do quan
tam ctia mot nguoi ding t6i mot san pham nao do, qua do c6 chién luge gai ¥
phu hop.

17.1.1. Hién tuong duoi da:

Chung ta cling di vao viéc so sanh diém khéc nhau can ban gitta cac cita hang
thuc va ciia hang dien tit trén khia canh lira chon san pham dé quang ba. 0 day,
chiing ta tam quén di khia canh cdm gidc that cham vao san pham clia cac ciia
hang thuc va tap trung vao phan lam thé ndo dé quang ba ding san pham td6i
khach hang.

C6 thé cac ban da biét t6i Nguyén ly Pareto (quy tic 20/80) (https://goo.gl/
NujWjH): phan Ién két qud dugc gay ra bdi phan nhd nguyén nhan. Phan 16n s6
tit stt dung hang ngay chi 1a mot phan nho trong tit dién. Phan 16n ctia cai dudc
s6 hitu béi phan nhé s6 ngudi. Trong huong mai, nhitng san pham ban chay nhat
chiém phan nhé trén tong s6 san pham.

Cac ctta hang thyc thuong c6 hai khu vie: khu trung bay va kho. Nguyén tiac dé
thay dé dat doanh thu cao la trung ra céc san pham pho bién & nhiing noi dé
thay nhat va cat nhing san pham it pho bién hon trong kho. Céch lam nay cé
mot han ché ré rét: nhitng san pham dude trung ra mang tinh phd bién nhung
chua chic da phit hgp v6i nhu cau ctia mot khach hang cu thé. Mot clia hang
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c6 thé c6 mén hang mot ngudi dang tim kiém nhung khong ban duge vi khach
hang dé khong tim thay san pham. Diéu nay dan dén viec khach hang khong tiép
can dugc san pham ngay ca khi chiing da dugc trung ra. Ngoai ra, vi khong gian
c6 han, cita hang khong thé trung ra tat cd cac san pham ma mdi loai chi dua
ra mot so lugng nho. o) day, phan 16n doanh thu (80%) dén tit phan nhé s6 san
pham pho bién nhat (20%). Néu sip xép cac san pham clia ctta hang theo doanh
sb tit cao dén thap, ta sé nhan thay c6 thé phan nhé cac san pham tao ra phan
16n doanh s6. Va mot danh sach dai phia sau chi déng gép mot lugng nhé. Hien
tugng nay con duge goi 1a dudi dai (long tail phenomenon).

V6i cac ctra hang dien t1t, nhugce diém trén hoan toan cé thé tranh dugce vi gian
trung bay clia cac ctta hang dién tit gan nhu la vo tan, moi san pham déu c6
thé dugc trung ra. Hon nita, viéc sip xép online la linh hoat, tién lgi v6i chi phi
chuyén ddi gan nhu bang khong khién viec mang ding san pham t6i khach hang
tré nén thuan tien. Doanh thu vi thé c6 thé duge ting len.

17.1.2. Hai nhém thuat toan trong hé théng goi y

Cac thuat toan trong hé thong goi ¥ dude chia thanh hai nhém 16n:

a. He thong dua trén noi dung: Goi ¥ dua trén dac tinh ciia san pham. Vi du, hé
théng nén ggi ¥ cac bo phim hinh sy t6i nhitng ngudi thich xem phim “Cénh
sat hinh sy” hay “Nguoi phan xt”. Cach tiép can nay yéu cau sap xép cac
san pham vao ting nhém hoac di tim céc dic trung clia timg san pham. Tuy
nhién, c6 nhitng san pham khong c6 roi vao mot nhém cu thé va viee xéc dinh
nhém hoiic diic trung clia timg san pham doi khi bat kha thi.

b. Loc cong tac (collaborative filtering): Hé thong ggi ¥ cdc san pham duya trén sy
tuong quan gitta ngudi diing va/hogc san pham. O nhém nay, mot san pham
dugc goi ¥ t61i mot ngusi dung dya trén nhiing ngusi dung cé sé thich tuong
tit hodc nhiing san pham tuong yu. Vi du, ba ngudi ding A, B, C déu thich
cac bai hat ctia Noo Phuéc Thinh. Ngoai ra, hé thong biét ring ngudi dung
B, C ciing thich cac bai hat ctia Bich Phuong nhung chua c¢6 thong tin veé
viéc lieu nguoi dung A co6 thich ca si nay hay khong. Dya trén thong tin cta
nhitng ngusi diing tuong tu la B va C, hé théng c6 thé du doan ring A ciing
thich Bich Phuong va ggi ¥ cac bai hat cua ca si nay t6i A.

Trong chuong nay, ching ta sé lam quen v6i nhom thuat toan thit nhat. Nhom
thuat toan thi hai, loc cong tac, sé duge trinh bay trong cic chuong tiép theo.

17.2. Ma tran tién ich

C6 hai thirc thé chinh trong cac he théng gai ¥ 1a ngudi ding va sdn pham. Mai
ngusi diing c6 mic quan tam t6i ting san pham khac nhau. Thong tin vé mic
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A|B|CID|E|F Hinh 17.1. Vi du vé& ma tran tién

Mua ndadem 151510 01| 2| fchvéihéthéng goiy bai hat. Cac

3 T bai hat /dUOE ngudi cj\ung danh gié

theo muic d6 tir 0 dén 5 sao. Cac

Viing 13 me bay TLALLIPI P11 dBu 7 nédn mau xdm ing véi viéc

Con cd bé bé 1114447 dilieu con thiéu. Hé théng goi y
Em yéu trusngem |1 [0 |5 |2 72|72 can du doan céc gia tri nay.

do quan tam ctia mot ngudi ding t6i mot san pham c6 thé duge thu thap thong
qua mot hé thong danh gia (review va rating), qua viéc ngudi dung da click vao
thong tin ciia san pham hodc qua thoi lugng ngusi dimg xem thong tin ctia mot
san pham. Cac vi du trong phan nay déu dya trén hé thong danh gid san pham.

17.2.1. Ma tran tién ich

V6i mot hé théng danh gia san pham, mic do quan tam ctia mot ngudi ding t6i
mot san pham duge do bang s6 sao trén tong sb6 sao, chang han nam sao. Tap
hop tat ci cidc danh gid ¢ dang s6, bao gom ca nhing gia tri can duge duy doén,
tao nén mot ma tran goi la ma tran tién ich (utility matrix). Xét vi du trong
Hinh [17.1] ¢6 sau ngudi ding A, B, C, D, E, F va nam bai hat. Céc 6 da dugc
danh s6 thé hién viec mot ngusi dimng da danh gid mot bai hét tit 0 (khong thich)
dén 5 (rat thich). Cac 6 c6 dau ’'?’ tuong ting véi cac 6 chua c6 dit lieu. Cong
viéc clia mot he thong goi ¥ 1a dur doan gia tri tai cdc 6 mau xam nay, tit d6 dua
ra goi ¥ cho nguoi duing. Vi vay, bai toan hé thong goi ¥ doi khi dugdce coi 1a bai
toan hoan thién ma tran (matrix completion).

Nhan thay c6 hai thé loai nhac khac nhau: ba bai dau la nhac bolero va hai bai
sau la nhac thiéu nhi. Tit dit lieu nay, ta ciing c6 thé doan dude ring A, B thich
the loai nhac Bolero; trong khi C, D, E, F thich nhac thiéu nhi. Tit d6, mot he
thong t6t nén goi ¥ “Co ta” cho B; “Vung 14 me bay” cho A; “Em yéu truong
em” cho D, E, F. Gia stt chi c6 hai thé loai nhac nay, khi c6 mot bai hat mdi, ta
can phan loai r6i dua ra ggi ¥ véi ting ngudi duing.

Thong thudng, c6 rat nhiéu ngusi diing v san pham trong hé théng nhung méi
ngudi diing chi danh gid mot lugng nhé cac san pham, tham chi c6 nhing ngusi
ding khong danh gia san pham nao. Vi vay, lugng 6 mau xam ciia ma tran tien
ich thuong rat 16n so v6i luong 6 mau trang da biét.

RO rang, cang nhiéu 6 duge dién thi do chinh x4c clia hé thong sé cang dugc cai
thién. Vi vay, cdc hé thong luon khuyén khich ngudi dung bay té sy quan tam
ctia ho t6i cac san pham thong qua viéc danh gia cac san pham dé6. Viec danh gia
khong nhitng gitp ngudi dimg khac biét duge chat lugng ciia san pham ma con
gitip hé thong biét duge sé thich clia nguoi diing, qua do6 c6 chinh sach quang céo
hop ly.
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17.2.2. Xay dung ma tran tién ich

Khong c6 ma tran tieén ich, hé thong gan nhu khong thé ggi ¥ dudce san pham td6i
ngudi diing. Vi vay, viéc xay dyng ma tran tién ich 1 t6i quan trong trong cac hé
thong goi y. Tuy nhién, viéc xay dung ma tran nay thuong gap nhiéu khoé khan.
C6 hai hudng tiép can pho bién dé xac dinh gia tri danh gia cho mdi cip (ngusi
diing, sdn pham) trong ma tran tién ich:

a. Khuyén khich ngusi dung danh gia sdn pham. Amazon luon khuyén khich
ngudi ding danh gia céc san pham bang cach gii mail nhic nhé nhiéu lan.
Tuy nhién, cach tiép can nay ciing c6 mot vai han ché. Cac danh gia cé thé
thién léch bdi nhitng ngusi sén sang dang gia.

b. Huéng tiép can thit hai 1a dya trén hanh vi clia ngudi diing. Néu mot nguoi
diing mua mot san pham trén Amazon, xem mot clip trén Youtube nhiéu lan
hay doc mot bai bao, c6 thé khang dinh ngusi diing nay c6 xu huéng thich cac
san pham do. Facebook ciing dua trén viéc ban like nhiing noi dung nao dé
hién thi trén newsfeed nhimg noi dung lien quan. Ban cang dam mé Facebook,
Facebook cang duge hudng 1oi. Véi cach lam nay, ta c6 thé xay dung duge
mot ma tran véi cac thanh phan 1 1 va 0, v6i 1 thé hien ngudi dimg thich san
pham, 0 thé hién chua c6 thong tin. Trong truong hgp nay, 0 khong c6 nghia
1a thap hon 1, n6 chi ¢6 nghia la nguoi dung chua cung cap thong tin. Ching
ta cling c¢6 thé xay dung ma tran véi cac gia tri cao hon 1 thong qua thoi gian
hodc s6 lugt ma ngudi diing xem mot san pham nao dé. Ngoai ra, doi khi nit
dislike cting mang lai nhiing loi ich nhat dinh cho hé théng, ltc nay c6 thé
gan gia tri tuong ting bang —1.

17.3. Hé théng dua trén noi dung

17.3.1. Xay dung thong tin san pham

Trong cac hé thong dira trén noi dung, ching ta can xay dung thong tin cho méi
san pham. Thong tin nay dugce bidu dién dusi dang toan hoc la mot vector dac

trung. Trong nhitng truong hop don gian, vector nay duge trie tiép trich xuat tu
san pham. Vi dy, thong tin ctia mot bai hat c¢6 thé duge xac dinh béi:

a. Ca si. Cung 1a bai “Thanh phdé budn” nhung c¢6 ngusi thich ban ctia Dan
Nguyén, c6 ngudi lai thich ban ciia Dam Vinh Hung.

b. Nhac si sang tdac. Cung la nhac tré nhung ¢6 ngusi thich Phan Manh Quynh,
ngudi khac lai thich MTP.

c. Nam sdng tdac. Mot sd ngudi thich nhac xua ¢t hon nhac hién dai.

d. Thé logi. Quan ho va Bolero sé ¢6 thé thu hit nhing nhém ngusi khéac nhau.

Machine Learning co ban 237

https://thuviensach.vn



Chuong 17. He thong goi ¥ duya trén noi dung

A|/B|C|D|E|F vector dic trung

Mua nira dém 5|5 01]?| x=1[0.990027T

Cé ta 5(?2(?2]0|?2[?] =x=][091,011]"

Ving 14 me bay 2041?27?21 x3 = [0.95,0.05]7

Con cd bé bé 1|1]|4]|4]4]7?2]| x4=7[001,0997"

Em yéu trusngem [ 1[0 |52 2] ?2| x5=][0.0300987T
Mbd hinh ngudi dung |61 |62 |03 | 04|05 |06 | «— tham sb can tim

Hinh 17.2. Gi3 sii vector dic trung cho m3i san pham d3 biét trudc, dusc cho trong
cdt cudi cung. V6i moi ngusi dung, chidng ta can tim mét mé hinh 6, tuong ng.

Trong vi du trong Hinh , chiing ta don gidn hoa bai toan bang viéc xay dung
mot vector ddc trung hai chiéu cho mdi bai hat: chiéu thit nhat 1a mic do Bolero,
chiéu thtt hai 1a mitc do Thiéu nhi clia bai hat do. Gia st ta da xay dung dude
vector dic trung cho mdi bai hat 1a x1, Xo, X3, X4, X5 nhu trong Hinh Tuong
tu, hanh vi ctia méi ngusi diing ciing ¢6 thé duge mo hinh hoa duéi dang tap céc
tham s6 0. Dit litu huan luyén dé xay dung mdi mo hinh 6, 1a cic cip (thong
tin san pham, ddnh gia) tuong ting v6i cac san pham ngudi ding dé da danh gia.
Viéc dién gia tri con thiéu trong ma tran tién ich chinh 1a viéc du dodn mitc do
quan tam khi ap dung mé6 hinh 6,. Dau ra nay cé thé duge viét duéi dang ham
$6 f(0y,x;). Viec lya chon dang ctia f(0,,x;) tuy thudoc vao moi bai toan. Trong
chuong nay, chiing ta sé quan tam t6i dang don gian nhat — dang tuyén tinh.

17.3.2. Xay dung ham mat mat

Dit s6 lugng ngusi dimng 1a N, s6 lugng san pham 14 M; ma tran thong tin san
pham X = [x1,Xs,...,Xy] € R™M va ma tran tién ich 13 Y € RM*YN, Thanh
phan & hang thi m, cot thit n cia Y 1a mic do quan tam (& day 1a s6 sao da
danh gid) ciia ngudi ding thit n lén san pham thit m ma hé thdng da thu thap
duge. Ma tran Y bi khuyét rat nhiéu thanh phan tuong ting vdi cac gia tri can
dy doan. Thém nita, goi R 14 ma tran thé hién viéc mot ngudi ding da danh gia
mot san pham hay chua. Cu thé, r,,, bang mot néu san pham thi m da duge
danh gia bdéi ngusi diing thit n, bang khong trong trudng hop ngudgc lai.

Mb hinh tuyén tinh

Gia st ta c¢6 thé tim duge mot mo hinh cho mdi ngusi ding, duge minh hoa béi
mot vector cot hé s6 w,, € R? v hé s6 diéu chinh b, sao cho mic dé quan tam
clia mot ngusi ding t6i mot san pham tinh duge bang mot ham tuyén tinh:

Xét nguoi dung thi n, néu coi tap huan luyen 1a tap hop cac thanh phan da biét
clia y,, (cot thit n ctia ma tran Y), ta c6 thé xay dung ham mat mat tuong tu
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nhu hdi quy ridge (hdi quy tuyén tinh véi kiém soét lp) nhu sau:

1 A
Ln(Wi,bp) = 5— Z (X Wi + b = Yun)? + =— W[5 (17.2)
2s, 25,
m:rmn=1

trong do, thanh phan thit hai dong vai tro kiém soat va A 1a mot tham sé duong;
s, 14 86 lugng céc san pham ma ngudi ding thit n da danh gia, 1a tong cac phan
t trén cot thit n cia ma tran R, tic s, = Z%zl Tmn- Chil ¥ éng co ché kiém
soat thuong khong duge ap dung lén hé s6 diéu chinh b,,.

Vi biéu thitc ham mat méat chi phu thuoc vao cac san pham da duge danh
gi4, ta c6 thé rat gon né bang cach dat y,, € R* 1a vector con cla y,, dugc xay
dung bang cach trich cac thanh phan da biét & cot thit n clia Y. Dong thoi, dat
X,, € R |3 ma tran con clia ma tran dic trung X, thu dugc bang cach trich
cac cot tuong tng véi nhitng san pham da duge danh gia béi ngudi ding thit n.
Biéu thitc ham mét méat ciia mo6 hinh cho ngudi diing thit n dude viét gon thanh:

A
S lwall3 (17.3)

1, - .
L, (Wp,by) = g“XZWn + b,e, — yn||§ + 5

trong do, e,, 1a vector cot vdi tat ca cac thanh phan bang mot. Day chinh 14 ham
mat mét ciia hdi quy ridge. Cip nghiem w,,, b, c6 thé duge tim thong qua cac
thuat toan gradient descent. Trong chuong nay, ching ta sé tryc tiép st dung
class Ridge trong thu vién sklearn.linear_model. Mot diém dang luu ¥ & day la
w,, chi dugc xac dinh néu ngusi ding thi n da danh gia it nhat mot sdn pham.

17.3.3. Vi du vé ham méat mat cho ngudi diing E

Quay tré lai vi du trong Hinh , ma tran dic trung cho céc san pham (moi
cot tuong ting v6i mot san pham) 1a

0.99 091 0.95 0.01 0.03
x= [0.02 011 0.05 0.9 0.98] (174)
Xét truong hgp ctia ngusi dung £ véi n = 5, y5 = [1,‘7,7,4 ?1T. Tt do, vector

nhi phan rs = [1,0,0,1,0]”. Vi E méi chi danh gia sdn pham tht nhat va thit tu
nén s; = 2. Hon niia,

. [099001] . 1 1
X = {0.02 0.99} Ye = M & lJ ' (17.5)
Khi d6, ham mat mat cho hé sé tuong ting v6i ngudi ding £ 1a:
2
0.99 0.02 1] 1 Ao
£o(ws, bs) = H { 0.01 0.99} s+ bs { 1} B { 4] ,Talwslz o (76)

Ching ta sé ap dung nhitng phan tich trén day dé di tim nghiem cho mot bai
toan gan vdi thyc té.
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17.4. Bai toan MovieLens 100k
17.4.1. Ca sé du liéu MovieLens 100k

B0 co s6 dit lieu MovieLens 100k (https://goo.gl/BzHgtq) dugc cong b6 nam 1998
bdi GroupLens (https://grouplens.org). Bo co s dit lieu nay bao gom 100,000
(100k) danh gia tit 943 ngudi dung cho 1682 bo phim. Céac ban ciing c6 thé tim
thay cac bo co s6 dit lieu tuong tu v6i khoang 1M, 10M, 20M danh gia.

Bo co s6 du lieu nay bao gom nhiéu file, ching ta can quan tam cac file sau:

e u.data: Chita toan bo cac danh gia cta 943 nguoi dung cho 1682 bo phim.
Mbi ngudi dimg danh gia it nhat 20 bo phim. Thong tin vé thoi diém danh
gia cting dugce cho nhung chiing ta khong sit dung trong vi du nay.

e ua.base, ua.test, ub.base, ub.test: L& hai cich chia toan bd dit liéu ra thanh
hai tap con: tap huan luyén va tap kiém tra. Chung ta sé thuc hanh trén
ua.base Vi ua.test. Ban doc ¢6 thé thit v6i cach chia dit lidu con lai.

e u.user: Chita thong tin vé ngudi diing, bao gom: id, tudi, gisi tinh, nghé nghiep,
ma vimg (zipcode). Nhitng thong tin nay c6 thé &nh hudng tdi s thich clia
ngudi diing; tuy nhién, ching ta chi st dung id dé xac dinh ngudi diing khac
nhau.

e u.genre: Chifa tén ctia 19 thé loai phim, gom: unknown, Action, Adventure,
Animation, Children’s, Comedy, Crime, Documentary, Drama, Fantasy, Film-
Noir, Horror, Musical, Mystery, Romance, Sci-Fi, Thriller, War, Western,

e u.item: Thong tin vé mdi bo phim. Mot vai dong dau tién cia file:

1|Toy Story (1995) |01-Jan-1995]| |http://us.imdb.com/M/title-exact?Toy%20Story
%$20(1995)10]0J0]111]110]0]0J0]0OJ0O|0OJ0O]0O]0O]O]0]0O

2|GoldenEye (1995)01-Jan-1995| |http://us.imdb.com/M/title-exact?GoldenEye
%$20(1995) |101111]10]0]0]0|0J0J0J0J010]0J010J2110]0

3|Four Rooms (1995) |01-Jan-1995] |http://us.imdb.com/M/title-exact?Four%20
Rooms%20(1995) |0]0|0[0|0]0]0|0]0|0[0|0[0|0J0]0|1]0]0

4|Get Shorty (1995) |01-Jan-1995]| |http://us.imdb.com/M/title-exact?Get%20
Shorty%20(1995) 1011|000 ]1]0]0[1/0/0]J0]0]0]0|0|0|0]0

Trong moi dong, ching ta sé thiy id ctia phim, tén phim, ngay phat hanh, duong
dan va céc s6 nhi phan 0, 1 thé hien bo phim thudc cac thé loai nao trong 19 thé
loai d& cho. Mot bo phim c6 thé thudc nhiéu thé loai khac nhau. Thong tin ve
thé loai nay sé duge dung dé xay dung thong tin san pham.
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Chiing ta sit dung thu vién pandas (http://pandas.pydata.org) dé doc dit licu:

from __ future__  import print_function
import numpy as np

import pandas as pd

# Reading user file:

u_cols = ["user_id’, ’"age’, ’'sex’, ’'occupation’, ’'zip_code’]
users = pd.read_csv('ml-100k/u.user’, sep=’'|’, names=u_cols)
n_users = users.shape[0]

print (' Number of users:’, n_users)

#Reading ratings file:
r_cols = [’'user_id’, ’'movie_id’, ’rating’, ’unix_timestamp’]

ratings_base = pd.read_csv('ml-100k/ua.base’, sep=’'\t’, names=r_cols)
ratings_test = pd.read_csv('ml-100k/ua.test’, sep='\t’, names=r_cols)

rate_train = ratings_base.as_matrix()
rate_test = ratings_test.as_matrix()

print (/' Number of traing rates:’, rate_train.shapel[0])
print (' Number of test rates:’, rate_test.shape[0])

Két qua:

Number of users: 943
Number of traing rates: 90570
Number of test rates: 9430

Ta sé chi quan tam téi 19 gia tri nhi phan ¢ cudi méi hang dé xay dyng thong
tin san pham.

X0 = items.as_matrix ()
X_train_counts = X0[:, -19:]

17.4.2. Xay dung thong tin san pham

Cong viéc quan trong trong hé thdng goi ¥ dua trén noi dung 1a xay dung vector
dic trung cho méi sdn pham. Trudc hét, ching ta can luu thong tin vé céc san
pham vao bién items:

#Reading items file:
i_cols = ['movie id’, 'movie title’ ,’release date’,’video release date’, '
IMDb URL’, ’"unknown’, ’Action’, ’'Adventure’, ’'Animation’, ’'Children\’s’,
"Comedy’, ’'Crime’, ’'Documentary’, ’'Drama’, ’'Fantasy’, ’'Film-Noir’, '
Horror’, ’'Musical’, ’'Mystery’, ’'Romance’, ’'Sci-Fi’, ’'Thriller’, ’'War’, '
Western’]

items = pd.read_csv('ml-100k/u.item’, sep='|’, names=i_cols)

n_items = items.shape[0]
print (' Number of items:’, n_items)
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Két qué:

Number of items: 1682

Tiép theo, ching ta hien thi mot vai hang dau tién clia ma tran rate_train:

print (rate_train([:4, :])

Két qué:

([ 1 1 5 874965758]
[ 1 2 3 876893171]
[ 1 3 4 878542960]
[ 1 4 3 876893119]]

Hang thit nhat duge hiéu la nguoi dung thi nhat danh gia bo phim tht nhat nam
sao. Cot cudi ciing 1a thoi diem danh gia, ching ta sé bé qua thong s6 nay.

Tiép theo, chiing ta sé xay dung vector dac trung cho mdi san pham dya trén ma
tran thé loai phim v& dic trung TF-IDF (https://goo.gl/bpDdQ8) trong thu vién

sklearn:

#tfidf

from sklearn.feature_extraction.text import TfidfTransformer
transformer = TfidfTransformer (smooth_idf=True, norm ='12")

X = transformer.fit_transform(X_train_counts.tolist()) .toarray()

Sau buée nay, moi hang cia X tuong tng véi vector dic trung cia mot bo phim.
17.4.3. Xay duyng mo hinh cho méi ngudi dung

V6i mdi nguoi ding, ching ta can di tim nhting bo phim nao ma ngudi dung do6
da danh gia, va gia tri cua cac danh gia do.

def get_items_rated_by_user (rate_matrix, user_id):
mmn

return (item _ids, scores)

y = rate_matrix[:,0] # all users

# item indices rated by user_id

# we need to +1 to user_id since in the rate matrix, 1id starts from 1
# but id in python starts from 0

ids = np.where(y == user_id +1) [0]

item_ids = rate_matrix[ids, 1] - 1 # index starts from 0

scores = rate_matrix[ids, 2]

return (item_ids, scores)

Bay gio, ta c6 thé di tim vector trong s6 ctia mdi ngudi dimng:
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from sklearn.linear_model import Ridge

from sklearn import linear_model

= X.shape[l] # data dimension

W = np.zeros((d, n_users))

b = np.zeros(n_users)

for n in range (n_users):
ids, scores = get_items_rated_by_user(rate_train, n)
model = Ridge (alpha=0.01, fit_intercept = True)
Xhat = X[ids, :]
model.fit (Xhat, scores)
W[:, n] = model.coef_
b[n] = model.intercept_

Q.
|

Sau khi tinh dugc cac hé s6 W va b, mitc do quan tam ciia mdi ngudi diing t6i mot
b6 phim duge du doan bdi:

Yhat = X.dot (W) + b

Duéi day 1a mot vi du v6i ngudi diing c6 id bang 16:

n = 10

np.set_printoptions (precision=2) # 2 digits after
ids, scores = get_items_rated_by_user (rate_test, n)
print (' Rated movies ids :’, ids )

print (' True ratings :’, scores)
print (' Predicted ratings:’, Yhat[ids, n])

Két qué:
Rated movies ids : [ 37 109 110 226 424 557 722 724 731 739]
True ratings : [33 434 35 33 4]

Predicted ratings: [3.18 3.13 3.42 3.09 3.35 5.2 4.01 3.35 3.42 3.72]

17.4.4. Danh gia mo hinh

Dé danh gia mo hinh tim duge, ching ta sé stt dung cin bac hai sai so trung binh
binh phuong (root mean squared error, RMSE):

def evaluate(Yhat, rates, W, b):

se = cnt = 0

for n in xrange (n_users):
ids, scores_truth = get_items_rated_by_user (rates, n)
scores_pred = Yhat[ids, n]
e = scores_truth - scores_pred
se += (e*e).sum(axis = 0)
cnt += e.size
return np.sqrt (se/cnt)

" %$evaluate (Yhat, rate_train, W, b))

print ('RMSE for training: f
f’ %evaluate (Yhat, rate_test, W, b))

print ('RMSE for test

o° o

.2
.2
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Két qué:

RMSE for training: 0.91
RMSE for test : 1.27

Nhu vay, véi training set, sai s6 vao khodng 0.91 (sao); véi test set, sai s6 16n hon
mot chit, khoang 1.27. Cac két quad nay chua thuyc syt tot vi mo hinh da duoe
don gian hoa qua nhiéu. Két qua tot hon c6 thé duge thay trong cac chuong tiép
theo vé loc cong tac.

17.5. Thao luan

e Hé thong goi ¥ duya trén noi dung la mot phuong phap goi ¥ don gidn. Dic
diém ctia phuong phap nay la viec xay dung moé hinh cho mdi ngusi ding
khong phu thudc vao ngusi dung khac.

e Viéc xay dung mo hinh cho mdi ngusi diing c6 thé coi nhu bai toan hoi quy
v6i dit lieu huan luyén la thong tin san pham va dang gia ciia nguoi diung dé
vé san pham dé. Thong tin san pham khong phu thudc vao ngusi ding ma
phu thuoc vao céc dic diém mé ta clia san pham.

e Ma ngudn trong chuong nay c6 thé tim thay tai https://goo.gl/u9M3vb.

Doc thém

a. Recommendation Systems — Stanford InfoLab (https://goo.gl/P1lpesC).

b. Recommendation systems — Machine Learning, Andrew Ng (https://goo.gl/
jdFvej).

c. Content Based Recommendations — Stanford University (https://goo.gl/3wnbZ4).
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Chuong 18

Loc cong tac lan can

18.1. Gi6i thisu

Trong hé théng gai ¥ dua trén noi dung, chiing ta da lam quen véi mot hé thong
goi ¥ san pham don gian dua trén vector ddc trung clia mdi san pham. Dic diém
clia cac hé thong nay 1a viec xay dung mo hinh cho méi nguoi dung khong phu
thuoc vao cac ngudi diing khac ma chi phu thuoc vao thong tin sdn pham. Viéc
lam nay c6 loi thé 1a tiét kiem bo nhé va thoi gian tinh toan nhung cé hai nhuge
diém co ban. Thi nhat, viec xay dyng thong tin cho san pham khong phai lic
nao ciing thyc hién duge. Thi hai, khi xay dyng moé hinh cho mét ngusi dung,
cac he thong goi v theo noi dung khong tan dung duge thong tin da cé tit nhiing
nguoi dung khac. Nhitng thong tin nay thuong rat hitu ich vi hanh vi mua hang
clia ngudi dung thuong duge chia thanh mot vai nhém co ban. Néu biét hanh
vi mua hang clia mot vai ngudi diing trong nhém, hé théng nén c6 kha nang du
doan hanh vi ctia nhitng ngusi dung con lai trong nhéom doé.

Nhitng nhuge diém nay c6 thé dude gidi quyét bang mot ki thuat c¢é tén la loc
cong tdac (collaborative filtering — CF) [SFHSO7, [ERK™11]. Trong chuong nay,
chiing ta cting lam quen v6i mot phuong phap CF ¢6 tén la loc cong tac dva trén
lan can (neighborhood-based collaborative filtering — NBCF). Chuong tiép theo
sé trinh bay vé mot phuong phap CF khéc c6 tén loc cong tdac phan tich ma tran
(matrix factorization collaborative filtering). Néu chi néi loc cong tdc, ta gam
hidu rang d6 1a loc cong tac dua trén lan can.

Y tudng cua NBCF la xac dinh mitc do quan tam ciia mot ngudsi dung t6i mot san
pham dya trén nhitng ngusi diing c6 hanh vi tuong ti. Viéc xac dinh sy tuong
tu gitta nhitng ngudi ding c6 thé duge xac dinh thong qua miic do quan tam ciia
ho t6i cac san pham khac ma hé théng da biét. Vi du, A va B thich phim “Canh
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sat hinh sy”, déu da danh gid bo phim nay nam sao. Ta da biét them A thich
“Nguoi phan x1t”, vay nhiéu kha niang B ciing thich bo phim nay.

C6 hai cau hoi chinh khi xay dung mot hé thong loc cong tac dua trén lan can:

a. Lam thé nao xac dinh dugc sy tuong ti gitta hai ngusi dung?

b. Khi da xac dinh dudc cidc ngudi ding c6 hanh vi gan giéng nhau, lam thé nado
du doan dugc mic do quan tam ciia mot ngudi diing léen mot san pham?

Viéc xac dinh mtc do quan tam ctia mdi ngudi diing t6i mot san pham dua trén
mitc do quan tam ctia nhing ngudi ding tuong tu t6i san pham dé con duge
goi 1a loc cong tac ngudoi dung (user-user collaborative filtering). C6 mot huéng
tiép can khac thuong cho két qua tét hon 1a loc cong tdc sin pham (item-item
collaborative filtering). Trong huéng tiép can nay, thay vi xac dinh do tuong tu
giita cac ngudi dung, hé théng sé xac dinh do tuong tu giita cac san pham. Tu
d6, he théng goi ¥ mot san pham tuong tu nhitng san pham khac ma ngudi ding
do6 c6 miic do quan tam cao.

Cau trac ctia chuong nhu sau: Muc trinh bay loc cong tac ngusi dung.
Muc néu mot sd han ché ciia phuong phap nay va cach khac phuc bang loc
cong tac san pham. Két qua ctia hai phuong phép nay dude trinh bay qua vi du
trén co s6 dit lieu MovieLens 100k trong Muc . Muc thdo luan cac uu
nhuge diém ctia NBCF.

18.2. Loc cong tac theo ngusi dung
18.2.1. Ham s6 do do6 tuong tu

Viéc quan trong nhat trong loc cong tac ngusi ding 1a xac dinh dude do tuong
tu (similarity) gitta hai ngudi dung. Gié stt thong tin duy nhat ching ta c6 1a ma
tran tién ich Y. Do tuong tu gitta hai ngusi dung sé dugce xac dinh dya trén cac
cOt tuong ing véi ho trong ma tran nay.

Xét vi du trong Hinh Gia st ¢6 nhitng nguoi dung tit uy dén ug va cic
san pham tit iy dén i4. Cac s6 trong méi 6 vuong thé hién s6 sao ma mdi ngudvi
diing da danh gia san pham véi gia tri cao hon thé hién mtc quan tam cao hon.
Cac dau hoi cham 1a cac gia tri ma hé thong can tim. Dat mic do tuong tu cia
hai nguoi ding u;, u; 1a sim(u;, u;). C6 thé nhan thay wg,u; thich g, iy,iy hon
13,14. Trong khi d6 wus, us, u4, us, ug thich 3,74 hon ig,41,i5. Vi vay, mot ham do
do tuong tu (similarity function) tét can dam béo:

sim (ug, u1) > sim(uo, u;), Vi > 1, (18.1)

v6i gia tri cao hon ting véi do gidng nhau cao hon.
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Ug | U1 | Uo | Us | Ug | Us | Ug Hinh 18.1. Vi du Vé ma trén
. tién ich dua trén sO6 sao ngudi
|55 O|1] ?|7]| dung dinh gid san pham. Nhan
il3l2l2lo0l2]212 thay hanh vi cta Uo g|/ong/ ulihdn
U2, U3, Uy, Us, Ug.- T d6 cé thé du
|l 21412212 doédn rang uy s& quan tam téi i,
) > vi u; cling quan tdm t6i san pham
131212341474 nay.
210422725

Dé xac dinh mitc do quan tam ciia ug 1én iy, ching ta nén dya trén hanh vi clia
u; lén san pham nay. Vi da biét w, thich iy, he thong c6 thé goi ¥ is t6i .

Cau héi dat ra 1a, ham do do tuong tu can dude xay dung nhu thé nao? Dé do
do tuong tu gitta hai ngusi dung, cach thuong lam 1a xay dung vector dac trung
cho mdi nguoi ding roi ap dung mot ham c6 kha nang do do gidng nhau gitta hai
vector d6. O day, viéc xay dung vector dac trung khéac v6i viéc xay dung thong
tin sdn pham nhu trong céc hé théng goi ¥ dua trén noi dung. Cac vector dic
trung nay dugc xay dung tryc tiép dua trén ma tran tién ich ma khong dung
thém thong tin bén ngoai. V6i méi nguoi diing, thong tin duy nhat ching ta biét
la cac danh gia ma nguoi diing doé da thuc hien, c6 thé tim thay trong cot tuong
ting trong ma tran tién ich. Tuy nhién, kh6 khin 1a cic cot nay thuong c6 nhicu
gia tri bi khuyét (cdc dau ‘?’ trong Hinh vi mdi nguoi ding thuong chi
danh gid mot lugng nhé cac san pham. Mot cach khic phuc la dién cac ude luong
tho (raw estimation) vao cac 6 ‘?” sao cho viéc nay khong anh huéng nhiéu téi
do tuong tu gitta hai vector. Cac gia tri uwéc lugng nay chi phuc vu viéc tinh do
tuong tu, khong phai 1a két qua cudi cing hé théng can xac dinh.

Vay mdi dau ‘?’ nén dudc thay bdi gia tri ndo dé han ché sai lech khi wéc luong?
Luta chon dau tién c6 thé nghi dén 1a thay cidc dau ‘?’ bang 0. Diéu nay khong
thute sy tot vi gid tri 0 dé bi nham véi v6i midc do quan tam thap nhat; va mot
ngusi dung chua danh gia mot san pham khong c6 nghia la ho hoan toan khong
quan tam t6i san pham dé. Mot gia tri an toan hon la trung binh cong ctia khoang
gia tri, & day 1a 2.5 trén he thong danh gia nam sao. Tuy nhién, gia tri nay co
nhuge diém déi v6i nhitng ngusi ding dé tinh hozic khé tinh. Nhitng ngudi dimng
dé tinh c6 thé danh gia ba sao cho céc san pham ho khong thich; ngudc lai, nhitng
ngudi dimg kho tinh c6 thé danh gia ba sao cho nhitng san pham ho thich. Viéc
thay dong loat cac phan tit khuyét béi 2.5 trong truong hop nay chua mang lai
hiéu qua.

Mot gia tri kha di hon cho viéc nay la udc luong cac phan tit khuyét béi gia tri
trung binh ma mot nguoi dung da danh gia. Diéu nay gitp tranh viec mot nguoi
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dung qua kho tinh hoac dé tinh. Cac gia tri w6c lugng nay phu thudc vao ting
ngudi ding. Quan sat vi du trong Hinh [18.2

Hang cudi ciing trong Hinh la trung binh cac danh gia cia moéi ngudsi dung.
Céc gia tri cao tuong ting v6i nhitng nguoi ding dé tinh va nguge lai. Khi do,
néu tiép tuc trur tit mdi danh gia di gia tri trung binh nay va thay céc gia tri
chua biét bang 0, ta sé dugc mot ma tran tién ich chudan hod (normalized utility
matrix) nhu trong Hinh . Viéc lam nay c6 mot vai uu diém:

e Viéc trit moi gia tri di trung binh cong ctia ¢t tuong ting trong ma tran tién
ich khién méi cot ¢6 cad nhitng gia tri duong va am. Nhiing gia tri duong iing
v6i nhitng san pham duge ngusi ding quan tam hon. Nhitng 6 c6 gia tri 0
tuong ing véi viec ngusi diing chua danh gia san pham tuong tng. Ta can du
doén gia tri & cac 6 nay.

e Ve mat k¥ thuat, s6 chiéu clia ma tran tién ich 13 rat 16n véi hang trieu nguoi
diing va san pham, viéc luu toan bo cac gia tri nay trong mot ma tran sé yéu
cau bo nhé 16n. Vi s6 lugng danh gia biét truée thuong 1a mot sé rat nho so
v6i kich thuée clia ma tran tién ich, sé t6t hon néu chting ta Iuu ma tran nay
du6i dang mot ma tran thwa, titc chi luu cac gia tri khac khong va vi tri cua
ching. Vi vay, tot hon hét, cac dau ’?’ nén dugc thay bang gia tri '0’, tic
chua xac dinh lieu ngusi diing cé thich san pham hay khong. Viéc nay khong
nhitng t6i wu bo nhé ma viéc tinh todn ma tran tuong tu vé sau hiéu qua hon.
0 day, phan tit 6 hang thi 4, cot thit j clia ma tran tuong tu 1a do tuong tu
gitta nguoi dung thit ¢+ va thi 7.

Sau khi dit lieu da dugc chuan hoé, ham tuong tu thuong dude st dung 1a tuong
ty cos (cosine similarity):

H{UQ

cosine _similarity(uy, uy) = cos(uy, ug) = (18.2)

[ [[2- luz 2
Trong do6 u, 2 la cac vector tuong ting v6i hai nguoi dung trong ma tran tién ich
chuan hoa. C6 mot ham trong Python gitp cach tinh ham s6 nay mot cach hieu
qud, ching ta sé thay trong phan lap trinh.

Miic do tuong tu cia hai vector 1a mot s6 thuc trong doan [-1, 1]. Gia tri bang 1
thé hien hai vector hoan toan gidng nhau. Ham s cos clia mot goc bang 1 xay
ra khi goc gitta hai vector bang 0, titc hai vector c¢6 cting phuong va cliing hudng.
Gia tri ctia ham cos bang -1 khi hai vector hoan toan trai ngugc nhau, tiic cling
phuong nhung khac huéng. Diéu nay c6 nghia la néu hanh vi ctia hai nguoi diing
14 hoan toan ngudce nhau thi do tuong tir gitta ho 1a thap nhat.

Vi du vé tuong tu cos ctia ngudi dimng (da duge chuan hoa) trong Hinh [18.2b
dugce cho trong Hinh . Ma tran tuong tir S 1a mot ma tran ddi xitng vi cos 1a

248 Machine Learning co ban

https://thuviensach.vn



Chuong 18. Loc cong tac lan can

ug | ur | ug | ug | ug | us | ue Up | uy | up | uz | us | us | ug
io 5 5 2 0 1 ? ? i9 |1.75[2.25|-0.5|-1.33|-1.5| 0 0
i 4 ? ? 0 ? 2 ? i1 |0.75] 0 0 [-133] 0 |05 | O
ia ? 4 1 ? ? 1 1 [2) 0 |1.25(-15| 0 0 |-05(-2.33
i3 2 2 3 4 4 ? 4 i3 |-1.25-0.75| 0.5 |2.67 | 1.5 | 0 |0.67
iq 2 0 4 ? ? ? 5 iy |-1.25/-2.75| 1.5 | O 0 0 |1.67
D T T A A
Uj |3.25[2.75| 25 [1.33| 25 | 1.5 |3.33

a) Ma trén tién ich ban dau Y va trung
binh dé quan tdm clia ngudi dung

N uy Uz us Ug Uus Ug ) Uuy U us Uyg us Uep
u | 1 |0.83|-0.58/-0.79|-0.82| 0.2 |-0.38 io |1.75|2.25|-0.5 |-1.33| -1.5 \i@g 0.63
, } NN NN\
ur |0.83| 1 |-0.87|-0.40(-0.55|-0.23]-0.71 iv |0.750481-017|-1.33-1.33| 0.5 g@
NN
uy |-0.58(-0.87| 1 |0.27|0.32]0.47 | 0.96 iz 00D 1.25 | -1.5 |-1.84|-1.78| 0.5 |-2.33
N\
u3 |-0.79|-0.40/0.27| 1 |0.87|-0.29/0.18 i3 |-1.25|-0.75| 0.5 | 2.67| 1.5 Q&Y 0.67
NN\
us |-0.82]-0.55/0.32]0.87| 1 | 0 |0.16 iy |-1.25/-2.75| 1.5 [SARRSBNRSS 1.67
SNONOUOONNNNANNN
us | 0.2 [-0.23/047]-029| 0 | 1 |0.56
ug |-0.38]-0.71| 0.96 | 0.18 | 0.16 | 0.56 | 1

c) Ma trén tuong tu ngudi dung S d) Ma trén tién ich chu3n ho4 sau hoan thién
Du doan dé quan tim chu3n ho cda w1 cho i1 véi k=2 Uo | Ul | Uz | U3 | U4 | U5 | Ug
NN ~ 1z L SN
Ngusi dung d3 danh giad iy : {uo, us, us} o | 55 | 2] 0| 1 [wal270
NN
Db tuong tu tuong (ing: {0.83, -0.40, -0.23} i | a \%gg e o Bl - %i%
= k ngudi dung gibng nhit: 11,11) ={ug,
gudi dung gidong N(uy,i1) ={ug,us} N :\%@ . : loslon] 1 L
véi dénh gid chuin hod {0.75, 0.5} NN
is | 2| 2| 3| 4| 4 [230] 4
~ _ 0.83%0.754+(—0.23)%0.5 __ ] AN
= Yiyuy — 0.83+]—0.23] ~ 0.48 i | 2 ] 0 | 4 N0 5
NNNUNRNNN

e) Vi du céch tinh & vién dam trong d) f) Ma trén tién ich sau hoan thién

Hinh 18.2. Vi du md t3 loc cdng tic ngudi dung. a) Ma tran tién ich ban dau. b)
Ma tran tién ich d3 dugc chuin hod. c) Ma trén tuong tu gita ngusi dung. d) Du
doan db quan tam (chuin hoa) con thiéu. e) Vi du vé& cich dy doan dé quan tam
chuin ho4 cia uy téi 1. f) Du dodn cic d6 quan tdm con thiéu.

mot ham chanf™] va néu A tuong tu B thi didu nguge lai ciing ding. Céc 0 trén
duong chéo deéu la cos clia goe gitta mot vector va chinh né, titc cos(0) = 1. Khi
tinh toan & cac budc sau, chiing ta khong can quan tam t6i cac gia tri nay. Tiép

48 Mot ham s6 f : R — R dugc goi la chdn néu f(z) = f(—z), Vo € R.
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Chuong 18. Loc cong tac lan can

tuc quan sat cac vector hang tuong tng véi ug, u1, s, chiing ta sé thay mot vai
diéu tha vi:

e ug gan vii uy va us (do tuong tu 1a duong) hon cac ngudi dung con lai. Viec
do tuong tu cao gitta ug va uq 13 dé hicu vi ca hai déu c6 xu huéng quan tam
t6i 40, i1, 4o hon cac san pham con lai. Viec ug gan v6i us thoat dau c6 vé vo
Iy vi u; danh gia thip cic san pham ma uy danh gia cao (Hinh [18.2h); tuy
nhién khi nhin vio ma tran tien ich da chuan hoé trong Hinh [18.2b, ta thay
rang diéu nay 1a hop 1y vi san pham duy nhat ma ca hai nguoi diing nay da
cung cap thong tin 1a i, vdi cac gia tri tuong ting déu 16n hon khong, tic déu
mang huéng tich cuc.

e u; gan véi ug va xa nhiing ngudi diing con lai.

e Uy gan véi us, uy, Us, g va xa nhiing ngudi ding con lai.

Tit ma tran tuong tu nay, ta c6 the phan cac ngudi diing ra thanh hai cum {ug, u; }
va {ug, us, Uy, Us, U . Vi ma tran S nho nén ching ta c6 thé quan sat thay diéu
nay; khi s6 nguoi ding 16n hon, viéc xac dinh bang mat thuong 134 khong kha
thi. Thuat toan phan cum ngudi ding (users clustering) sé duge trinh bay trong
chuong tiép theo.

18.2.2. Hoan thién ma tran tién ich

Viéc dy doan mitc do quan tam ctia mot ngudi ding t6i mot san pham dua trén
cac nguoi dung tuong tu nay kha giong véi K lan can (KNN) véi ham khodng
cach duge thay bang ham tuong tu.

Gidng véi nhu KNN, NBCF ciing diing thong tin ciia k ngusi ding lan can dé
du doan. Tat nhién, dé danh gid do quan tam clia mot ngudi ding lén mot san
pham, ching ta chi quan tam t6i nhitng nguoi diing da danh gia san pham doé
trong lan can. Gia tri can dien thuong duge xac dinh la trung binh c6 trong s6
clia cac danh gia da chuan hoa. C6 mot diém can Iuu ¥, trong KNN, cac trong sb
dugc xéc dinh dua trén khoang cach gitta hai diém, va cac khoang cach nay luon
1a céc s6 khong am. Trong NBCF, cac trong so6 duge xac dinh duya trén do tuong
tu gitta hai nguoi ding. Nhitng trong s6 nay c6 thé 1a cac s6 am. Cong thiic pho
bié.n duge st dung dé du doan do quan tam ctia ngudi dung u t6i sdm pham i
1a

Z’U«j EN (uy3) gi,uj Sim(u, 'LL])
ZUJ‘ EN (uyi) ‘Sim(’l% u])‘

trong d6 N (u,4) 1a tap hop k ngudi dung tuong ty v6i v nhat da danh gid i.
Hinh [18.2d hoan thién ma tran tieén ich da chudn hoa. Cac 0 nén soc chéo thé

Yiu = (18.3)

49 Sy khac biet so véi trung binh cé trong sb 1a miu sb c6 st dung tri tuyet dbi.
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Chuong 18. Loc cong tac lan can

hién cac gia tri duong, tic cac san pham nén dudce goi ¥ t6i ngusi ding tuong
ung. o) day, nguong duge lay 1a 0, ngudng nay hoan toan co thé duge thay doi
tuy thudc vao viéc ta mudn ggi ¥ nhiéu hay it san pham.

Mot vi du vé viéc tinh do quan tam chuan hod ctia uy t6i i; duge cho trong
Hinh [18.2k véi s6 lan can k = 2. Cac bude thue hién nhu sau:

a. Xac dinh nhing nguoi dung da danh gia i1, & day la ug, us, us.

b. Mitc do tuong ty gitta u; va nhitng nguoi dung nay lan lugt 1a {0.83, —0.40, —0.23}.
Hai (k = 2) gid tri 16n nhat 1a 0.83 va —0.23 tuong ting v6i uy va us.

c. Xé4c dinh cac danh gia (da chuan hod) ctia ug va us tdi iy, ta thu duge hai gia
tri lan luot 14 0.75 va 0.5.

d. Dy doan két qué:

0.83%0.75 + (~0.23) x 0.5
Y = 0.83 + | — 0.23]

~ 0.48 (18.4)

Viéc quy doi cac gia tri danh gia chuan hoa vé thang nam c6 thé duge thyc hién
bang cich cong cic cot clia ma tran Y véi gia tri danh gia trung binh ctia moi
ngusi dung nhu da tinh trong Hinh . Viéc he thdng quyét dinh ggi ¥ san
pham nao cho mdi ngusi diing cé thé duge xéac dinh béng nhidu cach khac nhau.
Hé théng c6 thé sip xép cac san pham chua duge danh gia theo do gidm dan clia
mic do quan tam dude du doan, hoiic ¢6 thé chi chon céc san pham c6 do quan
tam chuan hoa duong — tuong tng véi viec nguoi ding nay cé nhiéu kha ning
thich hon.

18.3. Loc cong tac san pham
Loc cong tac ngudi diing ¢6 mot sd han ché nhu sau:

e Khi lugng ngudi ding 16n hon s6 lugng san pham (diéu nay thudng xay ra),
mdi chiéu clia ma tran tuong ty bang vdi s6 lugng nguoi dung. Viec luu trit
mot ma tran véi kich thude 16n doi khi khong kha thi.

e Ma tran tién ich Y thuong rat thua, tic chi c6 mot ti 1é nhé cac phan tit da
biét. Khi lugng ngusi dimng 16n so véi lugng san pham, nhiéu cot clia ma tran
nay cé it phan ti khac khong vi ngusi ding thuong lugi danh gia sdn pham.
Vi thé, khi mot ngudi diing thay doi hosic thém céc danh gia, trung binh cong
cac danh gia ciing nhu vector chuan hoa tuong ting véi ngusi ding nay thay
d6i theo. Kéo theo dé, viec tinh toan ma tran tuong ti, von tén nhicéu bo nhé
va thoi gian, can dude thuyc hién lai.
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Chuong 18. Loc cong tac lan can

C6 mot cach tiép can khac, thay vi tim sy tuong tu gita cadc ngudi ding, ta c6
theé tim sy tuong tu gitta cac san pham. Tt d6 néu mot ngusi diing thich mot san
pham thi hé théng nén ggi ¥ céc san pham tuong tu t6i ngusi ding do.

Khi lugng san pham nhoé hon lugng ngusi ding, viec xay dung mo hinh dia trén
du tuong tu gitta cac san pham c¢6 mot s6 uu diém:

e Ma tran tuong tu (vuong) c¢6 kich thude nhé hon véi s6 hang bang s6 sén
pham. Viéc nay khién viéc Iwu trit va tinh toan & cac bude sau duge thuc hien
mot cach hiéu qua hon.

e Khi ma tran tién ich c6 s6 hang it hon s6 cot, trung binh s6 lugng phan tit da
biét trong mdi hang sé nhiéu hon trung binh s6 lugng phan tit da biét trong
mdi cot. No6i cach khéc, trung binh s6 san pham duge danh gia bdi mot ngusi
diing sé it hon trung binh s6 ngudi diing da danh gia mot san pham. Kéo theo
do, viéc tinh do tuong tu gitta cac hang trong ma tran tién ich ciing dang tin
cay hon. Hon nita, gia tri trung binh cia mdi hang ciing thay doi it hon khi
c6 them mot vai danh gia. Nhu vay, ma tran tuong tu can dudc cap nhat it
thuong xuyén hon.

Cach tiép can thi hai nay dudce goi 1a loc cong tdac sdn pham (item-item CF).
Khi lugng san pham it hon s6 lugng ngusi diing, phuong phép nay dude wu tien
stt dung hon.

Quy trinh hoan thién ma tran tién tich tuong tu nhu trong loc cong tac ngusi
duing, chi khac 1a bay gio ta can tinh do tuong ti gitta cadc hang clia ma tran do.

Lién hé gitta loc cong tac san pham va loc cong tac ngudi dung

VE mdt todan hoc, loc cong tac sdn pham cé thé nhan dudc ti loc cong tac
ngoi dung bang cach chuyén vi ma tran tién ich va coi nhu sin pham dang
danh gid nguoc nguoi ding. Sau khi hoan thién ma tran, ta can chuyén vi
mot lan nda dé thu duge két qua.

Hinh mo ta quy trinh nay cho cting vi du trong Hinh . Mot diém tha vi
trong ma tran tuong tu trong Hinh 1a cac phan ti trong hai khu vie hinh
vuong 16n déu khong am, cac phan ti bén ngoai la cac sé6 am. Viéc nay thé hien
rang cac san pham cé thé duce chia thanh hai cum 6 rét. Nhu vay, mot cach vo
tinh, chiing ta da thuc hién viéc pham cum san pham. Viéc nay gitp ich cho viéc
du doan & phan sau vi cac san pham gan gidéng nhau rat c6 thé da dugce phan vao
mot cum. Két qua cudi cling vé viéc chon san pham nao dé goi ¥ cho mdi ngudi
ding duge thé hien béi cac 6 ¢6 nén soc chéo trong Hinh [18.3d. Két qua nay c6
khac mot chit so véi két qua tim duge béi loc cong tac ngudi dung & hai cot cudi
cling tuong tng véi us, ug. Nhung duong nhu két qua nay hop 1y hon vi tit ma
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ug | ur | u2 | uz | us | us | ug ug | ur | u2 | uz | us | us | ug
20 5 5 2 0 1 ? ? | = |26 io | 24|24 | -6 |-26[-16| 0 0
i1 4 ? ? 0 ? 2 ?7 | = 2 i1 2 0 0 2 0 0 0
io ? 4 1 ? ? 1 1 | — |1.75 ig 0 |225(-0.75] 0 0 |-0.75]-0.75
i3 2 2 3 4 4 ? 4 | — |3.17 i3 |-1.17|-1.17|-0.17|0.83|0.83| 0 |0.83
21 2 0 4 ? ? ? 5 | = |2.75 iy |-0.75|-2.75/1.25| 0 0 0 (225

a) Ma trén tién ich ban dau

N SRS b) Ma trén tién ich chuan hoa.
Yva trung binh cla cic hang ) T

i i1 io i3 i uo Uy Uz us Ug Us Ueg
io NRNP0:7710:497-0.89|-0.52 io | 24 24| -6|-26|-1.6|-0.29|-1.52
AUOUNAUNUNORINNN
i oz tNoy-0.64|-0.14 i | 2 Rowl-06| 2 |-1.25] 0 [-2.25
AR RN RSN NN\
. ANOUNAOONUNOINNN 3 NN\
i> [QAg DN IN-0.55 -0.88 iy [\28Y]2.25 |-0.75| -2.6 |-1.20|-0.75|-0.75
NN\
iz |-0.89|-0.64|-0.55] 1 |0.68 iz [-1.17|-1.17|-0.17| 0.83 | 0.83 N34 0.83
NN
is |-0.52|-0.14|-0.88|0.68| 1 iy |-0.75]-2.75| 1.25 [L03BTRNO65 2.25
AUV

c) Ma tran tuong tu san ph§m S. d) Ma tran tién ich chuin ho4 sau hoan thién

Hinh 18.3. Vidu mbé t3 item-item CF. a) Ma tran utility ban dau. b) Ma tran utility
da dugc chuan hod. c) User similarity matrix. d) Du dodn cac (normalized) rating
con thiéu.

tran tieén ich, ta nhan thay c6 hai nhém ngudi diing c6 sé thich khac nhau. Nhém
thit nhat 1 ug vA uy; nhém thit hai 134 nhitng ngusi dung con lai.

Muc sau day mo ta cach lap trinh cho NNCF trén Python. Thu vién sklearn
hién chua hé trg cac thuat toan goi ¥. Ban doc c¢6 thé tham khao mot thu vien
khéac kha tot trén python 1a surprise (http://surpriselib.com/).

18.4. Lap trinh trén Python

Thuat toan loc cong tic tuong ddi don gidn va khong chiia bai todn t6i uu nao.
Chiing ta tiép tuc stt dung bo co sé dit lieu MovieLens 100k nhu trong chuong
trudce. Class uuCF trong doan code dudi day thuc hién quy trinh loc cong tac ngusci
dung. C6 hai phuong thitc chinh ciia class nay la fit — tinh ma tran tuong ty,
va predict — du doan s6 sao ma mot ngusi ding sé danh gia mot san pham:
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from _ future__ import print_function

import pandas as pd

import numpy as np

from sklearn.metrics.pairwise import cosine_similarity
from scipy import sparse

class uuCF (object) :

def _ init__ (self, Y_data, k, sim_func=cosine_similarity):
self.Y _data = Y_data # a 2d array of shape (n_users, 3)
# each row of Y _data has form [user_id, item_id, rating]
self.k = k # number of neighborhood
# similarity function, default: cosine_similarity
self.sim_func = sim_func
self.Ybar = None # normalize data
# number of users
self.n_users = int (np.max(self.Y _datal:, 0])) + 1
# number of items
self.n_items = int (np.max(self.Y datal:, 1])) + 1

def fit (self):
# normalized Y data —> Ybar

users = self.Y datal:, 0] # all users — first column of Y data

self.Ybar = self.Y_data.copy ()

self.mu = np.zeros((self.n_users,))

for n in xrange(self.n_users):
# row indices of ratings made by user n
ids = np.where(users == n) [0] .astype (np.int32)
# indices of all items rated by user n
item_ids = self.Y_ datalids, 1]
# ratings made by user n
ratings = self.Y_data[ids, 2]
# avoid zero division
self.mu[n] = np.mean(ratings) if ids.size > 0 else O
self.Ybar[ids, 2] = ratings - self.muln]

# form the rating matrix as a sparse matrix.

# see more: https://goo.gl/iZ2mmT2

self.Ybar = sparse.coo_matrix((self.Ybar[:, 2],
(self.Ybar[:, 1], self.Ybar([:,

(self.n_items, self.n_users)).tocsr()

self.S = self.sim_func(self.Ybar.T, self.Ybar.T)

def pred(self, u, 1i):
""" o predict the rating of user u for item 1i"""
# find item 1
ids = np.where(self.Y datal:, 1] == i) [0].astype(np.int32)
# all users who rated 1
users_rated_1i = (self.Y_datalids, 0]).astype(np.int32)
sim = self.S[u, users_rated_i] # sim. of u and those users

nns = np.argsort (sim) [-self.k:] # most k similar users
nearest_s = sim[nns] # and the corresponding similarities

r = self.Ybar[i, users_rated_i[nns]] # the corresponding ratings

eps = le-8 # a small number to avoid zero division

return (r*nearest_s).sum()/ (np.abs (nearest_s) .sum()+eps)+self.mulu]

01)),
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Tiép theo, ta ap dung vao MoviesLen 100k:

r_cols = ['user_id’, ’'movie_id’, ’'rating’, ’unix_timestamp’]
ratings_base = pd.read_csv('ml-100k/ua.base’, sep='\t’, names=r_cols)
ratings_test = pd.read_csv('ml-100k/ua.test’, sep=’'\t’, names=r_cols)
rate_train = ratings_base.as_matrix()
rate_test = ratings_test.as_matrix()
rate_train[:, :2] -= 1 # since indices start from 0
rate_test[:, :2] -= 1
rs = uuCF (rate_train, k = 40)
rs.fit ()
n_tests = rate_test.shape([0]
SE = 0 # squared error
for n in xrange (n_tests):
pred = rs.pred(rate_test([n, 0], rate_test[n, 11])
SE += (pred - rate_test[n, 2])**2

RMSE = np.sqgrt (SE/n_tests)
print (' User-user CF, RMSE =’, RMSE)

Két qué:

User-user CF, RMSE = 0.976614028929

Nhu vay, trung binh mdi danh gia bi dy doan léch khoang 0.976. Két qua nay tot
hon két qua c6 duge bdi gaoi ¥ dura trén noi dung trong chuong trude.

Tiép theo, ching ta ap dung loc cong tac san pham vao tap co sé dit lieu nay.
Dé ap dung loc cong téc san pham, ta chi can chuyén vi ma tran tién ich. Trong
truong hop nay, vi ma tran tién ich duge luu duéi dang [user_id, item_id, rating]
nén ta chi can doéi chd cot thi nhat cho cot thi hai clia Y_data:

rate_train = rate_train(:, [1, 0, 2]]
rate_test = rate_test[:, [1, 0, 2]

rs = uuCF (rate_train, k = 40)
rs.fit ()

n_tests = rate_test.shape[0]

SE = 0 # squared error

for n in xrange (n_tests):
pred = rs.pred(rate_test[n, 0], rate_test[n, 11])
SE += (pred - rate_test[n, 2])**2

RMSE = np.sqrt (SE/n_tests)
print (' Item-item CF, RMSE =’, RMSE)

Két qua:

Item—item CF, RMSE = 0.968846083868
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Nhu vay, trong trudng hop nay loc cong téc san pham cho két qua tét hon, ngay
ca khi s6 san pham (1682) 16n hon sé ngusi ding (943). Véi cac bai toan khéc,
chiing ta nén thit ca hai phuong phap trén mot tap xac thuyc va chon ra phuong
phap cho két qua t6t hon. Kich thuée lan can k ciing c6 thé duge thay bing cac
gia tri khac.

18.5. Thao luan

e Loc cong tac 1a mot phuong phap goi ¥ san pham dua trén hanh vi clia céc
ngudi ding tuong tu khac lén ciing mot san pham. Viéc lam nay dude thuc
hién duya trén sy tuong tu gitta ngusi dung duge mo ta bdi ma tran tuong tu.

e Dé tinh ma tran tuong tu, trude tién ta can chuan hoa dit lieu. Phuong phap
chuan hoa dit licu pho bién la trit mdi cot (hoic hang) céia ma tran tién ich
di trung binh clia cdc phan tit da biét trong cot (hang) do.

e Ham tuong tu thuong dung la tuong tu cos.

e Mot huéng tiép can khac 1a thay vi di tim cic ngudi dung tuong tu véi mot
nguoi dimg (loc cong tac ngudi ding), ta di tim cac san pham tuong ty véi
mot san pham cho trude (loc cong téc san pham). Trong nhiéu trudng hop,

loc cong tac san pham mang lai két qua t6t hon.

e Ma ngudn trong chuong nay c6 thé duge tim thay tai https://goo.gl /vGKjbo.

Doc théem

1. M. Ekstrand et al., Collaborative filtering recommender systems. (https://goo.
gl/GVn8av) Foundations and Trends®) in Human-Computer Interaction 4.2
(2011): 81-173.

256 Machine Learning co ban

https://thuviensach.vn


https://goo.gl/vGKjbo
https://goo.gl/GVn8av
https://goo.gl/GVn8av

Chuong 19. Loc cong tac phan tich ma tran

Chuong 19

Loc cong tac phan tich ma tran

19.1. Gi6i thidu

Trong Chuong ching ta da lam quen véi phuong phéap loc cong tac dua trén
hanh vi clia ngusi diing hodc san pham lan can. Trong chuong nay, ching ta sé
lam quen v6i mot huéng tiép can khac cho loc cong tac duya trén bai toan phan
tich ma tran thanh nhan t¢ (matrix factorization hodc matrix decomposition).
Phuong phép nay dugc goi la loc cong tac phan tich ma tran (matrix factorization
collaborative filtering - MFCF) [KBV09].

Nhic lai rdng trong hé théng ggi ¥ dua trén noi dung, mdi san pham duge mo
t4 bang mot vector thong tin x. Trong phuong phap doé, ta can tim mot vector
trong s6 w tuong ting véi moéi nguoi dung sao cho cac danh gia da biét clia nguoi
diing téi cac san pham duge xap xi béi:

y~x'w (19.1)
V6i cach 1am nay, ma tran tien ich Y, gid su da duoc dién hét, sé xap xi véi:
T T T
X]Wp X3 W3 ... X Wy X’{
T T T
XoW; XoWo ... Xo W r
2 W1 &9 W2 2 WN X
Y ~ _ = | | [wmiwa...wy] =X"W  (19.2)
S — T xT

v6i M, N lan luot 1 s6 lugng san pham va ngudi ding. Chi ¥ rang trong hé thong
goi ¥ dua trén noi dung, x dude xay dung dya trén thong tin mo ta clia san pham
va qué trinh xay dung nay doc lap v6i qua trinh di tim hé s6 phut hop cho méi
ngudi ding. Nhu vay, viec xay dung thong tin san pham doéng vai tro quan trong
va c6 anh hudng tryc tiép t6i hieu nang ctia mo hinh. Thém nita, viec xay dung
ting mo hinh riéng 1é cho mdi ngudi dung dan dén két qua chua thic sy tét vi
khong khai thac dugc moi quan hé gitta nguoi diing.
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Ya~Y=X"W

N K N

x | K W

Q

M Y M xXT

M6 hinh ngusi dung

Ma trén tién ich (ddy di) Théng tin san pham

Hinh 19.1. Phan tich ma tran. Ma tran tién ich Y € RM*N dugc xp xi béi tich
cla hai ma tran X € RM*K y3 W ¢ REXY,

Bay gio, gia st ring khong can xay dung truée thong tin san pham x ma vector
nay c6 thé duge huan luyén dong thai véi mo hinh ctia méi ngudi dimg (& day 1a
mot vector trong s6). Diéu nay nghia la, bién s6 trong bai toan tdi uu la cad X va
W; trong dé6, mdi cot ctia X 1a thong tin vé mot san pham, mdi cot cia W 1a
mo hinh ctia mot ngusi dung.

V6i cach lam nay, chiing ta dang c6 ging xap xi ma tran tién ich Y € RM*Y bing
tich clia hai ma tran X € RE*M va W € REXN_ Thong thuong, K dudce chon 1
mot s6 nhé hon so véi M, N. Khi d6, cd hai ma tran X va W déu c¢6 hang khong
vuot qua K. Chinh vi vay, phuong phap nay con dugc goi la phan tich ma tran
hang thap (low-rank matrix factorization) (xem Hinh .

Mot vai diém can Iuu ¥

9% tuéng chinh ding sau loc cong tac phan tich ma tran la ton tai cac ddc
trung an (latent feature) mo td mdi quan hé giita san pham va ngudi dimg.
Vi du, trong hé théng khuyén nghi cac bo phim, diic trung an c6 thé 1a hinh
su, chinh tri, hanh dong, hai,...; ciing ¢6 thé 1a mot sy két hop nao do clia céc
thé loai nay. Dac trung an ciing c6 thé 1a bat ci didu gi ma ching ta khong
thuc su can dit ten. Mbi san pham sé mang dic trung an ¢ mot mic do nao
d6 tuong ting véi cac hé sb trong vector x clia nd, hé so6 cang cao tuong ng
véi viec mang tinh chat d6 cang cao. Tuong ty, méi nguoi diing ciing sé c6 xu
huéng thich nhing tinh chat an nao dé duge mo ta bdi cac hé sb trong vector
w. Hé s cao tuong ting vdi viec ngusi dung thich cac bo phim c6 tinh chat
an dé6 nhiéu. Gi4 tri clia biéu thitc x”w sé cao néu cac thanh phan tuong ting
clia x va w déu cao (va duong) hodic déu thap (va am). Diéu nay nghia la sdn
pham mang céc tinh chat an ma ngudi diing thich, vay ta nén goi ¥ san pham
nay cho ngudsi dung doé.

e Tai sao phan tich ma tran dugc xép vao loc cong tac? Cau tra 1oi dén ti viec
t61 vu ham mat mat duge thdo luan & Muc . Vé co ban, dé tim nghiem
clia bai toan tdi uwu, ta phai lan lugt di tim X vd W khi thanh phan con lai
dugde ¢d dinh. Nhu vy, moi cot ciia X sé phu thuoc vao toan bo céc cot clia
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W. Nguoce lai, méi cot cia W phu thudc vao toan bo cac cot ciia X. Nhu vay,
c6 nhiing mdi quan hé rang buoc ching chit gita cac thanh phan ctia hai ma
tran trén. Vi vay, phuong phap nay ciing dugc xép vao loc cong tac.

e Trong céc bai toan thuc té, s6 luong san pham M va s6 luong nguoi ding
N thuong rat 16n. Viec tim ra cdc mo hinh don gidn gitp dy doan do quan
tam can dudc thuc hien mot cach nhanh nhat c6 thé. Loc cong tac dya trén
lan can khong yéu cau viéc huan luyén qua nhiéu, nhung trong qua trinh du
doén, ta can di tim do tuong tu clia mot ngudi ding véi toan bo ngudi dung
con lai 161 suy ra két qua. Ngudc lai, v6i phan tich ma tran, viéc huan luyén
tap hon vi phai lap di lap lai viéc t6i wu mot ma tran khi ¢6 dinh ma tran
con lai. Tuy nhién, viéc du doan don gidn hon vi chi can tinh tich vo huéng
x"w, mdi vector c¢6 do dai K la mot s6 nhé hon nhiéu so véi M, N. Vi vay,
qué trinh dy doan khong yéu cau ning vé tinh toan. Viéc nay khién phan tich
ma tran tré nén phu hgp véi cac mo hinh c6 tap dit liéu 16n.

e Hon nita, viéc luu trit hai ma tran X va W yéu cau lugng bo nhé nhé so véi
viéc luu toan bo ma tran tién ich va tuong tu trong loc cong téc lan can. Cu
thé, ta can bo nhé dé chia K (M + N) phan tit thay vi M2 hoac N? ctia ma
tran tuong tu (K < M, N).

19.2. Xay dung va téi wvu ham mat mat
19.2.1. Xap xi cac danh gia da biét
Nhu da dé cap, danh gia ctia ngudi diing n téi san pham m c6 thé duge xap xi

bdi Ypn = XL w,,. Ta ciing c6 thé them cac he s6 diéu chinh vao cong thic xap xi
nay va toi wu cac he s6 d6. Cu the:

Yrmn R X2 Wy + by + d, (19.3)
Trong do, by, v d,, luot luot 1a céc hé s6 diéu chinh tng v6i san pham m va
ngusi ding n. Vector b = [by, by, . . ., bys]T 1a vector didu chinh cho cac san pham,
vector d = [dy, ds, . ..,dy]" 1a vector diéu chinh cho cdc ngusi dung. Giéng nhu

loc cong tac lan can (NBCF), cic gia tri nay cling c6 thé dugc coi 1a cac gia tri
giip chuan hoa dit lieu véi b tuong tng véi loc cong tac san pham va d tuong
ting véi loc cong tac nguoi dung. Khong gidong nhu trong NBCF, cac vector nay
sé duge t6i uwu dé tim ra cac gia tri phit hop véi tap huén luyén nhat. Them vao
d6, huan luyen d va b ciing lic gitp két hop ca loc cong tac nguoi dung va lan
can vao mot bai toan téi wu. Vi vay, ching ta mong dgi rang phuong phap nay
sé mang lai hiéu qua t6t hon.

19.2.2. Ham mét mat

Ham mét mét cho MFCF ¢6 thé duge viét nhu sau:
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A
L(X,W,b,d) Z D (Wit b+ = ) + ST + W)
n=1 m:rymn=1 ~~ d
~~ d mét mat kiém soat

méat mat trén da lieu

trong d6 7,,, = 1 néu san pham tht m da duge danh gia béi ngusi dung thi n,
s 1a s6 luong danh gia da biét trong tap huan luyen, y,,, 1& danh gia chua chuan
ho cia ngudi dimg thit n t6i san pham th m. Thanh phan thi nhat ciia ham
mat mat chinh 1 sai s6 trung binh binh phuong sai s6 ctia mo6 hinh. Thanh phan
thit hai chinh I3 kiém soét I, gitip mo hinh tranh qua khép.

Viéc t6i uu dong thoi X, W, b, d 1a tuong déi phiic tap. Phuong phap dudc st
dung 1a 1an lugt t6i wu mot trong hai ciap (X, b), (W, d) trong lic ¢6 dinh cap
con lai. Qua trinh nay duogc lap di lip lai cho t6i khi ham mat mat hoi tu.

19.2.3. T6i vu ham méat mat

Khi ¢ dinh cip (X, b), bai toan t6i wu cap (W, d) c6 thé duge tach thanh N
bai toan nho:

L) = o 30 (KEwa b by ) vl (194

m:rmn=1

Moi bai toan c6 thé duge téi wu bang gradient descent. Cong viée quan trong la
tinh cac gradient ctia titng ham mat mat nhé nay theo w, va d,. Vi biéu thiic
trong dau Y chi phu thudc vao cac san pham da duge danh gia bdi ngusi dung
thtt n (tuong ng véi cac 7, = 1), ta c6 thé don gidn bing cach dat X,
14 ma tran con dugc tao bédi cac cot clia X tuong tng véi cac san pham da duge
danh gia béi ngusi dung n, b, 1a vector didu chinh con tuong tng, va y, la cac
danh gia tuong ting. Khi do,

1, < - . A
L1(Wa, dn) = o[ XKW + b+ dul = Ju* + S Wall3 (19.5)

v6i 1 1a vector véi moi phan tit bang mot v6i kich thuée phu hgp. Cac gradient
cua no la:

Ve, L1 = %Xn(fifwn + by 4+ dul — ¥) + Aw, (19.6)
Vi, L1 = élT(ngn + b, +dp1—¥,) (19.7)
Cong thic cap nhdat cho w, va d,:
wn<—wn—n<if( (X"w,, + by, +d,1 — &n)+/\wn) (19.8)
dp, < d, —n <§1T(ngn + b, +d,1 — yn)) (19.9)

50 viec chudn hoa sé dugc tu dong thyc hién thong qua viéc huan luyén b va d
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Tuong tir, mdi cot x,, clia X va b,, sé dugc tim bang cich t6i wu bai toan
1

A
T 9 > (WhXin + iy + b — Youn)® + §|yxm||§ (19.10)

N:rmn=1

LQ (Xm ) bm)

Dit W, la ma tran con tao bdi cac cot cua W ing véi cac ngudi dung da danh
gi4 san pham m, d,, 1a vector diéu chinh con tuong tng, va y™ la vector cac danh
gia tuong ting. Bai toan ((19.10)) trd thanh

1 ~ . A
L (X, b)) = 2—S||W£xm +dp + b1 — Yol + §||xm||§. (19.11)
Tuong tu ta co
Cong thic cap nhat cho x,, va b,,:

1 . . .
X ¢ X — 1) <—Wm(Wz;xm +d, +b,1—yn) + )\Xm> (19.12)
S

1 ~ ~
b < b — 1 (§1T(W7T,Lxm +d,, + byl — ym)) (19.13)

19.3. Lap trinh Python

Chiing ta sé viét mot class MF thire hién viéc toi wu cac bién véi ma tran tién ich
duge cho dudi dang Y_data giong nhu véi NBCF.

Trudc tién, ta khai bao mot vai thu vién can thiét va khdi tao class MF:

from _ future__ import print_function

import pandas as pd

import numpy as np

from sklearn.metrics.pairwise import cosine_similarity
from scipy import sparse

class MF (object) :
def _ init_ (self, Y, K, lam = 0.1, Xinit = None, Winit = None,
learning_rate = 0.5, max_iter = 1000, print_every = 100):
self.Y = Y # represents the utility matrix
self.K = K
self.lam = lam # regularization parameter

self.learning _rate = learning_rate # for gradient descent
self.max_iter = max_iter # maximum number of Iiterations
self.print_every = print_every # print loss after each a few iters
self.n_users = int(np.max(Y[:, 0])) + 1

self.n_items = int(np.max(Y[:, 1])) + 1

self.n_ratings = Y.shape[0] # number of known ratings

self.X = np.random.randn(self.n_items, K) if Xinit is None\

else Xinit

self.W = np.random.randn (K, self.n_users) if Winit is None)\
else Winit

self.b = np.random.randn (self.n_items) # item biases

self.d = np.random.randn (self.n_users) # user biases
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Tiép theo, chiing ta viét cac phuong thiic loss, updateXb, updateWd cho class MF.

def loss (self):
L =20
for i in range(self.n_ratings):
# user_id, item_id, rating
n, m, rating = int(self.Y[i,0]), int(self.Y[i,1]), self.Y[i,2]
L += 0.5*(self.X[m].dot (self.W[:, n])\
+ self.b[m] + self.d[n] - rating)**2

L /= self.n_ratings
# regularization, don’t ever forget this
return L + 0.5*self.lam* (np.sum(self.X**2) + np.sum(self.W**2))

def updateXb (self):
for m in range(self.n_items):
# get all users who rated item m and corresponding ratings
ids = np.where(self.Y[:, 1] == m) [0] # row indices of items m
user_ids, ratings=self.Y[ids, 0].astype(np.int32),self.Y[ids, 2]
Wm, dm = self.W[:, user_ids], self.d[user_ids]
for i in range(30): # 30 iteration for each sub problem
xm = self.X[m]
error = xm.dot (Wm) + self.b[m] + dm - ratings
grad_xm = error.dot (Wm.T)/self.n_ratings + self.lam*xm

grad_bm = np.sum(error)/self.n_ratings

# gradient descent

self.X[m] -= self.learning_rate*grad_xm.reshape (-1)
self.b[m] -= self.learning_rate*grad_bm

def updateWd(self): # and d
for n in range(self.n_users):
# get all items rated by user n, and the corresponding ratings
ids = np.where(self.Y[:,0] == n) [0] #indexes of items rated by n
item_ids, ratings=self.Y[ids, 1l].astype(np.int32), self.Y[ids, 2]
Xn, bn = self.X[item_ids], self.b[item_ids]

for i in range(30): # 30 iteration for each sub problem
wn = self.W[:, n]
error = Xn.dot (wn) + bn + self.d[n] - ratings
grad_wn = Xn.T.dot (error)/self.n_ratings + self.lam*wn
grad_dn = np.sum(error)/self.n_ratings
# gradient descent
self.W[:, n] -= self.learning_rate*grad_wn.reshape (-1)
self.d[n] -= self.learning_rate*grad_dn

Phan tiép theo 1a qua trinh t6i wu chinh cia MF (fit), du doan danh gia (pred)
va danh gia chat lugng mo hinh bang RMSE (evaluate_RMSE).

def fit (self):
for it in range(self.max_iter):

self.updateWd ()

self.updateXb ()

if (it + 1) % self.print_every ==
rmse_train = self.evaluate_RMSE (self.Y)
print ('iter = %d, loss = %.4f, RMSE train = %.4f’% (it + 1,

self.loss (), rmse_train))
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def pred(self, u, 1i):

mmon

predict the rating of user u for item 1
mmn

u, 1 = int(u), int (i)
pred = self.X[i, :].dot(self.W[:, ul]) + self.b[i] + self.d[u]
return max (0, min (5, pred)) # 5-scale in MoviesLen

def evaluate_RMSE (self, rate_test):
n_tests = rate_test.shape[0] # number of test
SE = 0 # squared error
for n in range (n_tests):
pred = self.pred(rate_test[n, 0], rate_test[n, 11])
SE += (pred - rate_test[n, 2])**2

RMSE = np.sqrt (SE/n_tests)
return RMSE

Téi day, class MF da dude xay dung véi cac phuong thic can thiét. Ta can kiém
tra chat lugng mo hinh khi 4p dung lén tap dit lieu MoviesLen 100k:

r_cols = [’'user_id’, ’'movie_id’, ’rating’, ’unix_timestamp’]
ratings_base = pd.read_csv('ml-100k/ua.base’, sep='\t’, names=r_cols)
ratings_test = pd.read_csv('ml-100k/ua.test’, sep=’'\t’, names=r_cols)

rate_train = ratings_base.as_matrix()
rate_test = ratings_test.as_matrix()

# indices start from 0

rate_train[:, :2] -=1

rate_test[:, :2] -=1

rs = MF (rate_train, K = 50, lam = .01, print_every = 5, learning_rate = 50,
max_iter = 30)

rs.fit ()

# evaluate on test data
RMSE = rs.evaluate_RMSE (rate_test)
print (' \nMatrix Factorization CF, RMSE = %.4f’ $%RMSE)

Két qua:

iter = 5, loss = 0.4447, RMSE train = 0.9429

iter = 10, loss = 0.4215, RMSE train = 0.9180
iter = 15, loss = 0.4174, RMSE train = 0.9135
iter = 20, loss = 0.4161, RMSE train = 0.9120
iter = 25, loss = 0.4155, RMSE train = 0.9114
iter = 30, loss = 0.4152, RMSE train = 0.9110

Matrix Factorization CF, RMSE = 0.9621

RMSE thu duge 1a 0.9621, tot hon so véi NBCF trong chuong trude (0.9688).
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19.4. Thao luan

e Phan tich ma tran khong am:. Khi ma tran tien ich chua dude chuén ho4,
cac phan tit déu la gia tri khong am. Ké ca trong truong hop dai gia tri ctia
cac danh gia c6 chita gia tri am, ta chi can cong thém vao ma tran tién ich
mot gia tri hop 1 dé c¢6 dude cac thanh phan la cac sé khong am. Khi d6, mot
phuong phap phan tich ma tréan thuong mang lai hiéu qua cao trong cac hé
thong goi ¥ 1a phan tich ma tran khong aém (nonnegative matrix factorization
— NMF) [ZWFMO06], ttc phan tich ma tran thanh tich cdc ma tran c6 cac
phan tit khong am. Lic nay, dic trung an clia mot sdn pham va hé sbé tuong
ing clia nguoi diing 1a cac s6 khong am.

Thong qua phan tich ma tran, ngusi ding va san pham dudc lien két v6i nhau
béi cac dac trung an. Do lien két ctia mdi ngudi diing va san pham t6i moi
diic trung an dugc do bang thanh phan tuong @ng trong vector dic trung, gia
tri cang 16n thé hien viec ngusi ding hodc san pham c6 lien quan dén dac
trung an do cang 16n. Bang truc giac, su lién quan ctia mot ngudi dung hosc
san pham dén mot dac trung an nén la mot s6 khong am véi gia tri khong thé
hién viéc khong lién quan thay vi gia tri am. Hon nita, moi ngudi dung va san
pham chi lien quan dén mot vai diic trung an nhat dinh. Vi vay, céc vector
diic trung cho ngusi ding va san pham nen la cac vector khong am va c6 rat
nhiéu gia tri bang khong. Nhitng nghiém nay c6 thé dat dugce bing céch cho
thém rang buoc khong am vao cac thanh phan ctia X va W. Day chinh 1a
nguon goc clia ¥ tudng va tén goi phan tich ma tran khong am.

e Phan tich ma tran diéu chinh nhé: thoi gian du doan ctia mot heé théng
gdi ¥ st dung phan tich ma tran 1a rat nhanh nhung thoi gian huan luyéen 1a
kha lau véi cac bai toan quy mo 16n. Thie té cho thiy, ma tran tién ich thay
ddi lien tuc vi ¢6 them ngudi ding, san pham ciing nhu cac danh gid méi, vi
vay cac tham s6 mo hinh cfing phai thuong xuyén dudc cap nhat. Dieu nay
dong nghia v6i viéc ta phai tiép tuc thic hién qua trinh huan luyén von tén
khé nhiéu thoi gian. Thay vi huan luyén lai toan bo mo hinh, ta c6 thé diéu
chinh cdc ma tran X vd W bang cach huan luyén thém mot vai vong lip. K§
thuat nay dudc goi 1a phan tich ma tran diéu chinh nhé (incremental matrix
factorization) [VJG14], dugc ap dung nhiéu trong cac bai toan quy mo lén.

e Co nhiéu cac giai bai toan t6i uu clia phan tich ma tran ngoai cach ap dung gra-
dient descent. Ban doc c6 the xem thém alternating least square (ALS) (https:
//goo.gl/g2M4fb)), generalized low rank models (https://goo.gl/DrDWyW), va
phan tich gid tri suy bien [SKKRO02, Pat07]. Chuong 20| sé trinh bay k§ vé
phan tich gia tri suy bién.

e Ma ngudn trong chuong nay co thé duge tim thay tai https://goo.gl/XbbFH4.
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Phan VI

Giam chiéu dw liéu

Céc bai toan quy mo 16n trén thuc té ¢6 luong diém dit lieu 16n va dit lieu nhiéu
chiéu. Néu thyec hién luu trit va tinh toan trice tiép trén dit licu c6 s6 chiéu 16n thi
sé gap kho khan vé luu trit va tinh toan. Vi vay, gidm chiéu di lieu (dimensionality
reduction hodc dimension reduction) la mot bude quan trong trong nhiéu bai toan
machine learning.

Duéi géc do toan hoc, gidm chiéu dit lieu 1a viec di tim mot ham s6 f : RP — RE
v6i K < D bién mot diém dit lisu x trong khong gian c6 s6 chiéu 16n RP thanh
mot diém z trong khong gian c6 s6 chiéu nhé hon R”. Giam chiéu dit lisu c6
thé ap dung vao cac bai toan nén thong tin. N6 ciing hitu ich trong viéc chon ra
nhiing dac trung quan trong hoac tao ra cac dac trung mdéi tu dac trung ctt phu
hop véi tung bai toan. Trong nhiéu trudng hop, lam viéc trén dit lieu da gidm
chiéu cho két qua t6t hon dit liéu trong khong gian ban dau.

Trong phan nay, ching ta sé xem xét cac phuong phap giam chiéu dit lieu pho
bién nhat: phdn tich thanh phan chinh (principle component analysis) cho bai
toan giam chiéu dit lieu van gitt to6i da lugng thong tin, va linear discriminant
analysis cho bai toan gitt lai nhiing dic trung quan trong nhat cho viéc phan loai.
Truée hét, ching ta cing tim hiéu mot phuong phap phan tich ma tran vo cling
quan trong — phan tich gid tri suy bién (singular value decomposition).
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Chuong 20

Phan tich gia tri suy bién

20.1. Gi6i thidu

Nhic lai bai toan chéo hoa ma tran: Mot ma tran vuong A € R™ " goi 1a chéo
ho4 dugc néu ton tai ma tran duong chéo D vA ma tran kha nghich P sao cho:

A = PDP! (20.1)
Nhan ca hai vé ctia (20.1]) v6i P ta c6
AP =PD (20.2)

Goi p;, d; lan luot 1a cot thit 4 clia ma tran P va D. Vi moi cot clia vé trai va vé
phéi cta (20.2)) phai bang nhau, ta can c6

Ap; = Pd; = d;;p; (20.3)

v6i dj; 1a phan ti thi ¢ ciia d;. Dau bang thit hai x4y ra vi D 13 ma tran duong
chéo, tic d; chi ¢6 thanh phan d;; khac khong. Biéu thic chi ra rang mdi
phan tit d;; phai 13 mot tri rieng clia A va moi vector cot p; phai 14 mot vector
rieng cua A tng véi tri riéng d;.

Cach phan tich mot ma tran vuong thanh nhan tit nhu con duge goi la
phan tich riéng (eigen decomposition). Dang chi ¥, khong phai lic ndo cling ton
tai cach phan tich nay cho mot ma tran bat ky. N6 chi ton tai néu ma tran A
c6 n vector rieng doc lap tuyén tinh, titc ma tran P kha nghich. Thém nita, cach
phan tich nay khong phai la duy nhat vi néu P,D thod méan thi kP, D
ciing thod man véi k 1a mot s6 thyc khac khong bat ky.

Viéc phan tich mot ma tran thanh tich ctia nhiéu ma tran dic biet khac mang lai
nhitng ich l¢i quan trong trong bai toan ggi ¥ san pham, giam chiéu di liéu, nén
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dit lieu, tim hiéu cac dac tinh cta dit lieu, giai cac hé phuong trinh tuyén tinh,
phan cum va nhiéu ing dung khac.

Trong chuong nay, chiing ta sé lam quen v6i mot trong nhiing phuong phap phan
tich ma tran rat dep ciia dai s6 tuyén tinh c6 tén 1a phan tich gid tri suy bién
(singular value decomposition — SVD) [GR70]. Moi ma tran, khong nhat thiét
vuong, déu co thé duge phan tich thanh tich ctia ba ma tran dic biét.

20.2. Phan tich gia tri suy bién

Dé han ché nham 1an trong céc phép toan, ta sé ky hiéu mot ma tran ciing véi
kich thuéc ctia no, vi du A, «, ky hiéu mot ma tran A € R™*"™.

20.2.1. Phat biéu phan tich gia tri suy bién

Phan tich gia tri suy bién (SVD)

Mot ma tran Ay, bat ky déu co thé phan tich thanh dang:
Amxn - UmeEan(Van)T (204)

vdi U,V la cac ma tran truc giao, 3 la mot ma tran duong chéo cung kich
thude vdi A. Cac phan tii trén duong chéo chinh cia X la khong am va
duogc sdp xép theo thi tw giam dan oy > 09 > -+ >0, >0=0=---= 0.
So lugng cac phan ti khdac khong trong X chinh la hang cia ma tran A:
r = rank(A).

SVD ctia mot ma tran bat ky luon ton ta. Céach biéu dién ([20.4) khong la duy
nhat vi ta chi can doi dau ctia ca U va V thi (20.4) vin thod man.

Hinh mo ta SVD ctia ma tran A, ., trong hai truong hgp: m < n vam > n.
Trusng hop m = n c¢6 thé xép vio mot trong hai trusng hop trén.

20.2.2. Nguon gbc tén goi

Tam b6 qua chiéu clia moi ma tran, ti (20.4) ta co:

AAT =UxVH(UZVHT (20.5)
=Uxviveiu® (20.6)
=uzx’u’ =uzxy’u! (20.7)

Dau béing 6 (20.6) xay ra vi VIV =T do V la mot ma tran tric giao. Dau bang
¢ (20.7) xay ra vi U la mot ma tran truc giao.

! Ban doc c¢6 thé tim thay chiing minh cho vigc nay tai https://goo.gl/ TdtWDQ.
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Aan = [U,xm| X F:‘:l menx
+H Vin

(a) (m < n)
= X| B X | Vi
Amx’n Umxm I:‘:
Zmxn | (b) (m > n)

Hinh 20.1. SVD cho ma trén A khi: (a) m < n, va (b) m > n. 3 1a m6t ma trén
dudng chéo véi cac phan tir trén d6 gidm dan va khong 4m. Mau xdm cang dam thé
hién gia tri cang cao. Cac 6 mau tring trén ma tran X thé hién gia tri bang khong.

Quan sat thay rang X7 1a mot ma tran dudng chéo vé6i cac phan tit trén dusng
chéo la 0%, 03, ... Vay chinh 1a mot phan tich rieng cia AATvAa 07 03, . ..
1 cac tri riéng clia ma tran nay. Ma tran AA7T luon 1a nita xac dinh duong nén
cac tri rieng ctia né la khong am. Can bac hai cac tri rieng ctia AAT, o, con
duge goi 1a gid trj suy bién (singular value) ctia A. Ten goi phan tich gid tri suy
bién xuat phat tir day.

Ciing theo d6, mdi cot ctia U 1a mot vector rieng ciia AAT. Ta goi mdi cot
nay la mot vector suy bién trdi (left-singular vector) ctia A. Tuong tu, ATA =
VETEVT va cac cot clia V duge goi 1a cac vector suy bién phdi (right-singular
vectors) cia A.

Trong Python, dé tinh SVD ctia mot ma tran, ching ta st dung module linalg
cua numpy:

from __ future__ import print_function
import numpy as np
from numpy import linalg as LA

m, n =3, 4
A = np.random.rand(m, n)
U, S, V= 1LA.svd(A) # A = U*S*V (no V transpose here)

# checking if U, V are orthogonal and S is a diagonal matrix with
# nonnegative decreasing elements

print (' Frobenius norm of (UU”T - I) =’, LA.norm(U.dot(U.T) - np.eye(m)))
print ('S = ', 3)

print (' Frobenius norm of (VV*T - I) =’, LA.norm(V.dot(V.T) - np.eye(n)))
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UQUQV%

B DH:

Hinh 20.2. Biéu dién compact SVD dudi dang tc“;ng cac ma tran c6 rank bang 1.
Céac khdi ma tran dit canh nhau thé hién phép nhan ma tran.

Két qué:

Frobenius norm of (UUT - I) = 4.09460889695e-16
S = [ 1.76321041 0.59018069 0.3878011 ]
Frobenius norm of (VV"T - I) = 5.00370755311e-16

Luu ¥ rang bién s dude tra vé chi bao gdm céc phan tit trén dudng chéo ctia X.
Bién v tra vé 1a V7 trong (20.4)).

20.2.3. Gia tri suy bién ctia ma tran nita xac dinh duong
Gia st A 1a mot ma tran vuong doéi xing nita xac dinh duong, ta sé chiing minh
rang gia tri suy bién chinh 1& tri riéng ctia n6. That vay, goi A 1a mot tri rieng
cia A va x la mot vector riéng ing vdéi tri riéng va ||x|[o = 1. Vi A 1a nia xac
dinh duong, A > 0. Ta c6
Ax = x = ATAx = Mx = \’x (20.8)
Nhu vay, A2 1a mot tri riéng ctia AT A = gia tri suy bién ctia A chinh 13 VA2 = ).
20.2.4. Phan tich gia tri suy bién gian lugc
Viét lai biéu thitc (20.4) dusi dang tong clia cac ma tran c6 hang bing mot:
A =oywv] +ooupvy + -+ ou v (20.9)
v6i cht ¥ rang mdi uiviT, 1 <i<r,la mot ma tran c6 hang bang mot.
Trong cach biéu dién nay, ma tran A chi phu thuoc vao r cot dau tién ciia U,V
va r gia tri khac 0 trén duong chéo ctia ma tran X. Vi vay ta ¢6 mot cach phan
tich gon hon va goi 1a SVD gidn luge (compact SVD):
A=0U3, (V)" (20.10)

v6i U,, V, lan luct 1a ma tran dudc tao béi r cot dau tien ctia U va V. 3, 1a ma
tran con dudc tao bdi r hang dau tién va r cot dau tién ctia ¥. Néu ma tran A
c6 hang nhé hon rat nhiéu so véi s6 hang va s6 cot, tic r < m,n, ta sé duge 1oi
nhiéu vé viéc luu tri. Hinh la mot vi du minh hoa v6i m =4,n = 6,r = 2.
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20.2.5. Phan tich gia tri suy bién cit ngon

Nhic lai rang céc gia tri trén duong chéo chinh ciia X 1a khong am va gidm dan
0p>09>-->0,>0=0=---=0. Thong thuong, chi mét lugng nhé cac o;
mang gia tri 16n, cac gia tri con lai nhé va gan khong. Khi dé ta c6 thé xap xi
ma tran A bang tong ctia k < r ma tran cé hang bing mot:

A=~ A,=UXS (V! =oowv] +ooupve + - 4 opupvy (20.11)

Viéc bd di r — k gia tri suy bién khac khong nhé nhat duge goi 1a SVD cdt ngon
(truncated SVD). Dudi day 1a mot dinh 1y tha vi. Dinh 1§ nay néi rang sai s6 do
cach xap xi SVD cét ngon bang cin bac hai tong binh phuong ciia cac gia tri suy
bién bi cit di. O day sai s6 dugc dinh nghia 13 Frobineous norm ciia hiéu hai ma
tran.

Dinh 1y 20.1: Sai s6 do xap xi bdi SVD cit ngon

Sai s6 do xap xi mot ma tran A c6 hang r béi SVD cat ngon véi k < r
phan tit 1a

1A= AE =) of (20.12)

i=k+1

Chaing minh: Stt dung tinh chat ||X||% = trace(XXT) va trace(XY) = trace(YX)
v6i moi ma tran X, Y ta co:

T 2 T T T
A — ALll7 = Z oav! || = trace ( Z JiuiviT> ( Z Jjujva>
i=k+1 P i=k+1 j=k+1
T T i
= trace{ Z Z aiajuiviiju]T} = trace{ Z afuiu?}%.li’))
i=k+1 j=k-+1 i=k+1
T
= trace{ Z afuiTul} (20.14)
i=k+1
T T
:trace{ Z Uf} = Z o? (20.15)
i=k+1 i=k+1

Dau bang thit hai ¢ (20.13]) xdy ra vi V c6 cac cot vuong goc véi nhau. Dau bang
¢ (20.14)) xay ra vi ham trace c6 tinh chat giao hoan. Dau bang ¢ (20.15)) xay ra
vi biéu thtic trong dau ngoidc 1a mot sé vo hudng.

Thay k£ =0 ta sé co
[ENEED N (20.16)
i=1
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A= AR S0

|A[ > i1 03

Nhu vay, sai s6 do zap i cang nhé néu cdc gid tri suy bién bi cat cang nhé so vdi
cdc gid tri suy bién dudgc gitt lai. Day 1d mot dinh 1y quan trong gitp xac dinh

(20.17)

viec xap xi ma tran dua tren luong thong tin mudn git lai. O day, lugng thong
tin duge dinh nghia 1a téng binh phuong ctia gia tri suy bién. Vi dy, néu muén
gitt lai it nhat 90% luong thong tin trong A, trude hét ta tinh Z;Il 0]2-, sau do
chon k 1a s6 nho nhét sao cho

2
S5 >09 (20.18)

Khi k nho, ma tran Ay c¢6 hang nhé bang k£ Vi vay, SVD cét ngon ciing duge xép
vao loai zdp xi hang thap.

20.2.6. X4p xi hang k t6t nhat

Nguai ta chitng minh duge rén A}, chinh 14 nghiém clia bai toan toi uu sau
day:
min||A — B||r
B (20.19)
thod man: rank(B) = k

va |A — Agllz = >, 07 nhu da ching minh 6 trén .
Néu stt dung £ norm clia ma tran (xem Phu luc thay vi Frobenius norm dé
do sai s0, A, ciing 1a nghiém ctia bai toan téi uu
min||A — B,
B (20.20)
thod man: rank(B) = k

va sai 80 ||A — Ayl|3 = o7,,. Trong d6, £ norm clla mot ma tran duge dinh nghia
bdi
= ||HﬁaX1 | Ax||o (20.21)
x||a=
Frobenius norm va ¢, norm 13 hai norm dudc sit dung nhiéu nhat trong ma tran.
Nhu vay, xét trén ca hai norm nay, SVD ciat ngon déu cho xap xi tot nhat. Vi

vay, SVD cit ngon con dudc coi 1a xdp xi hang thap tot nhat (best low-rank
approximation).

20.3. Phan tich gia tri suy bién cho bai toan nén anh

Xét vi du trong Hinh [20.3] Bic 4nh gbc trong Hinh la mot anh xam c6
kich thudéc 960 x 1440 diém anh. Bic anh nay cé thé duge coi 1a mot ma tran

52 Singular Value Decomposition — Princeton (https://goo.gl/hU38GF).
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=3
S
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10?

A = Axllz/1AlG
(=1
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10!

0 250 500 750 1000 0 250 500 750 1000
k k

(b) (c)

k =50: error = 0.0059

k =5: error = 0.0448

k =100: error = 0.0026

(d) (e) (f)

Hinh 20.3. Vi du vé SVD cho anh. (a) Biic anh gbc 13 mét ma tran c& 960 x 1440.
(b) Céc gia tri suy bién clia ma tran anh theo thang do logarit. Cac gi tri suy bién
giam nhanh & khoang k = 200. (c) Biéu dién lugng théng tin duoc giit lai khi chon
cic k khac nhau. C6 thé thiy tir khoang k& = 200, lugng théng tin giit lai gin bing
1. Vay ta c6 thé xAp xi ma tran dnh ndy bing mét ma tran c6 hang nhé hon. (d),
(e), (f) Cac anh xap xi véi k lan luct 13 5, 50, 100.

A € RY9x1440 (6 thé thay ring ma tran nay c6 hang thap vi toa nha co cac tang
tuong tir nhau, tiic ma tran c6 nhiéu hang tuong tir nhau. Hinh thé hien
cac gia tri suy bién sép xép theo thi tu gidm dan cfia ma tran diém anh. O day,
cac gia tri suy bién dugce biéu dién trong thang logarit thap phan. Gia tri suy
bién dau tien 16n hon gid tri suy bién thi 250 khoang gan 1000 lan. Hinh
mo ta chat luong clia viec xap xi A bdéi Ay, thong qua SVD cit ngon. Ta thay
gia tri nay xap xi bing mot tai k& = 200. Hinh [20.3d} [20.3€] [20.3f 1a cac biic anh
xap xi khi chon cac gia tri k& khac nhau. Khi & gan 100, lugng thong tin mat di
hon 0.3%, anh thu dugc c6 chat lugng gan nhu anh goc.

Dé luu anh v6i SVD céat ngon, ta luu cac ma tran U, € R™<* %, € Rk 'V, €
R™*_ Téng s6 phan tit phai luu 1& k(m + n + 1) véi chd ¥ rang X, 14 mot ma
tran duong chéo. Néu mdi phan tit dude luu bdi mot sé thite bon byte thi s6 byte
can luu 1a 4k(m + n + 1). Néu so gia tri nay véi anh goc c6 kich thuée mn, moi
gia tri 1d mot s6 nguyén mot byte, ti 1é nén la

4k(m+n+1)
mn

(20.22)

Khi £ < m,n, ta dugc mot ti 16 nho hon 1. Trong vi du trén, m = 960,n =
1440, k = 100, ti 1e nén 1a xap xi 0.69, tic da tiét kiem dugce khoang 30% bo nhd.
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20.4. Thao luan

e Ngoai nhiing ting dung néu trén, SVD con duge ap dung trong viéc giai phuong
trinh tuyén tinh thong qua gid nghich ddo Moore Penrose (https://goo.gl/
4wrXue), he thong goi ¥ [SKKRO0], giam chiéu dit lieu [Cyb89|, khi mo dnh
(image deblurring) [HNOOG|, phan cum [DEKT04]....

e Khi ma tran A 16n, viéc tinh toan SVD t6n nhiéu thoi gian. Cach tinh SVD
cat ngon véi k nhu dugce trinh bay tré nén khong khé thi. C6 mot phuong
phép lap gitp tinh cac tri riéng va vector riéng cia mot ma tran 16n mot cach
hiéu qua. Trong phuong phap nay, ta chi can tim k tri rieng 16n nhat cia
AAT va céc vector riéng tuong tng. Viec nay giap khéi lugng tinh toan gidm
di dang ké. Ban doc c6 thé tim doc them Power method for approzimating
eigenvalues (https://goo.gl/PfDqsn)).

e Ma ngudn trong chuong nay c6 thé duge tim thay tai https://goo.gl/Z3wbsU.

Doc théem
a. Singular Value Decomposition - Stanford University (https://goo.gl/Gp726X).
b. Singular Value Decomposition - Princeton (https://goo.gl/HKpcsB)).

c. CS168: The Modern Algorithmic Toolbox Lecture #9: The Singular Value De-

composition (SVD) and Low-Rank Matriz Approximations - Stanford (https:
//goo.gl/RVH7KU)).

d. The Moore-Penrose Pseudoinverse (Math 33A - UCLA) (https://goo.gl/VxMYx1).
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Chuong 21

Phan tich thanh phan chinh

21.1. Phan tich thanh phan chinh

21.1.1. Y tudng

Gia st vector dit lieu ban dau x € R” dugc gidm chiéu tré thanh z € RX véi
K < D. Mot cach don gidn dé giam chiéu dit lieu tit D vé K < D la chi giw lai
K phan tt quan trong nhat. C6 hai cau héi lap titc duge dat ra. Thit nhat, lam
thé nao dé xac dinh tam quan trong ctia mdi phan t%? Tht hai, néu tam quan
trong cia cadc phan ti 1a nhu nhau, ta can bé di nhitng phan tit nao?

Dé tra 10i cau héi thit nhét, hiy quan sat Hinh 21.1a] Gia sit cac diém dit lieu
c6 thanh phan thit hai (phuong diing) gidong het nhau hogc sai khac nhau khong
dang ké (phuong sai nhé). Khi d6, thanh phan nay hoan toan cé thé duge luge
bd, va ta ngam hiéu ring noé sé dudc xap xi bing ky vong ctia thanh phan do6
trén toan bo dit lieu. Ngugc lai, néu ap dung phuong phap nay lén chiéu thi nhat
(phuong ngang), lugng thong tin bi mat di dang ké do sai s6 xap xi qua lén. Vi
vay, luong thong tin theo mdi thanh phan c6 thé duge do biang phuong sai ciia
dit lieu trén thanh phan d6. Téng lugng thong tin la tong phuong sai trén toan
bo cac thanh phan. LAy mot vi du vé viéc ¢6 hai camera duge dat ding dé chup
ciing mot ngudi, mot camera phia trude va mot camera dat tréen dau. Ro rang,
hinh 4nh thu dugdc tit camera dit phia truéc mang nhiéu thong tin hon so véi
hinh dnh nhin tit phia trén dau. Vi vay, bitc anh chup tit phia trén dau cé thé
dude boé qua ma khong lam mat di qua nhiéu thong tin vé hinh dang clia ngusi

do.

Cau hoi thit hai tuong ting véi truong hop Hinh [21.1b| Trong ca hai chiéu, phuong
sai ctia dit lieu déu 16n; viec bé di mot trong hai chiéu déu khién mot luong thong
tin dang ké bi mat di. Tuy nhién, néu xoay truc toa do di mot géc phit hop, mot
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Hinh 21.1. Vi du vé phuong sai cla dit liéu trong khéng gian hai chiéu. (a) Phuong
sai cla chiéu thir hai (ti 18 véi do rong cta dudng hinh chuong) nhé hon phUOng sal
clia chiéu thir nhit. ( ) Ca hai chiéu c6 phuong sai dang ké. Phuong sai clia mdi
chiéu 13 phuong sai clia thanh phan tuong tng dugc |4y trén toan bd dit liéu. Phuong
sai ti |& thudn véi do phan tan cha di liéu.

N K D — K] N
4 9 Z
D X = |pUg |Ug| X
D-K Y
Dit lidu ban diu Ma trén truc giao Toa db trong hé co sé méi
K N X Y
= X |K Z + 1
D UK D UK

Hinh 21.2. Y tudng chinh cia PCA: Tim mét hé truc chu3n méi sao cho trong hé
ndy, cac thanh phan quan trong nhit ndm trong K thanh phan dau tién.

trong hai chiéu dit lieu c6 thé duge luge bé vi dit lieu ¢6 xu huéng phan bd xung
quanh mot dudng thang.

Phan tich thanh phan chinh (principle component analysis, PCA) la phuong phap
di tim mot phép xoay truc toa do dé dude mot hé truc toa do méi sao cho trong
hé méi nay, thong tin ctia dit lieu chi yéu tap trung ¢ mot vai thanh phan. Phan
con lai chita it thong tin hon c6 thé duge luge bo.

Phép xoay truc toa do co lien he chat ché t6i hé truc chuan va ma tran truc giao
(xem Muc m va [1.10)). Gi& sit hé co s¢ true chuan méi 1a U (méi cot cita U la
mot vector don vi cho mot chiéu) va ta mudn giit lai K toa do trong hé co sé méi
nay. Khong mat tinh tong quat, gid st d6 la K thanh phan dau tién. Quan sat
Hinh m v6i ¢o 86 méi U = [Ug, U & 1a mot he tryc chuan véi Ug 1a ma tran
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con tao béi K cot dau tién ctia U. Trong hé co s mdéi nay, ma tran dit lieu co6
thé dugc viét thanh

X = UgZ + UxY (21.1)
T day ta ciing suy ra
Z UL Z =ULX
|:Y} = |:67;<:|X:> YZﬁ%X (21.2)

Muc dich ctia PCA la di tim ma tran tryc giao U sao cho phan 16n thong tin
nam & UgZ, phan nhoé thong tin nam ¢ UgY. Phan nho nay sé dude luge bo va
xap xi bang mot ma tran c6 cac cot nhu nhau. Goi méi cot dé 1a b, khi do, ta sé
xap xI Y ~ b1” véi 17 € R 1a mot vector hang ¢6 toan bo cac phan ti bing
mot. Gid st da tim dude U, ta can tim b thod méan:
b = argmin, Y — b17||% = argmin, ||[ULX — b17|% (21.3)
Giai phuong trinh dao ham theo b ctia ham muc tiéu bang 0:
(b1” —ULX)1=0= Nb=U%LX1=b=U%x (21.4)

O day ta da st dung 171 = N va X = +X1 la vector trung binh céc cot ctia X.
Véi gia tri b tim duge nay, dit lieu ban dau sé duge xap xi béi

X =UxZ+U, Y~ UxZ+Upbl” =UxZ+ UgULx1” £2X  (21.5)

21.1.2. Ham mat mat

Ham méat mat ctia PCA dugce coi nhu sai s6 ciia phép xap xi, dude dinh nghia 13

1 ~ 1, - ~ o~ 1 ~ =~ ~ o~
VX =X = L 0xY - UpUf=1" | = 005X - U Ot}
N N N
1 o~ ~
= OO X 5173 2 (U) (21.6)

Cht ¥ ring, néu cac cot ctia mot ma tran V tao thanh mot he truc chuan thi véi
mot ma tran W bat k¥, ta luon co

[VW |3 = trace( W VIVW) = trace(W W) = |[W]|% (21.7)

Dit X = X — %17. Ma tran nay c6 duge bang cach trit méi cot cia X di trung
binh céc cot ciia no. Ta goi X 1a ma tran dit lieu da duge chuan hoa. C6 thé thay
X, =X,—X, Vn=1,2,...,N.

Vi vay ham mat mat trong (21.6)) c6 thé duge viét lai thanh:
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D
1 ~ro 1 sra 1 ~
JU) = LITERIE = IR0l =+ S0 IRl 19)
i=K+1
1 2 D
=N Z u} XXy, = Z u; Su; (21.9)

1=K+1 i=K+1

vil S = %)A()A(T la ma tran hiép phuong sai ciia dit lieu va luon 1a mot ma tran

ntta xac dinh duong (xem Muc |3.1.7)).
Cong viéc con lai 1a tim céc u; dé mat mat 1a nhd nhat.

V6i ma tran U tryc giao bat ky, thay K = 0 vao (21.9) ta co6

D
]. <> ]_ A~ A~
L=) u/Su; = NHXTUH% = Ntrace(XTUUTX) (21.10)
i=1
1 S 1 ~a D
- Ntrace(XTX) = Ntrace(XXT) = trace(S) = ZZI i (21.11)

V6i A\ > Ay > --- > Ap > 0 la céc tri riéng cia ma tran nia xac dinh duong S.
Chu § riing cac tri rieng nay la thiyce va khong amd]

Nha vay L khong phu thuoc vao ciach chon ma tran truc giao U va bang téng cac
phan tit trén dudng chéo clia S. N6i cach khéac, L chinh 1a tong cac phuong sai
theo timg thanh phan ctia di lieu ban da!]

Vi vay, viéc t6i thieu ham mat mat J duge cho bdi (21.9)) tuong duong véi viec
t6i da bieu thrc

K
F=L-J=) uSu (21.12)
=1

21.1.3. Té6i wu ham méat mat

Nghiém ctia bai toan t6i wvu ham mat mat PCA dudc tim dua trén khang dinh
sau day:

53 Téng cac tri rieng clia mot ma tran vuong bat ki ludn bing vét clia ma tran doé.
54 Mbi thanh phén trén dudng chéo chinh clia ma tran hiép phuong sai chinh 14 phuong sai ciia thanh
phan dit liéu tuong ting.
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<7 Hinh 21.3. PCA c6 thé dudc coi I3 phuong
R phap di tim mét hé co sé truc chuan déng

,'l vai trdo mét phép xoay, sao cho trong hé co

RO s6 méi nay, phuong sai theo mét sb chiéu

o 0 ndo dé Ia khong déng ké va c6 thé lugc bé.
N ! Trong hé co s& ban dau Oe;e,, phuong sai
L theo m&i chiéu (d6 rong clia cac dudng hinh

chudng nét lién) déu 16n. Trong khéng gian
mdi v6i hé co s Ouyuy, phuong sai theo hai

; chiéu (d6 rong ctia cac dudng hinh chudng
' er  nét dit) chénh l&ch nhau déng ké. Chiéu dit
' litu c6 phuong sai nhé ¢c6 thé dugc luge bd
! vi dif liéu theo chiéu nay it phan tan.
R

’

/4

Néu S la mot ma tran nia wdc dinh duong, bai todn toi wu

K
T
- Su; 21.1
r%ileuz u (21.13)
thod man: UL U =1 (21.14)
co nghiém uy, ..., ux la cic vector riéng ing vdi K tri riéng (ké cd lap)

I6n nhat cia S. Khi dé, gid tri lén nhat cia ham muc tiéu la Zfil i, V01
A > Xy > - > Ap la cac tri riéng cua S.

Khéng dinh nay ¢6 thé duge chiing minh bing quy nap|

Tri riéng 16n nhat \; cia ma tran hiép phuong sai S con duge goi 1a thanh phan
chinh thit nhat (the first principal component), tri riéng thi hai A, duge goi
12 thanh phan chinh thi hai,... Téen goi phdn tich thanh phan chinh (principal
component analysis) bat nguon tit day. Ta chi gitt lai K thanh phan chinh dau
tien khi gidm chiéu dit lieu dung PCA.

Hinh minh hoa cac thanh phan chinh véi dit lieu hai chiéu. Trong khong
gian ban dau véi cac vector co sG ey, ez, phuong sai theo mdi chieu dit lieu (ti le

5% Xin dugc b qua phan chiing minh. Ban doc c6 thé xem Excercise 12.1 trong tai lisu tham khao [Bis06]
v6i 101 gidi tai https://goo.gl/sM32pB.
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v6i do rong clia cdc hinh chuong nét lien) déu 1én. Trong hé co sé méi Oujuy,
phuong sai theo chiéu thit hai 63 nhé so véi 67. Diéu nay chi ra rang khi chiéu
dit lieu len uy, ta duge cac diém rat gan nhau v gan véi gia tri trung binh theo
chiéu do6. Trong trudng hop nay, vi gia tri trung binh theo moi chiéu bang 0, ta
c6 thé thay thé toa do theo chiéu uy bing 0. R6 rang la néu dit liéu c6 phuong
sai cang nhé theo mot chiéu nao dé thi khi xap xi chiéu d6 bang mot hang so,
sai sO0 xap xi cang nhé. PCA thuyc chat 1a di tim mot phép xoay tuong tng véi
mot ma tran tric giao sao cho trong hé toa do mdi, ton tai cic chiéu c6 phuong
sai nho c6 thé duge bé qua; ta chi can giit lai cac chidu/thanh phan khac quan
trong hon. Nhu da khang dinh & trén, tong phuong sai theo toan bo céac chiéu
chiéu trong mot hé co s bat ky 1a nhu nhau va bang tong cac tri rieng clia ma
tran hiép phuong sai. Vi vay, PCA con dudc coi 1a phuong phap gidm sb chiéu
dit lieu sao tdng phuong sai con lai 14 16n nhét.

21.2. Cac buéc thuc hién phan tich thanh phan chinh
Tit cac suy luan trén, ta c6 thé tom tat lai cac bude trong PCA nhu sau:
1) Tinh vector trung binh ctia toan bo dit lieuw: X = + SN X

2) Trit moi diém dit lieu di vector trung binh ctia toan bo dit lieu dé dugc dit lieu
chuan hoa:

%, = X, — X (21.15)
3) Dat X = [X1,%s,...,Xp| & ma tran dit lidu chuan hod, tinh ma tran hiep
phuong sai:
1 ~~
S = —XX” 21.16
< (21.16)

4) Tinh cac tri rieng va vector riéng tuong tng c6 £, norm bang 1 clia ma tran
nay, sap xép ching theo thi tu gidm dan cta tri riéng.

5) Chon K vector riéng ting v6i K tri riéng 16n nhat dé xay dung ma tran Ug
c6 cac cot tao thanh mot hé truc giao. K vector nay dugc goi la cac thanh
phan chinh, tao thanh mot khong gian con gan véi phan bo cia dit lieu ban
dau da chuan hoa.

6) Chiéu dit lieu ban dau da chuin hoa X xuéng khong gian con tim dugc.

7) Dit lieu mdi 1 toa do clia cac diém dit lieu trén khong gian méi: Z = Uﬂ}/i

Nhu vay, PCA la két hop ciia phép tinh tién, zoay truc toa do va chiéu di lieu
len hé toa do madi.

Dit litu ban dau c6 thé tinh dude xap xi theo dit lieu méi béi x ~ U Z + x.
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Quy trinh thyc hién PCA

1. Tim vector trung binh

3

O

(@]
Q
Q)

2. Trur di vector trung binh

3

O

gl
o e

Q §3)

A

o
OING) X

3. Tinh ma tran hiép
phuong sai:
S = +XXT

4. Tim tri riéng va
vector riéng cla S:

()\1, ul), veay ()\D,UD).

Céc vector riéng dugc
chon phai tao thanh
mot hé truc chuan.

7. Dit liéu gidm chiéu (cac
diém mau trang)

6. Chiéu dir liéu ban dau
xuéng cac vector riéng dé

€

5. Chon K vector riéng
ing vdéi cac tri riéng I6n

nhat ,"
[ )
up
‘\
.. >
N
Py 7
0B ..
, ~~~~
o,
@ o
&

€

Hinh 21.4. Cac budc thuc hién PCA.

Mot diém dit lieu méi v € RP sé duge gidm chiéu bang PCA theo cong thic
w = UL (v — %) € R¥. Ngugc lai, néu biét w, ta c6 thé xap xi v bdi Ugw + X.
Cac buée thuc hien PCA duge minh hoa trong Hinh .

21.3. Lién hé véi phan tich gia tri suy bién

PCA va SVD c6 mbi quan hé dac biet véi nhau. Xin phép nhic lai hai diém da

trinh bay duéi day:

21.3.1. SVD cho bai toan xap xi hang thap tét nhat

Nghiém ctia bai toan xap xi mot ma tran béi mot ma tran c6 hang khong vugt

qué k (xem Chuong :

min| X — Al

thod man: rank(A) = K

chinh 1a SVD cit ngon ctia A.

(21.17)
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Chuong 21. Phan tich thanh phan chinh

Cu thé, néu SVD ciia X € RP*N 13
X =Uxv? (21.18)

véi U € RP*XP v V € RVXN 1 cac ma tran truc giao va 3 € RP*YN 13 ma tran
duong chéo (khong nhat thiét vuong) véi cac phan tit trén dudng chéo khong am
gidm dan. Nghiém ctia bai toan (21.17)) chinh Ia:

A =UgXVE (21.19)
voi U € RP*E va V € RV*K 13 cac ma tran tao béi K cot dau tien cia U va V,
Y € REXK 13 ma tran duong chéo con ting v6i K hang dau tién va K cot dau
tién cua 3.
21.3.2. Y tudng ciia PCA
Nhu da ching minh & (21.5), PCA 1a bai toan di tim ma tran tryc giao U va ma
tran mo ta dit lieu ¢ khong gian thap chiéu Z sao cho viée xap xi sau day la t6t

nhat: ) L
X ~ X = UgZ+ UgULx1” (21.20)
véi Uk, Uk 1an luot 1a cdc ma tran dude tao bdi K cot dau tien va D — K cot
cudi cling clia ma tran tryc giao U, va X 1a vector trung binh ciia dit liéu.
Gia stt rang vector trung binh x = 0. Khi d6, (21.20)) tuong duong véi
X ~ X = UxZ (21.21)
Bai toan t6i uu ctia PCA sé trd thanh:
UK, A= arg min HX — UKZHF
U2 (21.22)
thod man: U};UK =1Ix
voi I € REXK 13 ma tran don vi trong khong gian K chiéu va diéu kién rang

buoc dé dam bao céc cot cia Uk tao thanh mot hé truc chuan.

21.3.3. Quan hé gitta hai phuong phap

Ban c6 nhan ra diém tuong dong giita hai bai toan t6i wu (21.17) va (21.22) véi
nghiém ctia bai toan dau tien duge cho trong (21.19)? C6 thé nhan ra nghiem
cua bai toan (21.22]) chinh la
Ug trong (21.22) = Ug trong ([21.19)
Z trong ([(1.22) =ZxVk trong (R1.19)

Nhu vay, néu cac diém dit lieu duge biéu dién bdi céc cot clia mot ma tran, va
trung binh cac cot cia ma tran doé la vector khong thi nghiém ctia bai toan PCA
dude rut ra truc tiép tit SVD cat ngon ciia ma tran d6. No6i cach khéc, viee di
tim nghiém cho PCA chinh la viéc giai mot bai toan phan tich ma tran thong
qua SVD.
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21.4. Lam thé nao dé chon s chiéu cta dit liéu méi

Mot cau héi duge dat ra la, lam thé nao dé chon gia tri K — chiéu ctia dit lieu
méi — véi ting dit lieu cu thé?

Thong thuong, K dude chon dya trén viéc luong thong tin mudn giit lai. 0 day,
toan bo thong tin chinh I téng phuong sai cia toan bo cac chiéu dit lieu. Lugng
dit lieu mudén dit lai 14 tong phuong sai ciia dit lieu trong hé truc toa do méi.

Nhéc lai ring trong moi hé truc toa do, tong phuong sai ctia dit licu 14 nhu nhau

va bang tong cac tri riéng clia ma tran hiép phuong sai Ziil A;. Thém nita, PCA

gitip gitt lai lugng thong tin (tong cac phuong sai) 1a Zfil A;. Vay ta c6 thé coi

biéu thiic: .

rg = —Zgl A (21.23)
Zj:l Aj

1a ti lé thong tin duge gitt lai khi s6 chicu dit lieu mé6i sau PCA 1a K. Nhu vay,
gia st ta mudn gitt lai 99% dit lieu, ta chi can chon K la s6 tu nhién nhé nhat
sao cho rg > 0.99.

Khi dit lieu phan b6 quanh mot khong gian con, cic gia tri phuong sai 16n nhat
ing vdi cac \; dau tién cao gap nhiéu lan cac phuong sai con lai. Khi d6, ta c6
thé chon dugc K khé nho dé dat duge rx > 0.99.

21.5. Luu ¥ vé tinh toAn phan tich thanh phan chinh

C6 hai truong hop trong thic té ma chiung ta can luu ¥ vé PCA. Truong hop thi
nhat 1a luong dit lieu c6 duge nhé hon rat nhiéu so vé6i sd chieu dit lieu. Trudng
hop thit hai 1a khi luong dit liéu trong tap huan luyén rat 16n, viéc tinh toan ma
tran hiép phuong sai va tri rieng doi khi tréd nén bat kha thi. C6 nhitng huéng
gidi quyét hieu qua cho cac truong hop nay.

Trong muc nay, ta sé coi nhu dit lieu da duge chuan hoa, ttic da duge trit di vector
ky vong. Khi d6, ma tran hiép phuong sai sé 1a S = %XXT.

21.5.1. S6 chiéu di¥ liéu nhiéu hon sé diém di lieu

D6 1a truong hop D > N, titc ma tran dit lieu X 1a mot ma tran cao. Khi dé, s6
tri rieng khac khong ctia ma tran hiép phuong sai S sé khong vugt qua hang cta
né, tic khong vugt qua N. Vay ta can chon K < N vi khong thé chon ra dudc
nhiéu hon N tri rieng khac khong ctia mot ma tran c¢6 hang bang N.

Viéc tinh toan cac tri riéng va vector riéng cling co thé duge thuc hien mot cach
hiéu qua dya trén cic tinh chat sau day:
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a. Tri rieng ctia A ciing la tri rieng ctia kA v6i k # 0 bat ky. Diéu nay co thé
dude suy ra trice tiép tit dinh nghia ctia tri riéng va vector riéng.

b. Tri rieng ctia AB ciing 13 tri riéng ciia BA véi A € R4>*%2 B € R%2*4 13 cac
ma tran bat ky va dy, ds 1& cac s6 tu nhién khac khong bat ky.

Nhu vay, thay vi tim tri riéng ctia ma tran hiép phuong sai S € RP*P | ta di
tim tri rieng clia ma tran T = X7X € RV*Y ¢6 86 chiéu nhé hon (vi N < D).

c. Néu (A, u) 1a mot cgp tri rieng, vector rieng ciia T thi (A, Xu) 1a mot cdp tri
riéng, vector riéng ctia S. That vay:

X'Xu = Tu = \u = (XX)(Xu) = A\(Xu) (21.24)

Dau bang thit nhat xay ra theo dinh nghia ctia tri riéng va vector riéng.

Nhu vay, ta ¢ thé hoan toan tinh dudc tri riéng va vector riéng ctia ma tran hiep
phuong sai S dya trén mot ma tran T c6 kich thuéc nho hon. Viéc nay trong
nhiéu trudng hop khién thoi gian tinh toan giam di dang ké.

21.5.2. Véi cac bai toan quy moé 16n

Trong rat nhiéu bai todn quy mo 16n, ma tran hiép phuong sai 1 mot ma tran
rat 16n. Vi duy, ¢6 mot triéu bitc anh 1000 x 1000 pixel, nhu vay D = N = 10° 1
céc sO Tat 16n, viéc trie tiép tinh toan tri rieng va vector riéng cho ma tran hiép
phuong sai 1a khong kha thi. Lic nay, cac tri riéng va vector riéng ciia ma tran hiép
phuong sai thuong duge tinh thong qua power method (https://goo.gl/eBRPxH)).

21.6. Mot s6 tng dung

Ung dung dau tien ctia PCA chinh 1 viéc gidm chiéu di lieu, giap viec luu tri
va tinh toan dude thuan tién hon. Thie té cho thay, nhiéu khi lam viéc trén dit
licu da dudc giam chiéu mang lai két qua tét hon so vé6i dit lieu gde. Thit nhat, c6
thé phan di lieu mang thong tin nhé bi luge di chinh 1a phan gay nhiéu, nhitng
thong tin quan trong hon da dugc gitt lai. Thi hai, s6 diém dit lieu nhiéu khi it
hon s6 chieu dit licu. Khi c6 qua it dit lieu va s6 chiéu dit lieu qué 16n, qua khép
rat dé xay ra. Viec giam chiéu dit lieu phan nao gitp khic phuc hién tugng nay.

Dudi day 1a hai vi du vé iing dung ctia PCA trong bai toan phan loai khuon mit
va do diém bat thuong.

21.6.1. Khuén mat riéng

Khuon mdt riéng (eigenface) titng 1a mot trong nhitng k¥ thuat phd bién trong

bai toan nhan dang khuon mat. Y tuéng ctia khuon mat riéng la di tim mot khong
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209999
09909

Hinh 21.5. Vi du vé 3nh cda mét ngudi trong Yale Face Database.

gian ¢6 s6 chiéu nhé hon dé mo ta mdi khuon mat, tit dé sit dung vector trong
khong gian thap chiéu nay nhu vector dic trung cho bo phan loai. Diéu dang néi
1a mot bitc Anh khuon mit c¢6 kich thuée khoang 200 x 200 sé c6 s6 chiéu 1a 40k
— mot s6 rat 16n, trong khi d6, vector dac trung thuong chi ¢6 s6 chiéu bang vai
tram hoac vai nghin. Khuon mat riéng thuc ra chinh la PCA. Cac khuon mit
rieng chinh 1a cac vector riéng ting v6i nhitng tri rieng 16n nhat ctia ma tran hiep
phuong sai.

Trong phan nay, ching ta lam mot thi nghiém nhé trén co sd di lieu khuon
mat Yale (https://goo.gl/LNg8LS). Cac bitc anh trong thi nghiém nay da duge
can chinh cho ciing vé6i kich thude va khuon mit nam tron ven trong mot hinh
chit nhat cé kich thuée 116 x 98 diém &nh. C6 tat ca 15 ngudi khac nhau, méi
nguoi c6 11 bidc anh duge chup 6 cac dieu kién anh sang va cdm xtc khac nhau,
bao gém ‘centerlight’, ’glasses’, ’happy’, ’'leftlight’, ’noglasses’, ’normal’
, 'rightlight’,’sad’, ’sleepy’, ’surprised’, va ’wink’. Hinh [21.5 minh hoa céac
bitc anh ctia ngusi ¢6 id la 10.

Ta thay rang s6 chieu dit lieu 116 x 98 = 11368 1a mot s6 kha 16n. Tuy nhién, vi
chi ¢6 tong cong 15 x 11 = 165 biic anh nén ta c6 thé nén céc bitc anh nay vé dit
liéu m6i ¢6 chicu nhé hon 165. Trong vi du nay, ching ta chon K = 100.

Duéi day la doan code thuc hien PCA cho toan bo dit liéu. O day, A trong sklearn
dugc st dung:
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import numpy as np
from scipy import misc # for loading image
np.random.seed (1)

# filename structure

path = ’unpadded/’ # path to the database

ids = range(l, 16) # 15 persons

states = [’centerlight’, ’'glasses’, ’happy’, ’leftlight’,
"noglasses’, ’'normal’, ’'rightlight’,’sad’,
"sleepy’, ’'surprised’, ’‘wink’ ]

prefix = ’subject’

surfix = ' .pgm’

# data dimension
h, w, K = 116, 98, 100 # hight, weight, new dim
D=h*w
N = len(states)*15
# collect all data
X = np.zeros ((D, N))
cnt = 0
for person_id in range(l, 16):
for state in states:

fn = path + prefix + str(person_id).z£fill(2) + 7.’ + state + surfix
X[:, cnt] = misc.imread(fn) .reshape (D)
cnt += 1

# Doing PCA, note that each row is a datapoint
from sklearn.decomposition import PCA

pca = PCA(n_components=K) # K = 100

pca.fit (X.T)

# projection matrix

U = pca.components_.T

Trong dong pca = PCA(n_components=K), néu n_components la mot so thuc trong

khoang (0,1), PCA sé thuc hién viéc tim K dua trén biéu thie (21.23).

Hinh biéu dién 18 vector rieng dau tién (18 cot dau tién ctia Uy) tim duge
bang PCA. Céc vector da dugc reshape vé ciing kich thude nhu cic biic anh goc.
Nhan thay cac vector thu duge it nhiéu mang thong tin ctia mit ngudi. Thuc té,
mot khuon mat goc sé dude xap xi nhu tong c6 trong sé ciia cac khuon mét nay.
Vi céc vector riéng nay déng vai tro nhu co s clia khong gian mdi véi it chiéu
hon, ching con dugc goi la khuon mat riéng hoac khuon mdat chinh. Tt chinh
dude ding vi n6 di kém véi van canh ctia phan tich thanh phan chinh.

Dé xem mitc do hiéu qua ctia phuong phap nay, ching ta minh hoa cac btic 4nh
gbc va cac bitc anh duge xap xi bang PCA nhu trén Hinh Céc khuon mat
nhan dugc van mang kha day du thong tin clia cdc khuon mit goc. Dang cha y
hon, cac khuon mat trong hang dudi duge suy ra tit mot vector 100 chiéu, so vé6i
11368 chiéu nhu ¢ hang trén.
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Hinh 21.6. Cic eigenfaces tim dugc bang PCA.
2909
& 48 4%
o C
b & & 4%

|

Hinh 21.7. Hang trén: cic anh gbc. Hang dusi: cic anh dudc tai tao dung khudn
mit riéng. Anh & hang dudi cé nhidu nhung vAn mang nhiing dc diém riéng md mét
ngudi cé thé phan biét dugc.

21.6.2. Do tim diém bat thudng

Ngoai cac ting dung vé nén va phan loai, PCA con dugc st dung trong nhiéu linh
vie khac. Do tim diém bat thuong (abnormal detection hodc outlier detection) 1a

mot trong s6 d6 [SCSCO3, [LCDO4].
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Hinh 21.8. PCA cho bai toidn do
tim diém b4t thudng. Gid s cic su
kién binh thudng chiém da sb va nim
gan mét khéng gian con ndo dé. Khi
d6, néu lam PCA trén toan bd dif
lieu, khéng gian con thu duoc gan véi
khong gian con cla tap cac su kién
binh thudng. Lic ndy, cc diém hinh
tron to dam hon cé thé duoc coi I3
cac su kién bit thudng i chldng n3m
xa khong gian con chinh.

Y tudng co ban la gid st ton tai mot khong gian con ma céc su kien binh thuong
nam gan trong khi cac sy kién bat thuong nam xa khong gian con dé. Hon nita,
so sut kien bat thuong c6 mot ti 1é nhé. Nhu vay, PCA c¢6 thé dudge st dung trén
toan bo dit lieu dé tim ra cac thanh phan chinh, tit d6 suy ra khong gian con
ma cac diém binh thudng nim gan. Viéc xac dinh mot diém 1a binh thuong hay
bat thuong dude xac dinh bang cach do khoang cach tir diem dé t6i khong gian
con tim duge. Hinh minh hoa cho viéc xac dinh cac sy kién bat thuong bang
PCA.

21.7. Thao luan

e PCA la phuong phap gidm chiéu dit lieu dya trén viéc t6i da lugng thong tin
duoc gitt lai. Luong thong tin dugc gitt lai duge do bang tdng cac phuong sai
trén moi thanh phan ctia dit lieu. Luong dit lieu sé dude gitt lai nhiéu nhat khi
cac chiéu dit lieu con lai tuong ting véi cac vector riéng clia tri riéng 16n nhat
cua ma tran hiép phuong sai.

e VGi cac bai toan quy mo 16n, doi khi viéc tinh toan trén toan bo dit lieu
13 khong kha thi vi van dé bo nhé. Giai phap 1a thyc hien PCA lan dau
tréen mot tap con dit lieu vita v6i bo nhd, sau dé lay mot tap con khac dé
tit tit (incrementally) cap nhat nghiem ctia PCA t6i khi hoi tu. Y tudng
nay kha gidong v6i mini-batch gradient descent, va dugc goi 1a incremental
PCA [ZYKO06].

e Ngoai ra, con rat nhidu huéng mé rong cia PCA, ban doc c6 thé tim
kiém theo tit khoa: Sparse PCA [dGJLO05], Kernel PCA [MSS*99], Robust
PCA [CLMWT1].

e Ma ngudn trong chuong nay cé thé duge tim thay tai https://goo.gl/zQ3DSZ.
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Chuong 22

Phan tich biét thic tuyén tinh

22.1. Gi6i thidu

Trong chuong trude, ching ta da lam quen véi mot thuat toan gidm chiéu dit lieu
phd bién nhat — phan tich thanh phan chinh (PCA). Nhu da dé cap, PCA 1a mot
thuat toan hoc khong giam sat, ttic chi stt dung cac vector dit lieu ma khong can
t6i nhan. Tuy nhién, trong bai toan phan loai, viéc khai thac mdi lien quan gitta
dit lieu v nhan sé mang lai két qua phan loai t6t hon.

Nhic lai rang PCA 1a phuong phap gidm chiéu dit lieu sao cho lugng thong tin
ve dit lieu gitt lai, thé hieén & tong phuong sai ciia cac thanh phan gitt lai, 1a nhiéu
nhat. Tuy nhién, trong nhiéu bai toan, ta khong can gitt lai lugng thong tin 16n
nhat ma chi can giit lai thong tin can thiét cho rieng bai toan d6. Xét vi du bai

toan phan loai nhi phan dugc minh hoa trong Hinh @ 0 day, gia st rang dit
lieu dugc chiéu len mot dusng thing va mdi diém duge thay béi hinh chiéu ctia
né6 len dudng théng kia. Nhu vay, sb6 chicu dit lieu da duge gidm tit hai vé mot.
Cau héi dit ra 1a duong thing can c6 phuong nhu thé nao dé hinh chiéu ctia dit
liéu c6 ich cho viéc phan loai nhat? Viéc phan loai trong khong gian mot chiéu c6
the hiéu la viéc tim ra mot nguéng gitp phan tach hai 16p. Xét hai duong thing
d; va dy. Trong d6 phuong ciia d; gan v6i phuong ciia thanh phan chinh néu thye
hien PCA, phuong clia dy gan v6i phuong ctia thanh phan phu tim dugde bang
PCA. Néu thuyc hién gidm chiéu dit lieu bang PCA, ta sé thu dugc dit lieu gan véi
cac diém dugc chiéu lén d;. Lic nay viéc phan tach hai 16p tré nén phtc tap vi
cac diém dit lieu méi ciia hai 16p chong lan len nhau. Nguge lai, néu ta chiéu dit
licu lén duong thang gan v6i thanh phan phu tim duge béi PCA, titc ds, cac diem
hinh chiéu nidm hoan toan vé hai phia khac nhau ctia diém mau den tren duong
théng nay. Nhu vay, viéc chiéu di lieu lén dy sé mang lai hiéu qua hon trong bai
toan phan loai. Viéc phan loai mot diém dit lieu méi duge xac dinh nhanh chong
bang cach so sanh hinh chiéu ctia né lén dy véi diém phan ngudng mau den.
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NFedm

Hinh 22.1. Chiéu dif liéu 1&n cic dudng thing khac nhau. C6 hai I6p dit liéu minh
hoa bdi cac diém mau xdm va tring trong khéng gian hai chidu. $6 chidu dugc gidm
vé mot bing cach chiéu dif lidu 1&n cic dudng thing khic nhau di va ds. Trong hai
cach chiéu nay, phuong cta d; gan gibng véi phuong cla thanh phan chinh thi nhat
cha dif liéu, phuong ctia dy gan véi thanh phan phu cla dif liéu néu dung PCA. Khi
chidu dit liéu 1&n dy, nhiéu diém mau x4m va tring bi chdng 15n 1&n nhau, khién cho
viéc phan loai dif lieu 13 khéng kha thi trén dudng thing ndy. Nguoc lai, khi dugc
chiéu 1&n d,, dif liéu cda hai I6p dugc chia thanh cac cum tuong (ng tach biét nhau,
khién cho viéc phan loai tré nén don gian va hiéu qua hon. Cic dudng cong hinh
chudng thé hién x4p xi phan bd x4c sult caa dit liéu hinh chiéu trong mai 1p.

Qua vi du trén ta thay rang, viéc gitt lai thong tin nhiéu nhat khong mang lai
két qua tot trong mot s6 truong hop. Chi ¥ rang két qua ctia phan tich trén day
khong c6 nghia 1a thanh phan phu mang lai hiéu qué t6t hon thanh phan chinh.
Viéc chiéu dit lieu len dudong thiing nao gitp ich cho cac bai toan phan loai can
nhiéu phan tich cy thé hon. Ngoai ra, hai duong thing d; va ds trén day khong
vuong goc vai nhau, chiing duge chon gan véi cac thanh phan chinh va phu clia
dit lieu phuc vu cho muc dich minh hoa.

Phan tich biét thiic tuyén tinh (linear discriminant analysis, LDA) ra doi gitp
tim phuong chiéu dit lieu hiéu qué cho bai toan phan loai. LDA cé thé duge coi
14 mot phuong phéap gidm chiéu dit lieu hodac phan loai, hodac duge ap dung dong
thoi cho c¢d hai, titc gidm chiéu dit lieu sao cho viéc phan loai hiéu qua nhat. S6
chiéu ctia dit lieu méi nhé hon hodc biang C — 1 trong d6 C' 1a s6 16p dit lieu. T
biét thitc (discriminant) dudc hiéu 1 nhiing thong tin riéng biét ciia moi dp.

Trong Muc [22.2|dudi day, chiing ta sé thao luan vé LDA cho bai toan phan loai nhi
phan. Muc [22.3[sé tong quat LDA lén cho truong hop phan loai da 16p. Muc
trinh bay cac vi du va ma nguon Python cho LDA.
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22.2. Bai toan phan loai nhi phan

22.2.1. Y tudng cd ban

Quay lai v6i Hinh , gia st dit lieu clia mdi 16p khi chiéu xuéng mot duong
théng tuan theo phan phdi chuan c6 ham mat do xac suit dang hinh chuong. Do
rong ctia mdi dudng hinh chudng nay thé hién do léch chuan (standard deviatio,
ky hiéu la s) ctia di lieu. Dt liéu cang tap trung thi do léch chuan cang nho,
cang phan tan thi do lech chuan cang cao. Khi chiéu len d;, dit liéu ctia hai l6p
bi phan tan qué nhiéu va tron 1an vao nhau. Khi chiéu lén dy, mdi 16p c6 do lech
chuan nhé, khién dit licu trong ting 16p tap trung hon.

Tuy nhién, viéc do lech chuan nhd trong méi 16p chua di dé dam bao do do rieng
biét ctia dit liu gitta hai 16p. Xét cac vi du trong Hinh [22.2| Hinh thé hien
truong hgp dit lieu duge chiéu lén d; nhu trong Hinh [22.1] C& hai 16p déu qua
phan tan khién lugng chong l1an 16n (phan dién tich mau xam), tic dit lieu chua
thyc su riéng biét. Hinh thé hien truong hop do lech chuan ctia hai 16p
déu nho, tice dit lieu trong moi 16p tap trung hon. Tuy nhién, khodng cach gitta
hai 16p, duge do bing khoang cach giita hai trung binh m; va my 14 qua nho.
Viéc nay khién phan chong 1an chiém mot ti 1é 16n, khong t6t cho viéc phan loai.
Hinh thé hien truong hop ca hai do lech chuan nhé va khoang cach gitta hai
trung binh 16n, phan chdng 1an nhé khong dang keé.

Vay, do léch chuan va khoang cach gitta hai trung binh cu thé dai dién cho cac
tiéu chi gi?

e Do lech chuan nhoé thé hien viec dit lieu it phan tan, tic dit lieu trong mdi 16p
c6 xu hudéng gidng nhau. Hai phuong sai s?, s3 con duge goi la cac phuong sai
noi ldp (within-class variance).

e Khoang céch gitta cac trung binh 16n chiing t6 hai 16p cach xa nhau, tic dit
lieu gitta hai 16p khac nhau nhiéu. Binh phuong khoang cach gitta hai trung
binh (m; —my)? con dugce goi 1a phuong sai lién 1dp (between-class variance).
o) day binh phuong ctia hiéu hai trung binh dugce lay dé c6 cting thit nguyéen
v6i phuong sai.

Hai 16p dit lieu dugce goi 1a tach biet (discriminative) néu hai 16p d6 cach xa
nhau (phuong sai lien 16p 16n) va dit ligu trong méi 16p c¢6 xu huéng gidong nhau
(phuong sai noi 16p nho). LDA 1a thuat toan di tim mot phép chiéu sao cho ti 1¢
giita phuong sai lien 16p va phuong sai noi 16p tré nén 16n nhat cé thé.

56 1o lech chudn 1a cin bac hai clia phuong sai
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b) Small (m; — ms)?, small s? 4 s3 c) Large (my —mg)?, small s? + s2

Hinh 22.2. Khoang cich giiia cic trung binh v3 téng cic phuong sai anh hudng
t6i d6 biét thic cha dir liéu. (a) Khodng cach giita hai trung binh I6n nhung phuong
sai trong mdi class ciing 16n, khién cho hai phan phdi chdng l4n [&n nhau (ph:?\m mau
xam). (b) Phuong sai cho mi class rit nhé nhung hai trung binh quéa gan nhau, khién
khé phan biét hai class. (c) Khi phuong sai di nhd va khodng cach gilia hai trung
binh dd 16n, ta théy r\éng dit liéu hai I6p tach biét hon.

22.2.2. Ham muc tiéu ctia phan tich biét thiic tuyén tinh

Gia st ¢c6 N diém dit lieu x;,Xs,...,xy € RP trong d6 N; < N diem dau
tien thuoc 16p tht nhat, Ny = N — N; diém con lai thudc 16p thi hai. Ky
hieu C; = {n|1 < n < N;} la tap hop chi s6 cac diem thuoc 16p thit nhat va
Co = {m|N; +1 < m < N}) la tap hop chi s6 cac diém thuoc 16p thit hai. Phép
chiéu dit lieu xudng mot duong thing duge mo ta bing mot vector trong s6 w,
gi4 tri tuong tng ctia mdi diem dit licu chiéu duge cho béi

Zn =W'x,,1<n<N. (22.1)

Vector trung binh ctia méi 16p duge tinh béi

1
my, = — Z X,, k=12 (22.2)
Nk n€eCx
1 1
:>m1—mQZMZZi—Esz:WT(ml—mg). (223)
1€Cy J€Ca

Cac phuong sai noi 16p duge dinh nghia béi

sh=Y (zn—mp)? k=12 (22.4)

n€eCx

Chii 4j: Céac phuong sai noi 16p khong duge 1ay trung binh nhu phuong sai thong
thuong. Diéu nay c6 thé 1y giai bdi tam quan trong ctia mdi phuong sai noi 16p
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can ti lé thuan véi s6 lugng diém dit lieu trong 16p do, tic phuong sai noi 16p
bing phuong sai nhan véi sé diém trong 16p do.

LDA 1a thuat toan di tim gia tri 16n nhat ctia ham muc tiéu:

(my —my)?

s? + 52

J(w) = (22.5)

Thong qua viéc t6i da ham muc tiéu nay, ta sé thu duge phuong sai lien 16p
(my — mg)? 16n va phuong sai noi 16p s? + s3 nho.

Tiép theo, chiing ta sé tim biéu thitc phu thudc giita tit s6 va mau sd trong vé
phéi cta (22.5)) vao w. Tt s6 dugc viét lai thanh:

(my —my)? = (W (m; —my))? = WT\<III1 —my)(m; — m2>7:W = w'Spw

-~

Sp

Sp con duge goi 1a ma tran phuong sai lien lop. Cé thé thay day la mot ma tran
dé6i xttng nita xac dinh duong.

Mau sb6 duge viét lai thanh:

5T+ 55 = Z Z (WT(Xn - mk))2

k=1 neCy,
2
=w' Z Z (x, — myp)(x, — my)" w=w’Syw (22.6)
k=1 neCy,
S

2

Sw con dudc goi 1a ma tran phuong sai noi lép. Day 1a mot ma tran déi xting nita
xac dinh duong vi no6 la téng clia hai ma tran déi xing nita xac dinh du’dn

Nhu vay, bai toan téi wu cho LDA tré thanh

T
W Spw (22.7)

W = arg max
w wISyw

22.2.3. Nghiém ctia bai toan téi wu

Nghiem w cta ([22.7) 1a nghiém ctia phuong trinh dao ham ham muc tiéu bang
khong. Stt dung quy tac chudi cho dao ham nhiéu bién va cong thitc Vo, wAwW =
2Aw v6i A 1a mot ma tran doi xing, ta thu duge:

57 (aTh)? = (a”b)(a’b) = a”bb”a véi a, b 1a hai vector ciing chicu bt ky.
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1
wlSpw
= S;/Spw = J(W)w (22.10)

Luu y: Trong , ta da gid st rang ma tran Sy kha nghich. Diéu nay khong
luon ding, nhung cé thé duge khic phuc bang mot ki thuat nhé la xép xi Sy
béi Sy = Sy + AL véi A 1a mot s6 thue duong nhd. Ma tran méi nay kha nghich
vi tri rieng nhé nhat cia n6 duong, bang véi tri rieng nhé nhat clia Sy cong véi
A. Diéu nay suy ra tit viec Sy 1a mot ma tran nita xac dinh duong. Tit do, Sy
la mot ma tran xac dinh duong vi moi tri riéng ctia né khong nho hon A, va vi
vay kha nghich. Khi tinh toan, ta c6 thé sit dung nghich dao ctia Sy. Ky thuat
nay duge stt dung rat nhiéu khi can st dung nghich dao ctia mot ma tran nta
xac dinh duong va chua biét né c6 thue sut xac dinh duong hay khong.

Tré lai déng thic (22.10), vi J(w) la mot s6 vo hudng, ta suy ra w phéi 1a mot
vector rieng ctia Sy’ Sp tng véi J(w). Vay, dé ham muc tieu la 16n nhat thi J(w)
phéi 14 tri rieng 16n nhat ctia S;;/Sp. Dau bing x4y ra khi w 14 vector rieng
ing v6i tri rieng 16n nhat d6. Tt d6, néu w 1a nghiém ctia thi kw cling
la nghiem vé6i k 1a s6 thuc khac khong bat ky. Vay ta c¢é thé chon w sao cho
(m; —my)Tw = L v6i L 1a tri riéng 16n nhit ctia Sy Sp va ciing 1 gid tri t6i wu
cia J(w). Khi d6, thay dinh nghia ctia Sg & (22.6) vao (22.10)) ta co:

Lw = S, (m; — my) (m; — my)"w = LS} (m; — my) (22.11)
—_——
L

Diéu nay nghia la ta c6 thé chon
w = oSy, (m; — my) (22.12)

v6i a # 0 bat ky. Bieu thitc (22.12) con duge biét v6i tén goi biet thiic tuyén tinh
Fisher (Fisher’s linear discriminant), duge dat theo tén nha khoa hoc Ronald
Fisher (https://goo.gl/eUk1KS)).

22.3. Bai toan phan loai da 16p
22.3.1. Xay dung ham muc tiéu
Trong muc nay, ching ta sé xem xét truong hop téng quat ctia LDA khi ¢6 nhiéu
hon hai 16p dit lieu, C' > 2. Gia st rang chiéu cia dit lieu D 16n hon C. Dat s6
chiéu dit lieu méi 1d D’ < D va dit lieu méi tng v6i mdi diem dit lieu x la:

z =W'x (22.13)

vii W € RPxD",
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( f 1 Hinh 22.3. LDA cho badi toan
1Z; — EjlI7

phan loai da 16p. Muc dich chung la
phuong sai néi I6p nhd va phuong
sai lién 16p 16n. Cac vong tron thé
hién cac I6p khac nhau.

|Zc — Ecl?

1Z — Ex[|# (ndi 16p) nhé.

gl

~
Il

1

|Ex — E||% (lién 16p) 16n.

M

~
Il

1

Mot vai ky hiéu:

o X, Z;, = WTX,, lan luct 1a ma tran dit lieu ctia 16p thit k trong khong gian
ban dau va khong gian méi v6i s6 chiéu nho hon. Mai cot tuong ting véi mot
diém di lieu.

1
e m; — A Z x;, € RP 1a vector trung binh ciia 16p k trong khong gian ban
k neCy,
dau.

1 /
e e, = A Z z, = Wim, € R la vector trung binh ctia 16p k trong khong
k neCy
gian mai.

e m € R” 1a vector trung binh ctia toan bo dit liéu trong khong gian ban dau
va e € RP" 1a vector trung binh trong khong gian méi.

Mot trong nhiing cach xay dung ham muc tiéu cho LDA da 16p duge minh hoa
trong Hinh . Do phan tan ctia mot 16p dit lieu duge coi nhu tong binh phuong
khoang cach tit mdi diém trong 16p d6 t6i vector trung binh ciia ching. Néu tat
ci cac diem déu gan vector trung binh nay thi tap dit licu d6 c6 do phan tan nhd.
Ngudc lai, néu tong nay 16n, tic trung binh cac diém déu xa trung tam, tap hop
nay dudc coi 1a c¢6 do phan tan cao. Dua vao nhan xét nay, ta c6 thé xay dung
cac dai lugng phuong sai noi 16p va lién 16p nhu sau day.

Phuong sai noi 16p cua 16p thit k£ duge dinh nghia nhu sau:

o = llzn — el = 1Ze — Eill3 = [WT (X = M) |17 (22.14)
n€eCy,

= trace (W7 (X, — M) (X — My)"W) (22.15)
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V6i Ej, 14 mot ma tran c6 cac cot giong hét nhau va bang véi vector trung binh
e;. C6 thé nhan thay E;, = WTM,, v6i M, 14 ma tran cé6 cac cot giong hét nhau
va bang véi vector trung binh my trong khong gian ban dau. Vay dai lugng do
phuong sai noi 16p trong LDA da 16p c6 thé duge do bing:

Sw = Z o = Z trace T(Xp — M) (X — Mk)TW) = trace (WTSWW)

sie

vGi
Sw _Z\|Xk—Mk\|F_Z > (xp — my) (%, — my)" (22.16)
k=1 neCy,
Ma tran Sy nay la mot ma tran nita xac dinh duong.
Phuong sai lién 16p 16n c6 thé dat duge néu tat ca cac diém trong khong gian
mdéi déu xa vector trung binh chung e. Diéu nay ciing c¢6 thé dat dugc néu cac

vector trung binh ctia mdi 16p xa céc vector trung binh chung (trong khong gian
méi). Vay ta c6 thé dinh nghia dai lugng phuong sai lién 16p nhu sau:

C C
sp =Y Nillex —elz =) |E: —E|} (22.17)
k=1 k=1

Ta lay N, lam trong s6 vi c6 thé c6 nhing 16p c6 nhiéu phan tit so véi cac 16p
con lai. Chu ¥ ring ma tran E c6 thé c6 s6 cot linh dong, phu thudc vao sb cot
ctia ma tran E;, ma n6 di cing (va bang Ny).

Lap luan tuong tu nhu (22.16]), ban doc c6 thé chitng minh dugc:

sp = trace (W SpW) (22.18)
Vol
c c
Sp =Y (Mg~ M)(M; — M)” =" Ny(my, — m)(m; —m)”  (22.19)
k=1 k=1

va 86 cot clia ma tran M ciing linh dong theo s6 cot clia M. Ma tran nay mot
ma tran ntta déi xiing xac dinh duong vi né la tong clia cac ma tran doi xing
nita xac dinh duong.

22.3.2. Ham muc tiéu cia LDA da Iép

V6i cach dinh nghia v ¥ tudng vé phuong sai noi 16p nhé va phuong sai da 16p
16n nhu trén, ta c6 thé xay dung bai toan tbi uu:

T
W = arg max J(W) = arg max trace(W_SpW) (22.20)

w  trace(WTSy, W)
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Nghiém ctia bai toan t6i wu nay dude tim bang cach giai phuong trinh dao ham
ham muc tiéu bang khong. Nhac lai vé dao ham ctia ham trace theo ma tran:

Vwtrace(WTAW) = 2AW (22.21)
véi A € RP*P 13 mot ma tran doi xiing.
V6i céch tinh tuong tu nhu - (22.10)), ta co:
2 (SpWtrace(WTSy W) — trace(WTSBW)SWW)

VwJ (W
wJ/ (W)= (trace(WT Sy W))?
o _ trace(W'SpW) ___
& SySEW = s W -/ (WIW

Tt d6 suy ra mdi cot cia W 1a mot vector riéng ctia S;Vl Sp Ung v6i tri riéng 16n
nhat ctia ma tran nay. Nhan thay rang cic cot cia W phai doc lap tuyén tinh.
Vi néu khong, dit lieu trong khong gian méi z = WTx sé phu thuoc tuyén tinh
va c6 thé tiép tuc dude gidm sb chiéu. Vay céc cot ctia W 1a cac vector doc lap
tuyén tinh ting véi tri riéng cao nhit ctia S;;'Sp. Cau hdi dat ra 1a ¢6 nhidu nhat
bao nhiéu vector riéng doc lap tuyén tinh tng véi tri rieng 16n nhat clia S;VIS B?
S6 luong nay chinh 1a s6 chiéu D’ cta dit lieu méi.

S6 luong 16n nhat cac vector rieng doc lap tuyén tinh tng v6i mot tri riéng cia
mot ma tran khong thé 16n hon hang ctia ma tran dé. Duéi day 1a mot bo deé
quan trong.

Bé dé:
rank(Sp) < C —1 (22.22)
Ching min:
Viét lai [22.19| dudi dang
Sp = PP’ (22.23)

v6i P € RP*C ma cot thit k cud né 1a pp, = v/Ni(my, — m).
Cot cudi ciing 13 mot to hgp tuyén tinh ciia cac cot con lai vi

A
5 (my - (22.24)

Zk 1 Nkmk

MQ

me —1m—=—mg —
k=1

Nhu vay ma tran P c6 nhiéu nhat C' — 1 cot doc lap tuyén tinh, vi vay han
ctia n6 khong vugt qua C' — 1. Cudi cling, Sp 1 tich clia hai ma tran véi hang
khong qua C' — 1, nén hang ctia n6é khong vuot qua C' — 1.

58 Viec chiing minh nay khéng thuc syt quan trong, chi phit hgp véi nhitng ban muén hiéu sau.
59 Cac tinh chat ctia hang c6 thé duge tim thiy trong Muc
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Chuong 22. Phan tich biét thitc tuyén tinh

Tu do6 ra c6 rank (S;VISB) < rankSp < C — 1. Vay s6 chiéu ctia khong gian méi
1a mot s6 khong 16n hon C — 1.

Tom lai, nghiém ctia bai toan multi-class LDA 1a cac vector rieng doc lap tuyén
tinh ting v6i tri rieng cao nhat ctia Sy’ Sp.

Luwwu 4j: C6 nhiéu cach khac nhau dé xay dyng ham muc tiéu cho LDA da 16p dua
trén viéc dinh nghia phuong sai noi 16p nhéd va phuong sai lién 16p 16n. Chiung
ta dang st dung ham trace dé dong dém hai dai luong nay. Mot vi du khac ve
ham t6i wu 1a J(W) = trace(syy sp) = trace{(WSy W) "L(WSpWT)} [Fuk13].
Ham s6 nay cing dat gia tri 16n nhat khi W 1a tap hop ctia D’ vector riéng ting
v6i cac tri rieng 16n nhit ctia Sy;'Sp. C6 mot diém chung gitta cic cach tiép can
nay 1a chiéu ctia khong gian méi khong vugt qua C' — 1.

22.4. Vi du trén Python

Trong muc nay, ching ta sé minh hoa LDA cho bai toan phan loai nhi phan qua
mot vi du don gidn véi dit lieu trong khong gian hai chiéu.

Dit liéu cua hai 16p duge tao nhu sau:

from _ future__ import division, print_function, unicode_literals
import numpy as np

import matplotlib.pyplot as plt

from matplotlib.backends.backend_pdf import PdfPages
np.random.seed (22)

means = [[0, 5], [5, 0]]

cov0 = [[4, 31, [3, 41]

covl = [[3, 11, [1, 11]

NO, N1 = 50, 40

N = NO + N1

X0 = np.random.multivariate_normal (means[0], cov0, NO) # each row is a point
X1 = np.random.multivariate_normal (means[1l], covl, N1)

Hai 16p dit lieu duge minh hoa béi cac diém hinh vuong va tron trong Hinh [22.4]
Tiép theo, ching ta tinh cdc ma tran phuong sai noi 16p va da 16p:

# Build S_B

m0 = np.mean(X0.T, axis = 1, keepdims = True)
ml = np.mean(X1.T, axis = 1, keepdims = True)
a = (m0 - ml)

S_ B = a.dot (a.T)

A = X0.T - np.tile(m0, (1, NO))
B =X1.T - np.tile(ml, (1, N1))

S_W = A.dot (A.T) + B.dot (B.T)
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Hinh 22.4. Vi du minh hoa vé&

5 o cass1 LDA trong khéng gian hai chiéu.
g i ~ 1a ~ ‘A A \
%BDDDE_ solution by LDA Dit liéu s& dugc chiéu lén dudng
g, @ class2 X A VA R 2
O thang. Néu chiéu lén dudng thang

ndy, dif liéu cta hai I6p sé nam vé
o* hai phia cia mét diém trén dudng

thing dé.

Nghiém ctia bai toan 1a vector riéng ting véi tri rieng 16n nhét ctia S;;} Wg:

_, W = np.linalg.eig(np.linalg.inv (S_W) .dot (S_B))
w = W[:,0]

print ('w = ', w)

Két qué:

w = [ 0.75091074 -0.66040371]

Dudng thing c6 phuong w duge minh hoa trong Hinh [22.4] Ta thay rang nghiem
nay hop ly véi dit liéu ctia bai toan.

Dé kiém chiing do chinh xac ctia nghiém tim dugc, ta cting so sanh n6 véi nghiém
tim duge béi thu vién sklearn:

from sklearn.discriminant_analysis import LinearDiscriminantAnalysis
X = np.concatenate ( (X0, X1))

y = np.array([0]*NO + [1]*N1)

clf = LinearDiscriminantAnalysis ()

clf.fit (X, y)

print ('w_sklearn = ', clf.coef_[0]/np.linalg.norm(clf.coef_)) # normalize

w_sklearn = [ 0.75091074 -0.66040371]

Nghiém tim theo cong thiic va nghiém tim theo thu vién la nhu nhau.

Mot vi du khac so sanh PCA va LDA c6 thé dude tim thay tai Comparison of
LDA and PCA 2D projection of Iris dataset (https://goo.gl/tWjAEs).
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22.5. Thao luan

e LDA 13 mot phuong phap gidm chiéu dit lieu c6 stt dung thong tin vé label
cua du lieu. Vi vay, LDA 1a4 mot thuat toan hoc cé gidm sat.

e Y tudng co ban ciia LDA 1 tim mot khong gian méi véi s6 chiéu nhd hon
khong gian ban dau sao cho hinh chiéu ctia céc diém trong ciing 16p trong
khong gian mdi gan nhau trong khi hinh chiéu ciia cac diem thuoc cac lép
khac nhau xa nhau.

e Trong PCA, s6 chiéu ctia khong gian méi c6 thé 1a bat ky s6 nao khong 16n
hon s6 chiéu va s6 diém dit lieu. Trong LDA, véi bai toan c6 C 16p, s6 chicu
cua khong gian mdéi khong duge vugt qua C' — 1.

e V6i bai toan ¢6 hai 16p, tit Hinh ¢6 thé thay ring hai 16p la tach biet
tuyén tinh khi va chi khi ton tai mot duong thang va mot diém trén duong
thang dé sao cho dit lieu hinh chiéu ciia hai 16p nim vé hai phia khac nhau
clia diém do.

e LDA hoat dong rat toét néu céc 16p 1a tach biet tuyén tinh. Chat hugng mo
hinh giam di ré rét néu cac 16p khong tach biét tuyén tinh. Diéu nay dé& hiéu
vi dit lieu chiéu lén moi phuong van bi chong lan, va viec tach biet khong thé
thie hien dude nhu 6 khong gian ban dau.

e Mic du LDA c¢6 nhiéu han ché, § tudng vé phuong sai noi 16p nhé va phuong
sai lien 16p 16n duge sit dung rat nhiéu trong cac thuat toan phan loai [VMI17,
VMI16l, YZFZ11].
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Chuong 23

Tap 161 va ham 161

23.1. Gidi thiéu
23.1.1. Bai toan tbi wu

Cac bai toan t6i wu da thao luan trong cudn sach nay déu la cac bai todn toi wu
khong rang budc (unconstrained optimization problem), tiic t6i wu ham mat mat
ma khong c6 diéu kién rang budc (constraint) ndo vé nghiém. Tuy nhién, khong
chi trong machine learning, cai bai toan toi uu trén thyc té thuong cé rat nhicu
rang budc khac nhau.

Trong toan toi wtu, mot bai toan cé rang buoc thuong dude viét dusi dang

x" = arg min fy(x)

théa man: filx) <0, i=1,2,....,m (23.1)
hj(x)=0, j=1,2,....p

Trong d6, vector x = |11, s, ..., z,]T dudc goi la bién toi wu (optimization vari-
able). Ham s6 fy : R" — R dugc goi 1a ham muc tiéu (objective function). Cac
bat phuong trinh fi(x) <= 0,4 = 1,2,...,m dugc goi 1a bat phuong trinh rang
budc (inequality constraint), va cdc ham tuong ung f;(x),i = 1,2,...,m dugc goi
1a ham bat phuong trinh rang budc (inequality constraint function). Céc phuong
trinh h;(x) = 0,7 = 1,2,...,p dudc goi la cac phuong trinh rang buoc (equal-
ity constraint), cic ham tuong tng la cac ham phuong trinh rang buoc (equality
constraint function).

50 cac ham muc tiéu trong machine learning thusng duge goi 1a ham mét mdt
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Ky hieu domf la tap cac diém ma trén dé ham s6 xac dinh, hay con goi 1a tap
zdc dinh (domain). Tap xac dinh clia mot bai todn toi uwu la giao clia tap xac
dinh tat ci cidc ham lién quan:

m p
D =()domf; N (") domh, (23.2)
=0

=0

Mot diém x € D duge goi 1a diém kha thi (feasible point) néu né théa man tat
ca rang buoc: fi(x) < 0,i = 1,2,...,m;hj(x) = 0,57 = 1,2,...,p. Tap hop cac
diém kha thi dugc goi 1a tdp khd thi (feasible set) hogc tdp rang budc (constraint
set). Nhu vay, tap kha thi 1d mot tap con ctia tap xac dinh. Mdi diém trong tap
kha thi dugc goi 1a mot diém khd thi (feasible point).

Bai toan (23.1)) dugc goi 1a khd thi (tuong ting bat khd thi) néu tap kha thi cta
n6 khac (tuong ting bang) rong.

Chu y:

e Néu bai toan yéu cau tim gia tri 16n nhat thay vi nhé nhat ctia ham muc tiéu,
ta chi can ddi dau ctia fy(x).

e Néu rang buoc 1 16n hon hodc bing (>), tic f;(x) > b;, ta chi can ddi dau
clia rang buoc 1 sé c¢6 diéu kien nhd hon hodc bing — f;(x) < —b;.

e Céac rang budc ciing ¢6 the 1a 16n hon (>) hodc nhé hon (<).

e Néu rang buoc la bing nhau, tic h;(x) = 0, ta c¢6 thé viét n6 dusi dang hai
bat phuong trinh h;(x) < 0 va —hj(x) < 0.

e Trong chuong nay, x, y dude diing chtt yéu dé ky hiéu cac bién s6, khong phai
13 dit lieu nhu trong cac chuong trude. Cac bién can t6i duge ghi dudi dau
arg min. Khi viét mot bai todn t6i wu, ta can chi rdé bién nao can duge téi uwu,
bién nao 1a c6é dinh.

Nhin chung, khong c6 cach giai quyét tong quét cho cac bai toan t6i wu, tham chi
nhiéu bai toan t6i wu chua c6 16i giai hiéu qua. Hau hét cac phuong phap khong
chitng minh duge nghiém tim duge c6 phai 1a diém t6i wu toan cuc hay khong.
Thay vao d6, nghieém thuong la cac diém cuyec tri dia phuong. Trong nhiéu trudng
hop, cac cyc tri dia phuong cling mang lai nhitng két qua tot.

Dé bit dau nghién citu vé t6i uu, ching ta can biét t6i mot mang rat quan trong
c6 tén 1a toi wu 10i (convex optimization), trong d6 ham muc tieu 1a mot ham 1o
(convex function), tap kha thi 1a mot tap loi (convex set). Nhitng tinh chat dac
biét vé cyc tri dia phuong va toan cuc ciia mot ham 16i khién t6i wu 16i tré nén
cuc ky quan trong. Trong chuong nay, chung ta sé thao luan dinh nghia va céac
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NG \

Hinh 23.1. Cic vi du vé tap 16i

tinh chat co ban ctia tap 16i va ham 16i. Bai todn toi wu 107 (convex optimization
problem) sé dugc dé cap trong chuong tiép theo.

Trude khi di sau vao tap 10i va ham 16i, xin nhac lai cac ham lién quan: supremum
va infimum.

23.1.2. Cac ham supremum va infimum

Xét mot tap C C R. Mot s6 a duge goi 1a chan trén (upper bound) ctia C néu
r < a, Yz € C. Tap cac chan trén clia mot tap hop c6 thé la tap réng, vi du
C =R, toan bo R, chi khi C =), hodc nita doan [b, +00). Trong trudng hop cudi,
s6 b dugc goi 1a chdn trén nhé nhdt (supremum) ctia C, duge ky hiéu 1a supC.
Chiing ta cfing ky hieu sup = —oo va supC = +oo néu C khong bi chan trén
(unbounded above).

Tuong tu, mot s6 a duge goi 1a chan dudi (lower bound) ctia C néu z > a, Va € C.
Chan dudi l6n nhat (infimum) cta C duge ky hiéu 1a inf C. Ching ta ciing dinh
nghia inf = +o00 va inf C = —oo néu C khong bi chan dudi.

Néu C ¢6 hitu han s6 phan tit thi maxC = supC va minC = inf C.
23.2. Tap 16i

23.2.1. Dinh nghia

Ban doc c6 thé da biét dén khai niem da gidc loi. Hieu mot cach don gidn, loi
(convex) 1a phinh ra ngoai, hoic nhé ra ngoai. Trong toan hoc, bang phang ciing
dudgc coi 1a 16i.

Dinh nghia khong chinh thic cua tap 16i: Mot tap hop duge goi la tap
107 (convex set) néu moi diém trén doan thang ndi hai diém bat ky trong né déu
thudc tap hop do.

Mot vai vi du vé tap 16i dude cho trong Hinh . Cac hinh v6i duong bién mau
den thé hién viéc bién cling thudc vao hinh d6, bien mau trang thé hien viéc bien
d6 khong ndm trong hinh. Duong thang hoic doan thang ciing la mot tap 16i
theo dinh nghia phia trén.
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<COM

Hinh 23.2. Cic vi du vé tap khong 16i.

Mot vai vi du thuc té:

e (Gid st mot can phong c6 dang hinh 10i, néu ta dat mot bong den du sing &
bat k¥ vi trf nao trén tran nha, moi diém trong can phong déu dugc chiéu
sang.

e Néu mot dat nuée c6 ban dd dang hinh 16i thi doan thédng ndi hai thanh phd
bat k¥ ctia dat nuée dé ndm tron ven trong lanh thd ciia né. Mot cach Iy
tudng, moi dudong bay trong dat nude déu duge t6i wu vi chi phi bay théng it
hon chi phi bay vong ho#ic qua khong phan ctia nuéc khac. Ban do Viet Nam
khong c6 dang 16i vi duong thang ndi san bay Noi Bai va Tan Son Nhat di
qua dia phan Campuchia.

Hinh minh hoa mot vai vi du vé cac tap khong phai & tap 16i, néi gon la
tap khong loi (nonconvex set). Ba hinh dau tién khong phai 16i vi cdc dudng nét
ditt chita nhiéu diém khong ndm bén trong cac tap d6. Hinh tht tu, hinh vuong
khong c6 bien & day, la tap khong 16i vi doan théng néi hai diém & day c6 thé
chita phan & gitta khong thuoc tap dang xét. Mot duong cong bat ky ciing 1a tap
khong 16i vi duong thang néi hai diém bat ky khong thudc dusng cong dé.

Dé mo ta mot tap 16i dudi dang toan hoc, ta sit dung:

Dinh nghia 23.1: Tap hop 16i

Mot tap hop C duge goi 1a mot tap loi (convex set) néu véi hai diém bat
ky X1, %y € C, diém xy = 0x; + (1 — §)x, cling nam trong C v6i 0 < 6 < 1.

Tap hgp cac diem c6 dang (0x; + (1 — 0)xs) chinh 14 doan thiang ndi hai diém x;
va X9.

Véi dinh nghia nay, toan bo khong gian 14 mot tap 16i vi doan thang nao ciing
nim trong khong gian dé. Tap réng ciing c6 thé coi 1a mot truong hop dic biet
clia tap 1oi.
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23.2.2. Cac vi du vé tap 16i
Siéu mdt phdng va nda khoéng gian

Dinh nghia 23.2: Siéu mat phang

Mot siéu mdt phdng, hay siéu phang (hyperplane) trong khong gian n chiéu
la tap hop céc diém thoa man phuong trinh

T

MTy + aexo+ -+ ar, =a'x=> (23.3)

v6i b, a;,i=1,2,...,n la cac s6 thuec.

\. J

Sicéu phéng la cac tap 16i. Dicu nay c6 thé dugce suy ra tit Dinh nghia That
vay, néu
aTx1 = aTx2 =b

thi v6i 0 < 6 < 1 bat k¥, ta c6 alxg = al (0x; + (1 — )xy) = 0b+ (1 —0)b = b.
Ttic 1a 6x; + (1 — 0)x, ciing 1a mot diém thude sieu phang do.

Dinh nghia 23.3: Nita khong gian

Mot nita khong gian (halfspace) trong khong gian n chiéu la tap hop cac
diém thoa méan bat phuong trinh

Ty + ATy + -+ apr, =alx < b

v6i b, a;,i=1,2,...,n 1a cac sd thyc.

Céac nita khong gian cling 1a céc tap 16i, ban doc c6 thé kiém tra theo Dinh
nghia va cach ching minh tuong tu nhu trén.

Cau chuan

Dinh nghia 23.4: Cau chuan

Cho mot tam x,, mot ban kinh » va khoang cach giita cac diém dude xac
dinh bdi mot chuan. Cau chuan (norm ball) tuong ting la tap hgp cac diém
thoa man

B(xe,r) = {x | [x — x| <7} = {xc+ru | |u| <1}

. J

Khi chuan 1a f5, cau chuan la mot hinh tron trong khong gian hai chiéu, hinh cau
trong khong gian ba chiéu, hodc siéu cau trong cidc khong gian nhiéu chiéu.
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Cp={(2,9) | (j2 +yI")"/? <1}

1 _ _

(b) p > 1: convex sets

Hinh 23.3. Hinh dang cta cac tap hop bi chan béi cic (a) gia chuan va (b) chuan.

Cau chuan la tap 16i. Dé chiing minh viéc nay, ta ding Dinh nghia va bat
dang thic tam giac ctia chuan. Véi x1, x, bat ky thuoe B(x.,r) va 0 < 0 < 1 bat
ky, xét xg = 6x;1 + (1 — 0)x2, ta co:

[0 — xc|| = [|0(x1 — xc) + (1 — 0)(x2 — %)
<Olxy — x| + (1 =0)||x2 —xc]| <Or+ (1 —=0)r =7

Vay xg € B(x,, ).

Hinh minh hoa tap hop cac diém c6 toa do (z,y) trong khong gian hai chiéu
théa man:
(Jl” + [yl 7 <1 (23.4)

Hang trén 1a cac tap tuong tng 0 < p < 1 la céc gia chuan; hang duéi tuong tng
p > 1 1a cac chuan thuyc su. C6 thé thay ring khi p nhé gan bing khong, tap hop
cac diem thoa man bat ding thic gan nhut ndm trén cac truc toa do va bi
chan trong doan [0,1]. Quan sat nay sé gitp ich khi lam viéc véi gia chuan /.
Khi p — oo, cac tap hop hoi tu vé hinh vuong. Day ciing 1a mot trong cac 1y do
vi sao can c6 diéu kien p > 1 khi dinh nghia chuan ¢,.

23.2.3. Giao ctia cac tap 1oi

Giao ciia céc tap 161 1a mot tap 16i. Didu nay ¢6 thé nhan thiy trong Hinh [23.4h.
Giao ctia hai trong ba hoiic cd ba tap 161 déu la céac tap 16i. Diéu nay c6 thé
duge chitng minh theo Dinh nghia 23.1} néu x;,x, thuoc giao ciia céc tap 15i thi
(%1 4 (1 — 0)x2) cing thuoc giao ctia ching.
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(@) (b)

Hinh 23.4. (a) Giao cla céc tép 16i 13 mét tap 16i. (b) Giao clia céc siéu phgng va
nda khong gian la mot tap 16i va dugc goi la siéu da dién (polyhedra).

Tit d6 suy ra giao ciia cac nita khong gian va nita mat phang 1a mot tap 16i. Ching
1a cac da giac 16i trong khong gian hai chiéu, da dién 16i trong khong gian ba chiéu,
va siéu da dién trong khong gian nhiéu chiéu. Gia sit c6 m nita khong gian va p siéu
phang. Mdi nita khong gian c6 thé duge viét dusi dang alx < b;, Vi =1,2,...,m.
Mot siéu phang c6 thé duge viét dudi dang ¢f'x = d;, Vi =1,2,...,p.

Vé,y néu dét A = [al,ag, ce ,am], b = [bl,bg, ey bm]T, C = [Cl,Cg, N ,Cp] va
d = [dy,ds,...,d,)T, ta c6 thé viét sieu da dien dudi dang tap hop cac diém x
thoéa man

ATx <b, CT'x=d

trong d6 < thé hien mdi phan ti trong vé trai nhé hon hoac bang phan ti tuong
ing trong vé phai.

23.2.4. T6 hgp 16i va bao 16i

Dinh nghia 23.5: T6 hop 16i

Mot diém duge goi 1a 6 hgp 16i (convex combination) ciia céc diém
X1,Xa,...,X; DéU N6 c6 thé duge viét dusi dang

X = 01X1+0x0+- - -+0px;, V6 01405+ 40, =1va b, >0,Vi=1,2,...,k

Bao 167 (convex hull) cia mot tap bat ky 1a tap toan bo céc t6 hop 16i clia tap
hop d6. Bao 16i ctia mot tap bat ky 1a mot tap 16i. Bao 16i cia mot tap 161 1
chinh né. Bao 16i ctia mot tap hop 1a tap 16i nhé nhat chita tap hop d6. Khai
nieém nhé nhat duge hiéu la moi tap 16i chita toan bo cac t6 hgp 16i déu chita bao
16i ctia tap hgp do.

Nhic lai khai niém tdch biét tuyén tinh da sit dung nhiéu trong cudn sach. Hai
tap hop dugc goi 1a tach biét tuyén tinh néu bao 16i ctia chiing khong giao nhau.
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Hinh 23.5. Trai: Bao 16i cla cic dim mau den 13 da gidc 16i nhd nhit chda toan
bd cic diém nay. Phai: Bao 18i cia da gi4c 16m nén chim 13 hop clia né va tam gi4c
mau xam phia trén. Hai bao 16i khéng giao nhau nay c6 thé dugc phan tach hoan
toan bing mét siéu phing (trong trudng hop nay 13 mét dudng thing).

Trong Hinh [23.5] bao 16i ciia céc diém mau den la viing mau xam bao béi cac da
giac 16i. Trong Hinh bén phai, bao 16i clia da gidc 16m nén cham 1a hop clia
né va phan tam gidc mau xam.

Pinh 1y 23.1: Siéu phing phan chia

Hai tap 16i khong rong C, D khong giao nhau khi va chi khi ton tai mot
vector a va mot sb b sao cho

alx<bvxelC, alx>bVvVxeD

Tap hop tat ci cac diem x théa man a’x = b la mot sieu phang. Sieu

phing nay dugc goi 1a siéu phang phan chia (separating hyperplane).

Ngoai ra, con nhiéu tinh chat thd vi clia cac tap 16i va cac phép todn bao toan
chinh chat 16i ctia mot tap hop, ban doc c6 thé doc them Chuong 2 ctia cudn
Convex Optimization [BV04].

23.3. Ham loi

23.3.1. Dinh nghia

Trude hét ta xem xét cdc ham mot bién véi do thi ciia né 1a mot duong trong
mot mat phang. Mot ham s6 duge goi 1a 10i (convex) néu tap xac dinh ctia n6
la mot tap 16i va doan thang ndi hai diém bat ky trén do thi ham s6 d6 nim veé
phia trén hodc ndm trén do thi (xem Hinh .
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Chuong 23. Tap 161 va ham 16i

Hinh 23.6. Dinh nghia ham I5i.
Dién dat bing I5i, mdt ham sb 13 16i
néu doan thing ndi hai diém bAt ky
trén db thi cla né khéng n3m phia
dudi db thi dé.

0f(x)+(1-0)f(y) > f(ox+(1-0)y)

Dinh nghia 23.6: Ham 16i

Mot ham s6 f : R® — R dugc goi la mot ham 107 (convex function) néu
domf 1a mot tap 16, va:

fox+ (1 —0)y) <0f(x)+(1—-0)f(y)

v6i moi x,y € domf,0 <60 < 1.

Diéu kién dom f 13 mot tap 16i rat quan trong. Néu khong c6 diéu kién nay, ton
tai nhing 6 ma 0x; + (1 — 0)xy khong thuoc domf va f(6x + (1 — 0)y) khong
xac dinh.

Mot ham s6 f duge goi 1a ham lom (concave fucntion) néu —f la mot ham 16i.
Mot ham s6 c¢6 thé khong thudc hai loai tren. Cac ham tuyén tinh vita 16i vita
16m.

Dinh nghia 23.7: Ham 16i chit

Mot ham s6 f : R™ — R dugc goi 1a ham 107 chdt (strictly convex function)
néu domf la mot tap 1oi, va

flOx+(1—=0)y) <0f(x)+(1—-0)f(y)

Vx,y € domf,x #y,0 <6 <1 (chi khac ham 16i 6 dau nhé hon).

Tuong tu véi dinh nghia ham l6m chat (stricly concave function).

Néu mot ham so la 107 chat va co diém cuc tri, thy diém cuc tri dé la duy nhat
va cung la cuc tri toan cuc.
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Hinh 23.7. Vi du vé Pointwise maxi-
mum. Maximum cla cic ham 16i |3 mdt
ham 16i.

f(x) = max{f1(x), f2(x)}

f1(x)

23.3.2. Cac tinh chit co ban

e Néu f(x) 1a mot ham 16i thi af(x) ciing 16i khi a > 0 va 16m khi a < 0. Diéu
nay co thé suy ra truc tiép tir dinh nghia.

e Tong clia hai ham 15i 13 mot ham 161, véi tap xac dinh la giao clia hai tap xac
dinh ctia hai ham da cho (nhéc lai ring giao ctia hai tap 16i 1a mot tap 16i).

e Ham max va sup tai timg diém: Néu cac ham s6 fi, fo, ..., fm 10i thi

f(x) = max{f1(x), f2(x), ..., fm(¥)}

ciing 13 10i trén dom f = ﬂ dom f;. Ham max ciing c6 thé thay thé bang ham
i=1

sup. Tinh chét nay c6 thé duge ching minh theo Dinh nghia [23.6, Hinh

minh hoa tinh chat nay. Cac ham f(x), f2(x) la cdc ham 16i. Duong nét dam

chinh 1a do thi ctia ham s6 f(x) = max(f1(x), f2(x)). Moi doan thang nbi hai

diém bat ki trén duong nay déu khong nim phia dudi né.

23.3.3. Vi du
Cdc ham mot bién
Vi du vé ham 16i:

e Ham y = az + b 1a mot ham 16i vi doan thing néi hai diem bat ky trén duong
thing dé déu khong ndm phia dudi dudng thing do.

e Ham y = e v6i a € R bat ky.
e Ham y = 2° trén tap cac s6 thuc duong va a > 1 hodc a < 0.

e Ham entropy am (negative entropy) y = xlogz trén tap cac sé thyc duong.

Hinh minh hoa do6 thi clia mot s6 ham 16i thuong gap vdi bién mot chiéu.
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Chuong 23. Tap 161 va ham 16i

o

y=ar+b y = |z y==x y=e

y=xz1,2>0

Hinh 23.8. Vi du vé cic ham 15i mét bién.

y=ar+b y=2x y = 2log(x) y:3+x2ifx<0
y e
Hinh 23.9. Vi du vé& cic ham 16m mét bién.

Vi du vé ham 16m:

e Ham y = ax + b 1a mot concave function vi —y la mot convex function.
e Ham y = 2 trén tap s6 duong va 0 < a < 1.

e Ham logarithm y = log(z) trén tap cac s6 duong.

Hinh minh hoa do thi ctia mot vai ham sé concave.
Ham affine

Ham affine 13 tong ciia mot ham tuyén tinh vd mot hing s6, tic 1a cac ham cé
dang f(x) =a’x +b.

Khi bién 13 mot ma tran X, cdc ham affine dugc dinh nghia:
f(X) = trace(ATX) + b
trong dé, A la mot ma tran c6 ciing kich thuéc nhu X dé dam bao phép nhan

ma tran thuc hién dugc va két qua 14 mot ma tran vuong. Cac ham affine vira
16i vita 16m.
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Dang toan phuong

Da thitc bac hai mot bién c¢6 dang f(z) = ax?® + bx + ¢ 13 16i néu a > 0, 1a 1om
néu a < 0.

Khi bién la mot vector x = [z, Ta, ..., T,|, dang toan phuong (quadratic form)
14 mot ham s6 c6 dang
f(x)=x"Ax+blx+c

v6i A 1a mot ma tran déi xing va x & vector c¢6 chiéu phit hop.

Néu A 1a mot ma tran nita xac dinh duong thi f(x) la mot ham 16i. Néu A 1a
mot ma tran nita xac dinh am, f(x) la mot ham lom.

Nhic lai ham mat mat trong hoi quy tuyén tinh:
£(w) = iclly — XTw = Sy — XTw)" (y — XTw)
2N 2N
L S—_ L 1yt L 7
=—w XX'w——y X — :
N AR WY A WA oNYY

Vi XX ]a mot ma tran ntta xac dinh duong, ham mat mat ciia hodi quy tuyén
tinh 14 mot ham 16i.

Chuan

Moi ham s6 bat ky théa man ba diéu kién ctia chuan déu la ham s6 16i. Viec nay
c6 thé dudce truc tiép suy ra tit bat dang thitc tam giac clia mot chuan.

Hinh [23.10| minh hoa hai vi du vé bé mét ctia chuan ¢; va /5 trong khong gian
hai chiéu (chiéu thit ba la gia tri ctia ham s6). Nhan thay cac bé mat nay déu co
mot day duy nhat tai géc toa do (day chinh la diéu kién dau tién ctia chuan).

Hai ham tiép theo la vi du vé cac ham khong 16i hodc 16m. Ham thit nhat f(x,y)
x? —y? 1a mot hyperbolic, ham thit hai f(z,y) = (ZL‘2 +2y% — 2sin(xy)). Cac b
mit ciia hai ham nay dugc minh hoa trén Hinh [23.11

Dy ||

23.3.4. DPudng dong mriic

Dé khao sat tinh 16i ciia cac bé mat trong khong gian ba chiéu, viéc minh hoa
truc tiép nhu cac vi du tren day c6 thé kho tudng tuong hon. Mot phuong phéap
thuong duge stt dung la dung cac duong dong miic (contour hay level set). Duong
dong mic la cdch mo ti cac mit & khong gian ba chiéu trong khong gian hai
chic¢u. O dé, cac diém thuoc cling mot duong tuong ing véi cac diém lam cho
ham s6 c6 gia tri nhu nhau. Trong Hinh @ va Hinh 23.11] cac duong ndi lién
& mat phing day Ozy chinh la cac dudng dong miic. N6i cach khac, néu cit beé
mat béi cadc mit phing song song véi day, ta sé thu duge cac dudng dong mic.
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Chuong 23. Tap 161 va ham 16i

fz,y) = = +|y| fla,y) =2* + ¢

(.
O L ST

(b) Norm 2

Hinh 23.10. Vi du vé mat cla cdc chuin cla vector hai chiéu.

flay) =2 =y

o

Y) = 15(2? + 242 — 2sin(zy)

S R w o

f(a,

Hinh 23.11. Vi du vé cic ham hai bién khong 16i.

Khi khéo sat tinh 16i hodc tim diém cyc tri ctia mot ham hai bién, ngudi ta thuong
vé céc dudng dong miic thay vi céc bé mét trong khong gian ba chiéu. Hinh [23.12)
minh hoa mot vai vi du vé duong déng mic. O hang trén, cac duong ddng mic
la cac duong khép kin. Khi cac dudng nay co dan lai ¢ mot diém thi diém dé la
diém cyc tri. V6i cac ham 16i nhu trong ba vi du nay, chi c6 mot diém cuc tri va
d6 ciing 1a diém cuc tri toan cuc. Néu dé ¥, ban sé thay cac duong khép kin tao
thanh bién ciia cac tap 16i. O hang dudi, cac duong khong khép kin. Hinh [23.12d
minh hoa cédc dudng dong miic clia mot ham tuyén tinh f(z,y) = = +y, va la
mot ham 16i. Hinh minh hoa cdc dudng dong mitc ctia mot ham 16i (chtung
ta sé sém chiing minh) nhung cac duong dong mtc khong kin. Ham nay c6 chita
log nén tap xac dinh la géc phan tu thit nhat tuong ting véi toa do duong (chu ¥
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Chuong 23. Tap 161 va ham 16i

x, = |x|+ |1 x, =z 492
fla,y) = 2|+ |y| flz,y) Yy Fo3) = (222 + 4 — . o] 4 2l

2 S

(a) (b) (c)

[z, y) = zlog(x) + ylog(y) f(z,y) = 2 — y* (nonconvex)
N

(@,y) = @ +y
fz.y) Y W

(d) (e) (f)

Hinh 23.12. Vi du vé dudng dong mic. Hang trén: cic dudng ddng miic cang gan
tdm tuong tng véi cac gid tri cang nhd. Hang dudi: cac dudng nét dit tuong dng véi
cac gia tri am, cac dudng nét lién tuong ting véi cac gia tri khong am. Cac ham sb
déu 16i ngoai trir ham sb trong hinh f).

rang tap hop diém c6 toa do duong ciing 1a mot tap 16i vi n6 14 mot sieu da dien).
Cac duong khong kin nay néu két hop véi truc Oz, Oy sé tao thanh bién ciia céc
tap 16i. Hinh minh hoa cic dudng dong mic ciia mot ham hyperbolic, ham
nay khong phai 13 mot ham 16i.

23.3.5. Tap duédi mic o

Dinh nghia 23.8: Tap duéi mic o

Tap dudi mitc « (a-sublevel set) ctia mot ham s6 f : R® — R 1a mot tap
hop duge dinh nghia béi

Co = {x € domf | f(x) < a}

Dién dat bing 15i, mot tap dudi mitc o ctia mot ham s6 f(.) 1a tap hop cac diém
trong tap xac dinh ctia f(.) ma tai d6 ham s6 dat gia tri khong l6n hon a.
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Chuong 23. Tap 161 va ham 16i

fla,y) = %O(IQ + 3?2 — 10sin(y/22 + 32)

Hinh 23.13. Moi tip dudi miic « 13 tap 16i nhung ham sb 13 khéng 16i.

Quay lai v6i Hinh hang trén, tap dudi miic « 1a cac hinh 16i duge bao béi
duong dong mitc. Trong Hinh [23.12d| tap dudi mic a 1a phan nita mat phing
phia duéi xac dinh béi cac dudng thing dong mic. Trong Hinh tap dudi
miic « 13 viing bi gidi han bédi cac truc toa do va cac duong duong dong muic.
Trong Hinh tap dudi mic o hoi khé tudng tuong hon. Vi a > 0, dudng
dong miic 1a cac duong nét lien, cac tap dudi mitc a tuong ng 1a phan nam gitta
cac dudng nét lién nay. C6 thé nhan thay cac viing nay khong phai la tap 16i.

Néu mot ham s6 1a 16i thi moi tap dudi miic o ctia né 16i. Diéu ngugce lai
chuta chic da dang, tiic néu cac tap dudi miic a ctia mot ham s6 1a lod thi
ham sé dé chua chic da [0i.

Diéu nay chi ra rang néu ton tai mot gia tri o sao cho mot tap dudi mic a clia
mot ham s6 14 khong 107, thi ham s6 d6 khong 16i. Vi vay, ham hyperbolic khong
phéi 1a mot ham 16i. Céc vi du trong Hinh [23.12] trit Hinh déu tuong ting
v6i cac ham 10i.

Xét vi du ve viec mot ham s6 khong 16i nhung moi tap duéi mitc o déu 16i. Ham
f(x,y) = —e*Y c6 moi tap dudi miic o 1a mot nita mat phang (16i), nhung né
khong phéi 13 mot ham 16i (trong truong hgp nay né 1a mot ham 16m).

Hinh 1a mot vi du khac vé viec mot ham s6 c¢6 moi tap dudi mitc o 16i
nhung khong phai 1a mot ham 16i. Moi tap duéi mic a— clia ham s6 nay déu 1a
hinh tron — 16i, nhung ham s6 dé khong 16i. Vi c¢6 thé tim duge hai diém trén
mat nay sao cho doan thing néi ching nim hoan toan phia dudi clia mat. Chang
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Chuong 23. Tap 16i va ham 15i

han, doan thang néi mot diém & canh va mot diem & day khong ndm hoan toan
phia trén ctia mat. Nhitng ham s6 c6 tap xac dinh 1a mot tap 16i va c6 moi tap
dudi mic o 1a 16i duge goi 1a ham tua loi (quasiconvex function). Moi ham 16i
déu 1a tya 16i nhung nguge lai khong dung. Dinh nghia chinh thitc clia ham tia
161 dugc phat biéu nhu sau

Dinh nghia 23.9: Ham tua 16i

Mot ham s6 f : C — R v6i C 1a mot tap con 16i ctia R™ duge goi 1a tua 10
(quasiconvex) néu véi moi x,y € C va moi § € [0, 1], ta co:

f(0x+ (1 —0)y) < max{f(x), f(y)}

23.3.6. Kiém tra tinh chéat 16i dua vao dao ham

Ta c6 thé nhan biét mot ham s6 kha vi ¢6 1a ham 16i hay khong dira vao cac dao
ham bac nhat hodc bac hai ctia n6. Gia st ring cac dao ham dé ton tai.

Diéu kién bac nhat

Trude hét ching ta dinh nghia phuong trinh (m&t) tiép tuyén ctia mot ham s6 f
kha vi tai mot diem nam trén do thi (mat) ctia ham s6 do (xo, f(xo). V6i ham
mot bién, phuong trinh tiép tuyén tai diem c6 toa do (zg, f(z0)) 1a

y = f'(zo)(w — o) + f(0)

V6i ham nhiéu bién, dit Vf(xo) 1a gradient ctia ham s6 f tai diém x, phuong
trinh mat tiép tuyén dugc cho bdi:

y =V f(x0)" (x — x0) + f(x0)

Diéu kién bac nhat

Gid st ham s6 f c6 tap xzdc dinh la 10i va c¢6 dao ham tai moi diem trén
tap xdac dinh do. Khi dé, ham so f 1oi khi va chi khi vdi moi x, X trén tap
xac dinh, ta co:

F(x) = f(xo) + Vf(x0)" (x = xo) (23.5)

Mot ham s6 12 16i chit néu dau bang trong (23.5) x4y ra khi va chi khi x = xg.

Mot cach truc quan hon, mot ham s6 1a 16i néu mit tiép tuyén tai mot diém bat
ky khong ndam phia trén mat do thi ctia ham s6 do.
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Chuong 23. Tap 16i va ham loi

f kha vi va cé tap xac dinh 15i

f 13 ham 18i néu va chi néu f(x) > f(x0) + Vf(x0)T (x — x¢), Vx, %0 € domf

(a) ham 16i (b) ham khéng 13i

Hinh 23.14. Kiém tra tinh I3i dua vio dao ham bac nhit. Tréi: ham 16i vi tiép tuyén
tai moi diém déu n3m phia duéi do thi cla ham sb, phai: ham khéng 16i.

Hinh [23.14/ minh hoa do thi ctia mot ham 16i va mot ham khong 16i. Hinh [23.14k
mo t4 mot ham 16i. Hinh [23.14b mo t4 mot ham khong 16i vi do thi ctia né khong
hoan toan nim phia trén dusng thang tiép tuyén.

Vi du: f(x) = xT Ax la mot ham 16i néu A 1a mot ma tran nita xac dinh duong.

Ching minh: Dao ham bac nhét cia f(x) 1a Vf(x) = 2Ax. Vay diéu kién bac
nhat c6 thé viét dudi dang (chi ¥ ring A 13 mot ma tran ddi xing):

xT Ax > 2(Axg)” (x — x¢) + x¢ Axg
& xT Ax > 2x] Ax — x{ Axq
& (x —x0)TA(x —x¢) >0

Bat dang thic cubi ciing ding dua trén dinh nghia clia ma tran nita xac dinh
duong. Vay ham s6 f(x) = xZ Ax 1a mot ham 16i.

Diéu kién bac hai
Vé6i ham c6 déi s6 1a mot vector c6 chieu d, dao ham bac nhat ctia né 1a mot

vector ciing c6 chiéu d. Dao ham bac hai ciia né 14 mot ma tran vuong cé chicu
d x d.

Diéu kién bac hai

Mot ham s6 f c6 dao ham bac hai la ham 167 néu tap zdc dinh cia né 1o
va Hesse la mot ma tran nia xac dinh duong vdi moi x trong tap wac dinh:

V2f(x) = 0.
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Néu Hesse ctia mot ham s6 1a mot ma tran xac dinh duong thi ham s6 do6 16i
chat. Tuong tu, néu Hesse 13 mot ma tran xéc dinh am thi ham s6 d6 16m chit.

V6i ham s6 mot bién f(z), diéu kien nay tuong duong vé6i f7(z) > 0 v6i moi x
thuoc tap xac dinh (v tap xac dinh 1a 161).

Vi du:

e Ham f(z) = zlog(z) la 16i chat vi tap xac dinh z > 0 la mot tap 16i va
f7(x) = 1/ 1a mot s6 duong v6i moi x thuoc tap xac dinh.

e Xét ham 6 hai bién: f(x,y) = xlog(z) + ylog(y) trén tap cac gia tri duong
clia ¢ va y. Ham s6 nay c6 dao ham bac nhat [log(x) + 1,log(y) + 1|7 va Hesse

1/xz 0

{ 0 1/y
16i chat.

} la mot ma tran duong chéo xac dinh duong. Vay day la mot ham

e Ham f(z) = 22 + 5sin(z) khong 1a ham 16i vi dao ham bac hai f7(z) =
2 — 5sin(x) c6 thé nhan ca gia tri am va duong.

e Ham entropy chéo 1a mot ham 16i chat. Xét hai xacsuat z val—z (0 < x < 1)

va a 1a mot hing s6 thuoe doan [0, 1]: f(x) = —(alog(z) + (1 — a)log(1 — ))

c6 dao ham bac hai % + (11_;;)2 1a mot s6 duong.

e Néu A 1a mot ma tran xac dinh duong thi f(x) = %XTAX 12 16i vi A chinh 1a
Hesse cua né.

Ngoai ra con nhiéu tinh chat tha vi ctia cdc ham 16i, moi ban doc them Chuong
3 ctia cudn Convex Optimization [BV0O4].

23.4. Téom tit

e Machine learning va t6i uu c¢6 quan hé mat thiét v6i nhau. Trong toi wu, toi
uu 16i 14 quan trong nhét.

e Moi doan thang ndi hai diém bat ky ctia mot tap 16i nam tron ven trong tap
dé6. Giao diém clia céc tap 16i tao thanh mot tap 16i.

e Mot ham s6 1a 16i néu doan thang nbéi hai diém bat ky trén do thi ham sé do
khong nam phia du6i do thi doé.

e Mot ham s6 kha vi 1a 161 néu tap xac dinh ctia né 1a 161 va mit tiép tuyén tai
mot diém bat ky khong nim phia trén do thi ciia ham s6 dé.

e Cac chuan la cac ham 16, dugce sit dung nhiéu trong t6i uu.
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Chuong 24

Bai toan to1 vu loi

24.1. Gidi thiéu
Ching ta ciing bat dau bang ba bai toan t6i wu kha gan véi thuec té.
24.1.1. Bai toan nha xuat ban

Bai todn: Mot nha xuat ban (NXB) nhan duge hai don hang ctia cuén “Machine
Learning co ban”, 600 ban t6i Théai Binh va 400 ban t6i Hai Phong. NXB hién
c6 800 cuén 6 kho Nam Dinh va 700 cudén & kho Hai Duong. Gia chuyén phat
mot cudn sach tit Nam Dinh t6i Théi Binh 1a 50k (VND), tit Nam Dinh t6i Hai
Phong 1a 100k; tit Hai Duong t6i Thai Binh Ia 150k, tit Hai Duong t6i Hai Phong
la 40k. Cong ty do6 nén phan phdi méi kho chuyén bao nhiéu cuén téi méi dia
diém dé ton it chi phi chuyén phat nhat?

Phan tich

Ta xay dung bang s6 lugng sach chuyén tit ngudn t6i dich nhu sau:

Nguon Dich Don gia (x10k) | S6 lugng
Nam Dinh | Thai Binh 5) T
Nam Dinh | Hai Phong 10 Y
Hai Duong | Thai Binh 15 z
Hai Duong | Hai Phong 4 t

Tong chi phi (ham muc tieu) 1a f(x,y, z,) = bz + 10y + 15z + 4t. Céc diéu kien
rang budc viét dudi dang bicu thic toan hoc nhu sau:
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Chuyén 600 cuén t6i Théi Binh:  + z = 600.

Chuyén 400 cuén t6i Hai Phong: y + t = 400.

Lay tit kho Nam Dinh khong qua 800: x + y < 800.

Lay tit kho Hai Duong khong qua 700: z + ¢ < 700.

2,1, 2, t 1a cac s6 tu nhién. Rang buoc 1a sd tu nhién sé khién cho bai toan rat
kho6 giai néu s6 lugng bién 16n. Vi bai toan nay, gid st rang x, vy, 2, t 1a cac s6
thie duong. Nghiem sé dude lam tron tdi so tir nhién gan nhat.

Vay ta can giadi bai toan téi uu sau day:
Bai todan NXBFY
(x,y,z,t) =arg mint b5x + 10y + 15z + 4t
m7y7'2:7

thod man: x + z = 600
y 4+t =400 (24.1)
r+1y <800
z 41 <700
z,y,2,t >0

Nhan thay rang ham muc tiéu 1a mot ham tuyén tinh ctia cac bién xz,y, 2,t. Cac
diéu kien rang budc déu tuyén tinh vi chiing c6 dang siéu phang hodc nita khong
gian. Bai toan t6i uu v6i cd ham muc tiéu va rang buoc déu tuyén tinh duge goi
14 quy hoach tuyén tinh (linear programming — LP). Dang tong quat va cach thic
lap trinh dé gidi mot bai toan quy hoach tuyén tinh sé dugce cho trong phan sau
cua chuong.

24.1.2. Bai toan canh tac

Bai todn: Mot anh nong dan c6 tong cong 10 ha (hecta) dat canh tac. Anh du
tinh trong ca phé va ho tieu trén dien tich dat nay véi tong chi phi cho viéc trong
khong qua 16 tr (triéu dong). Chi phi dé trong ca phé la 2 tr/ha, hd tieu la 1
tr/ha. Thai gian trong ca phe 1a 1 ngay/ha va ho tiéu 1a 4 ngay/ha; trong khi
anh chi c6 thoi gian tong cong 32 ngay. Sau khi trit tat ca chi phi (bao gom chi
phi trong cay), méi ha ca phé mang lai 1gi nhuan 5 tr, méi ha ho tieu mang lai
loi nhuan 3 tr. Héi anh phai quy hoach nhu thé nao dé t6i da lgi nhuan?

51 Nghiem cho bai toan nay c6 thé nhan thiy ngay 1a © = 600,y = 0, z = 0, ¢t = 400.
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Phan tich

Goi x va y lan lugt 1a s6 ha ca phé va ho tiéu ma anh nong dan nén trong. Loi
nhuan anh thu duge 1a f(x,y) = 5x + 3y (trieu dong). Day chinh 1a ham muc
tieu ciia bai toan. Cac rang buodc trong bai toan duge viét dudi dang:

e Tdng dien tich trong khong vuot qua 10 ha: x +y < 10.
e Tong chi phi trong khong vugt qua 16 tr: 2z + y < 16.
e Tong thoi gian trong khong vugt qua 32 ngay: = + 4y < 32.

e Dién tich ca phé va ho tieu 1a cac s6 khong am: x,y > 0.

Vay ta c6 bai toan t6i uu sau day:

Bat toan canh tac
(z,y) =argmaxbx + 3y
zy

thoa man: x +y < 10
20 +y < 16 (24.2)
T+ 4y < 32
z,y >0

Bai toan nay yeu cau toi da ham muc tieu thay vi téi thiéu né. Viec chuyén bai
toan vé dang t6i thiéu c6 thé duge thuc hién bing cach déi dau ham muc tieu.
Khi d6 ham muc tiéu 1a tuyén tinh va bai toan mdi van la mot bai toan quy
hoach tuyén tinh nita. Hinh minh hoa nghiém cho bai toan canh tac.

Viing mau xam c6 dang mot da gidc 16i chinh 1a tap kha thi. Cac dudng song song
1a cac duong dong miic ciia ham muc tieu 5z + 3y, moéi dudng ting v6i mot gia tri
khac nhau, khoang cach gitta cac nét diit cang nho ting véi cac gia tri cang cao.
Mot céch truc quan, nghiem ctia bai toan c6 thé duge tim bang cach di chuyén
mot dudng nét dit vé ben phai (phia lam cho gia tri cia ham muc tieu 16n hon)
dén khi né khong con diém chung véi phan da gidc mau xam nita.

C6 thé nhan thiy nghiém clia bai toan chinh la giao diém ctia hai duong thing
x4y =10 va 2x +y = 16. Giai hé phuong trinh nay ta c¢6 2* = 6 va y* = 4. Tiic
anh nong dan nén trong 6 ha ca phé va 4 ha ho tieu. Liuc d6 lgi nhuan thu duge
1a 52* + 3y* = 42 trieu dong va chi mat thai gian 13 22 ngay. Trong khi d6, néu
trong toan bo ho tieu trong 32 ngay, tiic 8 ha, anh chi thu dugc 24 triéu dong.

V6i cac bai toan t6i wu c6 nhiéu bién va rang buoc hon, sé rat khé dé minh hoa
va tim nghiém bing céch nay. Ching ta can c6 mot cong cu hiéu qua hon dé tim
nghiém bang cach lap trinh.
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y Hinh 24.1. Minh hoa nghiém cho

N bai todn canh tic. Phan ngii giac
mau xdm thé hién tap kha thi cla
bai todn. Cac dudng song song thé
hién cic dudng ddng mic cta ham
muc tiéu véi khoang cich gilra cac
nét dit cang nhd tuong Ung véi
gia tri cang cao. Nghiém tim dugc
chinh 13 diém hinh tron den, 13 giao
diém cha hinh ngii gidc xam va
dudng dong mic ting véi gia tri cao
nht.

24.1.3. Bai toan dong thung

Bai toan: Mot cong ty phai chuyen 400 m? cat t6i dia diem xay dung & bén kia
song bang céch thué mot chiéc xa lan. Ngoai chi phi van chuyén 100k cho mot
luot di vé, cong ty phai thiét ké mot thiing hinh hop chit nhat khong can nap dit
trén xa lan dé dyng cat. Chi phi san xuat cdc mit xung quanh 1 1 tr/m? va mit
day 1a 2 tr/m?2. Dé tong chi phi van chuyén la nho nhét, chiéc thimg can duge
thiét ké nhu thé nao? Dé don gian hoa bai toan, gid st cat chi duge do ngang
hoiic thap hon vé6i phan trén ctia thanh thing, khong do thanh ngon. Dé don gian
hon nita, gia st them rang xa lan c6 thé chd duge thing c6 kich thude vo han va
khoi lugng vo han (khong duge do truc tiép cat len mat xa lan).

Phan tich

Gia st chiéc thiing can lam c6 chiéu dai, chiéu rong, chiéu cao lan lugt 1a z,y, 2
(m). Thé tich ctia thing 1a xyz (m?). C6 hai loai chi phi:

e Chi phi thué za lan: S6 chuyén xa lan phai thu la ;%g. S6 tién phai tra cho
400 40 ‘ R
xa lan 1a 0.1— = — =402 'y 'z~ (0.1 § day 1a 0.1 triu dong).
ryz  xYz

e Chi phi lam thung: Dién tich xung quanh cta thung la 2(x 4 y)z. Dién tich
day 1a xy. Vay tong chi phi lam thing 1a 2(z + y)z + 22y = 2(zy + yz + 21).

Tong toan bo chi phi 1a f(z,y,2) = 400 ly~127! + 2(2y + yz + 2z). Didu kién
rang budc duy nhat 1a kich thuée thung phai duong. Vay ta c6 bai toan t6i uu
sau.

62 Ta hay tam gia s ring day 1a mot sé tu nhién, viéc lam tron nay sé khong thay déi két qua dang
ké vi chi phi van chuyén mot chuyén 14 nhé so véi chi phi lam thiing
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Bai toan van chuyén:

(z,y) = argmin40z 'y 27! + 2(zy + yz + 22)
e (24.3)
thod man: x,y,z > 0

Bai todn nay thudc loai quy hoach hinh hoc geometric programming, GP). Dinh
nghia ctia GP va cach diing cong cu t6i uu sé dugde trinh bay trong phan sau ctia
chuong.

Nhan théy rang bai todn nay hoan toan cé thé gidi duge bang bat ding thic Cauchy,
nhung ching ta muon mot loi gidi tong qudt cho bai toan dé cé thé lap trinh duoc.

(Loi gidi: f(z,y,2) = 2L + 2% 4 2y + 2yz + 2zx > 5v/3200. Dau bing xay ra

TYZ TYZ

khi va chi khi x =y = 2 = v/10.)

Khi ¢6 cac rang buoc vé kich thuée ciia thiing va trong luong ma xa lan tai ducge
thi bai toan trd nén phtc tap hon, va bat dang thitc Cauchy khong phai lic nao
ciing lam viéc hiéu qua.

Nhitng bai toan trén day déu 1a cac bai toan t6i wu. Chinh xac hon, ching déu 1
cac bai todn toi wu 107 (convex optimization problems). Truéc hét, ching ta can
hiéu céc khai niem co ban trong mot bai toan téi uu.

24.2. Nhic lai bai toan téi uu
24.2.1. Cac khai niém co ban
Bai toan t6i uu ¢ dang tong quat:

x* = argmin fo(x)

thod man: f;(x) <0, i=1,2,...,m (24.4)
hi(x) =0, j=12..p

Phat biéu bang 18i: Tim gia tri clia bién x dé t6i thieu ham fo(x) trong s6 nhing
gia tri x thod méan cac diéu kién rang budc. Ta c¢6 bang khai niém song ngit va
ky hicu ctia bai toan téi wu duge trinh bay trong Bang [24.1]

Ngoai ra:

e Khi m = p = 0, bai toan (24.4) dugc goi la bai todn toi wu khong rang budc
(unconstrained optimization problem).

e D la tap xac dinh, ttic giao clia tat ci cac tap xac dinh clia moi ham s6 xuat
hién trong bai toan. Tap hop céac diém thod man moi diéu kién rang buoc la
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Bang 24.1: Bang cac thuit ngif va ky hiéu trong bai toan tdi uu.

Ky hiéu Tiéng Anh Tiéng Viét
x € R" optimization variable bién t6i wu

fo:R" =R objective/loss/cost/function | ham muc tiéu

fi(x) <0 inequality constraint bat ding thic rang budc
fi:R" >R inequality constraint function | ham béat ding thic rang budc

hj(x) =0 equality constraint déng thiic rang budc
h;j :R" - R equality constraint function ham déng thic rang buoc

D= - m,domf; N - ¥_, domh; | domain tap xéc dinh

mot tap con ctia D dude goi 1a tap kha khi (feasible set). Khi tap kha thi la
mot tap rong thi bai toan t6i wu (24.4)) bat khd thi (infeasible). Mot diém nam
trong tap kha thi dugc goi 1a diém khd thi (feasible point).

e (fid tri toi wu (optimal value) ctia bai toan t6i wu (24.4) duge dinh nghia la:

p* =inf{fo(x)|fi(x) <0,i=1,...,mhj(x)=0,7=1,...,p}

p* c¢6 thé nhan cac gia tri +00. Néu bai toan la bat kha thi, ta coi p* = +o0,
Néu ham muc tiéu khong bi chian dudi, ta coi p* = —oo.

24.2.2. Diém t6i wu va t6i wu dia phuong

Mot diém x* duge goi la diém téi wu (optimal point) , clia bai toan néu
x* 13 mot diém kha thi va fo(x*) = p*. Tap hop tat ca cac diem t6i wu dude goi
1a tap toi wu (optimal set). Néu tap t6i uu khéac rong, ta néi bai toan gidi
duge (solvable). Ngudc lai, néu tap t6i wu rong, ta néi gia tri t6i wu khong thé
dat dugc.

Vi du: Xét ham muc tieu f(x) = 1/z v6i rang buoc x > 0. Gia tri toi wu ciia bai
toan nay 13 p* = 0 nhung tap t6i wu la mot tap rong vi khong c6 gia tri ndo cla
x dé ham muc tieu dat gia tri p*.

V6i ham mot bién, mot diém 1a cuc tiéu/téi wu dia phuong ctia ham sd néu tai
d6 ham sb dat gia tri nhé nhat trong mot 1an can (va lan can nay thudc tap xac
dinh ctia ham s6). Trong khong gian mot chiéu, 1an can clia mot diém duoge hidu
1a tap cac diém cach diém d6 mot khoang rat nho. Trong khong gian nhiéu chiéu,
ta goi mot diém x 1a t6i wu dia phuong néu ton tai mot gia tri R > 0 sao cho:

fo(x) = inf{fg(z)]fi(z) <0,i=1,...,m,
hj(z) = Oa] =1,... Py ”Z - X||2 < R} (245)
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24.2.3. Mot vai luu 7
Bai toan trong dinh nghia (24.4) 1 t6i thiéu ham muc tiéu v6i cac rang budc nhd

hon hoac bang khong. Céac bai toan yéu cau toi da ham muc tiéu va diéu kien
rang buoc ¢ dang khac déu c6 thé dua vé duge dang nay:

e max fo(x) < min — f(x).

o filx) < g(x) & fi(x) —g(x) <0.

e fi(x)>0& —fi(x)<0.

e o< fi(x)<be filx)—b<0vaa-— fi(x)<0.

e Trong nhiéu trudng hop, rang budce f;(x) < 0 duge viét lai dudi dang hai rang
buoc fi(x)+s; = 0 vas; > 0. Bién duge them vao s; duge goi 1a bién I6ng léo

(slack variable). Rang budc khong am s; > 0 néi chung dé gidi quyét hon bat
phuong trinh rang budc f;(x) < 0.

24.3. Bai toan tbi uu 16i

24.3.1. Dinh nghia

Dinh nghia 24.1: Bai toan tbi wu 16i

Mot bai todn toi wu loi (convex optimization problem) 1a mot bai toan toi
uu c6 dang

x* = argmin fo(x)
thod man: f;(x) <0, i=1,2,...,m (24.6)
hy(x) = alx— by = 0,j = 1,...,

trong d6 fo, f1,- .., fm 12 cac ham 1oi.

So v6i bai toan t6i vu (24.4), bai toan t6i uu 16i (24.6) c6 thém ba diéu kien:

e Ham muc tiéu 1a mot ham 16i.
e Céac ham bat déng thic rang budc f; 1a cac ham 16i.

e Ham déng thitc rang buoc h; 1a ham affine.

Trong toan toi wu, ching ta dic biet quan tam t6i cac bai toan toi wu 16i.
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Mot vai nhan xét:

e Tap hop céc diém thod man h;(x) = 0 1a mot tap 16i vi n6 ¢6 dang siéu phang.

e Khi f; 1a mot ham 16i, tap hgp cac diém thod man fi(x) < 0 la tap dusi miic
0 ctia f; va la mot tap 1oi.

e Tap hop céc diém thoa man moi diéu kien rang buoc la giao clia céac tap 10,
vi vay né 1a mot tap 16i.

Trong mot bai todn toi wu 10, mot ham muc tieu loi duge toi thiéu trén mot
tap loi.

24.3.2. Cuyc tri dia phuong ctia bai toan tbi wu 16i 1A cuc tri toan cuc

Tinh chat quan trong nhat ctia bai toan téi wu 16i chinh 14 moi diém cuc tiéu dia
phuong déu la cue tiéu toan cuc. Diéu nay cé thé chitng minh bang phan chiing.
Goi x 1a mot diém cuc tiéu dia phuong:

fo(x0) = inf{ fo(x)|x € tap kha thi, ||x — x| < R}

v6i R > 0 nao d6. Gi st xo khong phai 1a mot cyce tri toan cuc, tidc ton tai mot
diém kha thi y sao cho f(y) < f(xo) (hién nhién y khong ndm trong lan can
dang xét). Ta c6 thé tim duge 6 € [0,1] sao cho z = (1 — )xg + fy nam trong
lan can cia xo, tic ||z — xgl|s < R. Viéc nay dat duge duge vi tap kha thi la mot
tap loi. Hon nita, vi ham muc tiéu fy 1a mot ham 161, ta c6

fo(z) = fo((1 = 0)xo + Oy) (24.7)
< (1 —0)fo(x0) +0fo(y) (24.8)
< (1 —=0) fo(x0) + 0fo(x0) = fo(xo) (24.9)

Diéu nay mau thuan véi gia thiét x, 1& mot diém cyc tiéu dia phuong va z nam
trong lan can clia xo. Vay gia thiét phan ching la sai, tiic xo chinh 1a mot diém
cuc tri toan cuc.

Chitng minh bing 15i: Ggia sit mot diém cyc tiéu dia phuong khong phai 1a cuc
tiéu toan cuc. Vi ham muc tieu va tap kha thi déu 16i, ta luon tim duge mot
diém khac trong lan can cta diém cuc tiéu dé sao cho gia tri ciia ham muc tiéu
tai diem mdi nay nhé hon gid tri cia ham muc tiéu tai diém cuc tiéu. Sy mau
thuan nay chi ra ring véi mot bai toan t6i wu 16i, diém cuyec tiéu dia phuong phai
1a diém cuc tiéu toan cuc.
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2 Hinh 24.2. Biéu di&n hinh hoc
e/ clia diéu kién tbi uu cho ham muc
N tieu khd vi. Cic dudng nét dit
;5: / / tuong lng Vi cécldu’dng dong miic.
£ Nét dit cang ngan tng véi gia tri

’ —Y;fo(x()é cang cao.

dudng ddng miic

24.3.3. Diéu kién t6i wu cho ham muc tiéu kha vi

Néu ham muc tiéu fy 1a kha vi, theo dieu kién bac nhat, v6i moi x,y € dom fy,
ta co:
fo(x) > fo(x0) + V fo(xo)" (x — x0) (24.10)

Diat X 1a tap kha thi. Diéu kien can va di dé mot diem xo € X 1a diém t6i uu la:
Vfo(x0)T (x —x0) >0, Vx € X (24.11)

Phan ching minh cho diéu kién nay duge bé qua, ban doc c6 thé tim trong trang
139-140 ctia cuén Conver Optimization [BV04].

Diéu nay chi ra rang néu V fy(xg) = 0 thi x¢ chinh la mot diém téi wu ciia bai
toan. Néu V fo(xg) # 0, nghiem ctia bai toan sé phai ndm trén bién ctia tap kha
thi. That vay, quan sat Hinh , diéu kién nay néi rang néu x, 1a mot diém tdi
uu thi véi moi x € X', vector di tit xq t61 x hgp véi vector —V fy(xg) mot goc tu.
N6i cach khac, néu ta vé mit tiép tuyén ctia ham muc tiéu tai x, thi moi diém
kha thi nim vé mot phia so v6i mét tiép tuyén nay. Diéu nay chi ra ring xo phai
nam trén bién ctia tap kha thi X'. Hon nita, tap kha thi ndm vé phia lam cho ham
muc tiéu dat gia tri cao hon fy(xo). Mit tiép tuyén nay dugc goi 1a siéu phdng
hé trg (supporting hyperplane) ctia tap kha thi tai diém x.

Mot mit phang di qua mot diém trén bién ctia mot tap hop sao cho moi diém
trong tap hop d6 nam vé mot phia (hodc nam trén) so v6i mat phang do6 dudc
goi 1a mot siéu phdng hé trg. Ton tai mot sieu phang hd tro tai moi diém tren
bién ciia mot tap 1oi.

24.3.4. Giéi thiéu thu vien CVXOPT

CVXOPT la mot thu vien mién phi trén Python di kem véi cudén sach Convex
Optimization. Huéng dan cai dat, tai lieu huéng dan, va cac vi du mau ciia thu
vién nay ciing ¢6 day du trén trang web CVXOPT (http://cvxopt.org/). Trong
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phan con lai clia chuong, chiing ta sé thao luan ba bai toan co ban trong t6i uu
16i: quy hoach tuyén tinh, quy hoach toan phuong va quy hoach hinh hoc. Chting
ta sé ciing lap trinh dé giai cac vi du da néu & phan dau chuong dya trén thu
vien CVXOPT nay.

24.4. Quy hoach tuyén tinh
Chung ta cung bat dau véi 16p cac bai toan quy hoach tuyén tinh (linear pro-
gramming, LP). Trong d6, ham muc tiéu fy(x) v& cdc ham bat dang thic rang

buoc f;(x),i=1,...,m déu la ham affine.

24.4.1. Dang tong quat ciia quy hoach tuyén tinh

Dang téng quat ctia quy hoach tuyén tinh

x =argminc’x +d
X

thoa man: Gx =h (24.12)
Ax=Db

Trong do G €e R™" he R"”, AecRP" beRP, c,x € R" vadeR.

S6 vo hudng d chi lam thay doi gia tri cia ham muc tieu ma khong lam thay déi
nghiém ctia bai toan néen cé thé duge luge bd. Nhic lai ring ky hieu < nghia 1a
mdi phan ti trong vector ¢ vé trai nho hon hodc bang phan tit tuong tng trong
vector ¢ vé phai. Cac bat ding thitc dang gix < h;, v6i g; 1a nhitng vector hang,
c6 the viét gop dusi dang Gx < h trong dé méi hang ctia G tng véi mot g;, mdi
phan t1t ctia h tuong tng v6i mot h;.

24.4.2. Dang tiéu chuan ctia quy hoach tuyén tinh

Trong dang tiéu chuan quy hoach tuyén tinh, bat phuong trinh rang buoc chi la
diéu kién nghiém c6 cac thanh phan khong am.

Dang tiéu chuan ctia quy hoach tuyén tinh

x = arg minc’ x
X

thod man: Ax =b (24.13)
x>0

Dang tong quéat (24.12)) c6 thé duge dua vé dang tieu chuan (24.13) bing cach
dat them bién 1ong 1éo s:
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© " | Hinh 24.3. Biéu dién hinh hoc

." :' Al ., 1 > A /
Quy hoach tuyén tmhl cua quy hoach tuyén tinh
! ' I

1

X = argminc’x

thod man: Ax =Db
Gx+s=h
s>~0

(24.14)

Tiép theo, néu ta biéu dién x dudi dang hicéu cia hai vector véi thanh phan khong
am: x = xt —x~, v6i xT,x~ > 0. Ta c6 thé tiép tuc viét lai (24.14) dudi dang:

+ T

x =arg min ¢’ x" —c’x

xt,x— s
thod man: Ax" — Ax  =b (24.15)
Gx"—-Gx +s=h
X+ EO,X_ t07si0

Té6i day, ban doc c6 thé thay rang (24.15) c6 dang (24.13).

24.4.3. Minh hoa bang hinh hoc ciia bai toan quy hoach tuyén tinh

Céc bai toan quy hoach tuyén tinh c¢6 thé duge minh hoa nhu Hinh v6i tap
kha thi c6 dang da dién 16i. Diém x, 14 diém cuc tiéu toan cuc, diém x; 1a diém
cic dai toan cuc. Nghiém clia cic bai toan quy hoach tuyén tinh, néu ton tai, 1a
mot diém trén bién cia clia tap kha thi.

24.4.4. Giai bai toan quy hoach tuyén tinh bang CVXOPT
Nhéc lai bai toan canh tac:
(x,y) =argmax bz + 3y
aj’y

thoa man: x +y < 10
2x +y < 16 (24.16)
r+4y < 32
z,y >0

Céc diéu kién rang buoc c6 thé viét lai dudi dang Gx < h, trong doé:
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1 1 10
2 1 16
G=|1 4|h=|32
-1 0 0
0 -1 0

Khi stt dung CVXOPT, ching ta lap trinh nhu sau:

from cvxopt import matrix, solvers

c matrix ([-5., -3.1) # since we need to maximize the objective funtion
G matrix([[1l., 2., 1., -1., O.], [1., 1., 4., 0., -1.11)

h = matrix([10., 16., 32., 0., 0.1)

solvers.options|[’show_progress’] = False
sol = solvers.lp(c, G, h)

print (' Solution"’)
print (sol['x’])

Két qua:

Solution:
[ 6.00e+00]
[ 4.00e+00]

Nghiém nay chinh 14 nghiém ma ching ta da tim dugc trong phan dau ctia bai
viét dua trén biéu dién hinh hoc.

Mot vai luu y:
e Ham solvers.lp cluia cvxopt giai bai toan (24.14]).

e Trong bai toan nay, vi phai tim gia tri 16n nhat nén ham muc tiéu can dudgc
ddi vé dang —5x — 3y. Vi vay, ta can khai bdo ¢ = matrix([—5., —3.1).

e Ham matrix nhan dau vao la mot list trong Python, 1list nay thé hien mot
vector cot. Néu muén biéu dién mot ma tran, dau vao clia matrix phai 1a mot
list clia list, trong d6 mdi list bén trong thé hién mot vector cot.

e Céc hang s6 trong bai toan phai ¢ dang s6 thuc. Néu chung 1a cac s6 nguyén,
ta can thém dau cham (.) dé chuyén ching thanh s6 thuec.

e V6i ding thiic rang budoc Ax = b, solvers.1p lay gia tri mac dinh clia A va b
12 None, titc néu khong khai bao thi khong cé ding thitc rang budc nio.

V6i cac tuy chon khéc, ban doc c6 thé tim trong tai lieu ciia CVXOPT (https:
//go0o.gl/q5CZmz). Vigc giai Bai toan NXB bang CVXOPT xin nhudng lai cho
ban doc.
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24.5. Quy hoach toan phuong

24.5.1. Bai toan quy hoach toan phuong

Mot dang bai todn t6i wu 16i pho bién khac 1a quy hoach toan phuong (quadratic
programming, QP). Khac bi¢t duy nhat ctia quy hoach toan phuong so véi quy
hoach tuyén tinh 13 ham muc tiéu c¢6 dang toan phuong (quadratic form).

Quy hoach toan phuong

1
X = arg min éxTPx +q'x+r

thoa man: Gx < h (24.17)

Ax=Db

Trong do P la mot ma tran vuong nia xdc dinh duong biac n, G €
R™" A € RP*™,

Diéu kién nita xac dinh duong cia P nham dam bio ham muc tiéu 1a 16i. Trong
quy hoach toan phuong, mot dang toan phuong dugde t6i thiéu trén mot da dien
161 (Xem Hinh . Quy hoach tuyén tinh 14 mot truong hgp dac biét clia quy
hoach toan phuong véi P = 0.

24.5.2. Vi du

Bai todn: Mot hon dao c¢6 dang da giac 16i. Mot con thuyén ¢ ngoai bién can di
theo huéng nio dé t6i ddo nhanh nhat, gia sit ring tdc do clia song va gi6 bing
khong. Day chinh la bai toan tim khoang cach tit mot diém t6i mot da dien.

Bai toan tim khodng cach tit mot diem t6i mot da dien: Cho mot da dien 1a tap
hop céc diém thod man Ax < b va mot diém u, tim diém x thuoc da dien d6 sao
cho khodng cach Euclid gifta x va u 13 nhé nhat. Day 1a mot bai toan quy hoach
toan phuong c6 dang:

1 2
x = argmin —||x — u||5
x 2
thod man: Gx =<h

Ham muc tiéu dat gia tri nhé nhat biang 0 néu u nam trong polyheron dé va
nghiém chinh 14 x = u. Khi u khong nam trong polyhedron, ta viét:

1 1 1 1
§Hx —ulj5 = §(x —u)f(x—u) = §XTX —u’x + §uTu

Biéu thiic nay c6 dang ham muc tiéu nhu trong 24.17) véi P =1,q = —u,r =
su”u, trong d6 I 1a ma tran don vi.
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Hinh 24.4. Biéu din hinh hoc
cta quy hoach toan phuong

—_—— - - -

e \
: ~Vio(xo))
N \ — —
. tap kha thi X
Y (10,10) Hinh 24.5. Vi du vé khoéng
cach gitta mét diém va méot
z 4 A
—~y =3 da dién
<
X
&\\
¥
% 4
X X
<
(0,0) \
C:

24.5.3. Giai bai toan quy hoach toan phuong bang CVXOPT

Xét bai toan duge cho tren Hinh [24.5] Ta can tim khoang cach tir diém c6 toa
do (10, 10) t6i da giac 16i mau xam. Khodng cach tit mot diém t6i mot tap hop
trong trudng hop nay dude dinh nghia la khodng cach tit diem do t6i diem gan
nhat trong tap hop. Bai toan nay dudc viét dusi dang quy hoach toan phuong
nhu sau:

(z,y) = argmin(x — 10)? + (y — 10)?
Y

1 1 10
2 1 16
thod man: 1 4 [x] =< | 32
—10| LY 0
0 —1 0

Tap kha thi ctia bai todn duge lay tit Bai toan canh tac va u = [10, 10]7. Bai
toan nay c6 thé duge giai baing CVXOPT nhu sau:

Machine Learning co ban 333

https://thuviensach.vn



Chuong 24. Bai toan toi uu loi

from cvxopt import matrix, solvers

P = matrix([[1 0.1, [0., 1.11)

q = matrix([—lO , —10.1)

G = matrix(([(1t., 2., 1., -1., 0.1, [(1., 1., 4., 0., -1.11)
h = matrix([10., 16., 32., 0., 01)
solvers.options [’ show_progress’] = False

sol = solvers.qgp(P, g, G, h)

print (' Solution:’)

print (sol[’x'])

Két qua:

Solution:
[ 5.00et+00]
[ 5.00e+00]

Nhu vay, nghiém ctlia bai toan t6i wu nay 1a diém c6 toa do (5,5) .
24.6. Quy hoach hinh hoc

Trong muc nay, chiing ta cling thio luan mot nhém cac bai toan khong 161, nhung
c6 thé dugce bién doi vé dang 16i. Trude hét, ta lam quen véi hai khéi niem don
thitc va da thic.

24.6.1. Don thuc va da thiac

Mot ham s6 f : R® — R véi tap xéac dinh domf = R"
duong) c6 dang:

(tat cad cAc phan tit déu

an

f(x) =caf'ay® ... x¥

trong d6 ¢ > 0 va a; € R, duge goi 1a mot don thie (monomial) (trong chuong
trinh phd thong, don thiic duge dinh nghia véi ¢ bat ky va a; 1a céc s6 tu nhieén).

(24.18)

Tong ctia cac don thiic:

xank

E cRryF gL

trong d6 ¢ > 0, duge goi la da thic (posynomial).

(24.19)
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24.6.2. Quy hoach hinh hoc

Quy hoach hinh hoc

x = arg min fo(x)
thoa man: fi(z) <1, i=1,2,....,m (24.20)
hi(z) =1, j=1,2,...,p

trong do fo, f1,..., fm la cdac da thic va hy, ..., hy, la cic don thic.

. J

Diéu kién x > 0 da dugc an di.
Chu ¥ ring néu f 1a mot da thitc, h 1a mot don thiic thi f/h 1a mot da thitc.
Vi du, bai toan tdi wu

(2, 2) = arg minx/y

IR

thod man: 1<z <2 (24.21)
3+ 2y/z < VY
Ty ==z
c6 thé dugce viét lai dusi dang quy hoach hinh hoc:

(z,y,2) = argmin 2y !

T,Y,z
thoa man: 2 '<1 (24.22)
(1/2)x <1
$3y71/2 +2y1/2271 <1
zy 2t =1
Bai todn nay khong 1a mot bai toan tdi wu 16i vi cd ham muc tiéu va diéu kién
rang buoc déu khong 16i.

24.6.3. Bién d6i quy hoach hinh hoc vé dang bai toan t6i wu 16i

Quy hoach hinh hoc c¢6 thé dugce bién doéi vé dang 16i bang cach sau day. Dit
y; = log(x;), tic x; = exp(y;). Néu f 1a mot don thiic ciia x thi:

n

J(x) = clexp(y))™ ... (exp(yn))™ = cexp (Z ay) = exp(a’y + )

i=1

v6i b = log(c). Lic nay, ham s6 g(y) = exp(a’y + b) 1a mot ham 16i theo y. (Ban
doc ¢6 thé chitng minh theo dinh nghia ring hgp ciia hai ham 161 14 mot ham 16i.
Trong truong hgp nay, ham exp va ham affine déu 1a cac ham 16i.)
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Tuong tu, da thiic trong ding thiic (24.19)) c6 thé duge viét dudi dang:
K
f(x) = Z exp(aly + by)
k=1

trong d6 a, = [aik, ..., an|’, b, = log(c,) va y; = log(z). Lic nay, da thic da
duge viét dudi dang téng clia cadc ham exp clia cac ham affine, va vi vay 1a mot
ham 161 theo y. Luu ¥ réng tong ctia cac ham 16i 14 mot ham 16i.

Bai toan quy hoach hinh hoc (24.20) dugc viét lai dudi dang:

Ko
y = rmin> Sexpladiy + i)
k=1
K, (24.23)
thod man: exp(aly +by) <1, i=1,...,m
k=1

exp(gfy—i—hj):l, j=1,....p
véiag € R", Vi=1,...,pvag, €eR" Vj=1,...,p.

V6i chi y rang ham s6 log (3", exp(g;(z))) la mot ham [oi theo z néu g; 1a céac
ham 16i (xin bé qua phan ching minh), ta c6 thé viét lai bai toan (24.23) dudi
dang mot bai toan toi wu 16i bang cach 1ay log cia cac ham nhu sau.

Quy hoach hinh hoc dudi dang bai todn téi wu 1oi

Ko
rninyfo(y) = log (Z exp(ag,y + biO))

k=1

N K (24.24)
thod man: f;(y) = log Zexp(az,;y +by) | <0, i=1,....,m

k=1

hily)=gly+h;=0, j=1....p

Lic nay, ta c6 thé noéi rang quy hoach hinh hoc tuong duong véi mot bai toan
t6i wu 161 vi ham muc tiéu va cac ham bat phuong trinh rang buoc trong (24.24))
déu 1a ham 16i, dong thoi rang budce phuong trinh cudi ciing c6 dang affine.

24.6.4. Giai quy hoach hinh hoc bing CVXOPT

Quay lai vi du vé Bai toan déng thiing khong rang buoc va ham muc tiéu
flz,y,2) = 40z ly 127! + 22y + 2yz + 222 13 mot da thitc. Vay day ciling 1a
mot bai toan quy hoach hinh hoc.

Nghiém ctia bai toan c6 thé duge tim bing CVXOPT nhu sau:
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from cvxopt import matrix, solvers
from math import log, exp# gp
from numpy import array

import numpy as np

K = [4] # number of monomials

F = matrix([[-1., 1., 1., 0.1,

[-1., 1., 0., 1.1,

[-1., 0., 1., 1.11)

g = matrix([log(40.), log(2.), log(2.), log(2.)1])
solvers.options[’show_progress’] = False

sol = solvers.gp(K, F, g)

print (' Solution:’)
print (np.exp (np.array(sol[’'x"])))

print (' \nchecking sol”5’)
print (np.exp (np.array(sol[’'x'])) **5)

Két qua:

Solution:

[[ 1.58489319]
[ 1.58489319]
[ 1.58489319]]

checking sol”5
[[ 9.9999998]
[ 9.9999998]
[ 1 9.9999998]1]

Nghiém thu dugc chinh 1a = y = 2z = v/10. Ban doc nén doc thém chi dan ctia
ham solvers.gp (https://goo.gl/5FEBtn) dé hiéu cach thiét lap va gidi bai toan
quy hoach hinh hoc.

24.7. Tém tit

e Cac bai toan toi wu xuat hién rat nhiéu trong thiyc té, trong dé téi wu 16i déng
mot vai trdo quan trong. Trong bai toan t6i wu 16i, néu tim duge cyc tri dia
phuong thi dé chinh 1a cuyc tri toan cuc.

e C6 nhitng bai toan toi wu khong duge viét dusi dang 16i nhung cé thé bién
doi vé dang 16i, vi du nhu bai toan quy hoach hinh hoc.

e Quy hoach tuyén tinh va quy hoach hinh hoc déng mot vai tro quan trong
trong toan toi uu, dude st dung nhiéu trong cic thuat toan machine learning.

e Thu vien CVXOPT duge dung dé giai nhi¢u bai toan t6i wu 16i, rat dé si
dung, pht hgp v6i muc dich hoc tap va nghién ciiu.
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Chuong 25

D61 ngau

25.1. Gidi thidu

Trong Chuong[23) va Chuong [24] chiing ta da théo luan vé tap 161, ham 15i va céc
bai toan t6i uu 16i. Trong chuong nay, ching ta sé tiép tuc tim hiéu sau hon scac
diéu kién vé nghiém ctia cac bai toan téi wu, ca 16i va khong 16i; bai todn doi ngau
(dual problem) va diéu kien KKT.

Trude tien ching ta xét bai todn t6i wu chi c6 mot phuong trinh rang buoc:

x = arg min fy(x)
x (25.1)
thod man: fi(x) =0

Bai toan nay khong nhat thiét 1 bai toan t6i wu 16i. Tidc ham muc tiéu va ham
rang buoc khong nhat thiét phai 16i. Bai toan nay c6 thé duge gidi bang phuong
phép nhan tit Lagrange (xem Phu Luc . Cu thé, xét ham s6:

L(x, ) = fo(x) + Afi(x) (25.2)
Ham s6 L£(x,) duge goi 1a ham Lagrange (the Lagrangian) ctia bai toan toi
vu ([25.1]). Trong ham s6 nay, ching ta c6 them mot bién A duge goi la nhan ti

Lagrange (Lagrange multiplier). Ngudi ta da chting minh duge ring, diém t5i uu
ctia bai toan (25.1]) thod man diéu kien Vi L(x, A) = 0. Tric la:

Vi L(x,\) = Vi fo(X) + AV fi(x) =0 (25.3)
VaL(x,\) = fi(x) =0 (25.4)

D@ y rang diéu kién thit hai chinh 1a phuong trinh rang budc trong bai toan (25.1)).
Trong nhiéu truong hop, viéc gidi hé phuong trinh - don gian hon
viéc tryc tiép di tim optimal value clia bai toan (25.1]). Mot s6 vi du vé phuong
phap nhan tit Lagrange c6 thé dugc tim thay tai Phu Luc .
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25.2. Ham dbi ngau Lagrange
25.2.1. Ham Lagrange ciia bai toan tbi vu
Xét bai toan ti wu tong quat:

x* = arg min fy(x)

thod man: f;(x) <0, i=1,2,...,m (25.5)
hij(x)=0, j=1,2,...,p

v6i tap xac dinh D = (N domf;) N (N_, domh;. Chi ¥ ring, 6 day khong c6
gia sit vé tinh chat 16i ctia ham t6i wu hay cidc ham rang buoc. Gia st duy nhat
la tap xac dinh D # () (tap rong). Bai toan t6i wu nay con dugce goi la bai todn
chinh (primal problem).

Ham s6 Lagrange cling duge xay dung tuong tir véi moi nhan tit Lagrange cho
mot (bat) phuong trinh rang buge:

£(X7)‘> V) = fO(X) + Z)\zfz(x> + Zyjhj(x)'

Trong do, A = [\, Aa, .., Al v = 11, 1, ..., 1) 1a cdc vector dude goi 1a bién
doi ngau (dual variable) hosic vector nhan ti Lagrange (Lagrange multiplier vec-
tor). Néu bién chinh x € R” thi tong s6 bién ctia ham s6 Lagrange 1a n +m + p.

25.2.2. Ham déi ngiu Lagrange
Ham doi ngau Lagrange (the Lagrange dual function) ctia bai toan t6i wu (viét

gon 1a ham so déi ngau) (25.5) 1a mot ham cta cac bién déi ngau A va v, dudc
dinh nghia la infimum theo x ctia ham Lagrange:

xeD

g(Av)=inf L(x,A\,v) = ;relif) (fo(x) + Z i fi(x) + Z I/jhj(X)) (25.6)

Néu ham Lagrange khong bi chin dudi, ham d6i ngau tai A, v lay gia tri —oo.

Luu 5 :

e inf dugc 1ay trén mién x € D, tic tap xac dinh clia bai toan. Tap xac dinh
nay khac véi tap kha thi — 14 tap hop cac diém thod man céc rang budc.

e V6i mdi x, ham s6 d6i ngdu 1a mot ham affine ctia (X, v), tic 1a mot ham vira
161, vira 16m. Ham d6i ngdu chinh 13 mot infimum timg thanh phan cia (c6
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thé vo han) cac ham 16m, tiic ciing 13 mot ham 16m. Nhu vay, ham déi ngau
ctia mot bai toan téi vu bat ky 1A mot ham 16m, bat ké bai toan tbi
uwu dé cé 1a bai toan t6i wu 16i hay khong. Nhic lai ring supremum titng
thanh phan ctia cac ham 16i 13 mot ham 16i; va mot ham 13 16m néu ham déi
ctia n6 1a mot ham 16i (xem them Muc [23.3.2).

25.2.3. Chan duéi ctia gia tri téi vwu

Néu p* 1a gia tri t6i uu ciia bai toan thi v6i cac bién doi ngau \; > 0,Vi va
v bat ky, ta sé co

g(Av) <p (25.7)
Tinh chat nay c6 thé duge chiing minh nhu sau. Gia sit X 1a mot diém kha thi
bat ky ctia bai toan (25.5), tic thod man cac diéu kién rang buoc fi(xo) < 0,Vi =
L,...,m;hj(x0) =0,Vj=1,...,p, taséco

L(x0, A\, v) = fo(xo —|—Z)\ fi(xo —l—ZVJ ) < fo(xo)

o 0
Vi diéu nay ding véi moi diem kha thi xo, ta c6 tinh chat quan trong sau day:

g\ v) = 1n££(x A v) < L(Xo, A, v) < fo(xo).
xe
Khi xg = x* (diém t5i wu), fo(xo) = p*, ta suy ra bat dang thic (25.7). Bat dang
thitc quan trong nay chi ra rang gid tri to6i wu clia ham muc tiéu trong bai toan
chinh (25.5)) khong nhé hon gia tri 16n nhat ctia ham déi ngdu Lagrange g(\, v).

25.2.4. Vi du
Vi du 1: Xét bai toan t6i vu:

x = argminz® + 10sin(z) + 10
z (25.8)
thod man: (z —2)* < 4

Trong bai toan nay, tap xidc dinh D = R nhung tap kha thila 0 < z < 4. Do
thi cia ham muc tiéu duge minh hoa bdéi duong nét dam trong Hinh . Ham
s6 rang buoc fi(z) = (v — 2)? — 4 duge biéu dién bdi dusng cham gach. C6 the
nhan ra ring gia tri t6i wu ciia bai toan la diém trén do thi c6 hoanh do bang 0
(I3 diém nhd nhat trén duong nét dam trong doan [0,4]). Chil ¥ ring ham muc
tieu khong phai la ham 16i nén bai toan t6i uu ciing khong phai 1a 16i, mac du
ham bat phuong trinh rang budc fi(z) 1a 16i.

Ham s6 Lagrange clia bai toan nay c6 dang

L(z,\) = 2° + 10sin(z) + 10 + X\((z — 2)* — 4)
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40
10.04
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7.51
20
5.01
10
2.51

0.0
—10

—20 —5.01

—7.51

30— . |

(a) (b)

Hinh 25.1. Vi du vé& ham sb d6i ng3u. (a) Dudng nét lién dam thé hién ham muc
tidu. Dudng chAm gach thé hién ham sb rang budc. Cic dudng chm chim thé hién
ham Lagrange tng v6i A khac nhau. (b) Dudng nét diit ném ngang thé hién gi tri
tdi uu cla ba| to4n. Dudng nét lién thé h|en ham sb déi ngdu. Vi moi A, gid tri clia
ham déi ngdu nhé hon hodc bing gid tri tdi wu cla bai todn chinh.

Cac duong nét cham trong Hinh 14 cac do thi clia ham Lagrange tng véi A
khac nhau. Ving bi chin giita hai duong thing ding mau den thé hién tap kha
thi ctia bai toan.

V6i mdi A, ham s6 d6i ngau duge dinh nghia la:

g(A) = inf (2” + 10sin(z) + 10 + M((z — 2)* — 4)), A > 0.

Tit Hinh [25.1a) ¢6 thé thay ring véi cac A khac nhau, ham g()\) dat gid tri nho
nhat tai diém c6 hoanh do bang 0 ctia dudng nét lién hodic tai mot diém thap hon
diém d6. Trong Hinh [25.1h] dudng nét lién thé hien d6 thi clia ham g(\), duong
nét dit thé hien gia tri t6i wu ctia bai toan t6i wu chinh. Ta c6 thé thay hai diéu:

e Duong nét lién luon ndm phia duéi (hodic ¢6 doan trung) duong nét diit.

e Ham ¢(\) 1a mot ham 1om.

M4 nguon cho Hinh c6 thé duge tim thay tai https://goo.gl/jZiRCp.
Vi dy 2: Xét mot bai toan quy hoach tuyén tinh:
r = argminc’ x

thod man: Ax =b (25.9)
x =0
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Ham rang buoc cudi ciing c6 thé duge viét lai thanh fi(x) = -z, = 1,...,n.
Ham Lagrange ctia bai toan nay la:

L(x,\,v) =c'x— Z Nz + VT (Ax —b) = -b'v+ (c+ ATv — A\)Tx

i=1
(diing quén diéu kien A = 0). Ham déi ngau la

g\, v) =inf L(x,\,v) = —b'v +inf(c + ATv — A\)'x (25.10)

Nhan thay ring ham tuyén tinh d”x ctia x bi chin dudi khi vao chi khi d = 0.
Vi néu c6 mot phan ti d; cia d khéac 0, chi can chon z; rat 16n va ngude dau
v6i d;, ta s ¢c6 mot gia tri nhé tuy ¥. Noi cach khéc, g(A,v) = —oo triv khi
c+ATv — X =0. Tom lai,

—b"v ntuc+ATv—XA=0

oo o (25.11)

g(Av) = {

Truong hop thit hai khi g(X\, v) = —oo ching ta sé gip rat nhicu sau nay. Truong
hop nay khong may thi vi vi hién nhién g(A,v) < p*. V6i muc dich chinh la di
tim chin duéi ctia p*, ta chi can quan tam t6i cac gia tri cia A va v sao cho
g(A, V) cang 16n cang tot. Trong bai toan nay, ta sé quan tam t6i A va v sao cho
c+ATv — X =0.

25.3. Bai toan db6i ngau Lagrange

V6i mbi cap (X, v), ham d6i ngdu Lagrange cho ching ta mot chin duéi cho gia
tri t6i wu p* clia bai toan chinh . Cau hoi dat ra la: v6i cap gia tri nao cia
(A, v), ching ta s& ¢6 mot chan dudi t6t nhat cia p*? N6i cach khéc, ta di can
giai bai toan
A" V" = argmax g(\, V)
v (25.12)
thod méan: A = 0

Day 1a mot bai toan t6i wu 10i vi ta can t6i da mot ham 16m trén tap kha thi 16i.
Trong nhiéu trusng hgp, 16i giai cho bai toan (25.12)) ¢6 thé dé tim hon bai toan
chinh.

Bai toan toi uu duge goi 1a bai todn doéi ngdu Lagrange (Lagrange dual
problem) (hodc viét gon 1a bai todn doi ngau) ting véi bai toan chinh (25.5)). Tap
kha thi ctia bai toan dbi ngdu dugce goi la tdp khd thi doi ngau (dual feasible
set). Rang budc ciia bai todn déi ngdu bao gom dieu kien X = 0 va diéu kién an
g(A,v) > —oo (dicu kien nay dugc théem vao vi ta chi quan tam t6i cac (X, v)
sao cho ham muc tiéu ciia bai todn d6i ngau cang 16n cang tot). Nghiem ctia bai
toan d6i ngau ky higu béi (X*, v*), duge goi 1a diém toi wu doi ngau (dual
optimal point).
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Trong nhiéu trudng hop, diéu kién an g(A, v) > —oo ciing c¢6 thé dugc viét cu the.
Quay lai vé6i vi du phia trén, diéu kién an c6 thé duge viét thanh c+ ATy —X = 0.
Day 1a4 mot ham affine. Vi vay, khi ¢6 thém rang budc nay, ta van thu duge mot
bai toan 10i.

25.3.1. Ddi ngau yéu
Ky hieu gia tri toi uu clia bai toan déi ngau (25.12) 1a d*. Theo ([25.7), ta da biét

d* < p*. Tinh chat quan trong nay dugc goi 1a doi ngau yéu (weak duality). Ta
quan sat thay hai dieu:

e Néu gia tri t6i wu trong bai toan chinh I p* = —oo, ta phai c6 d* = —oc.
Dieu nay tuong duong véi viec bai toan déi ngau la bat kha thi (khong c6 gia
tri nao théa man céc rang buoc).

e Néu ham muc tiéu trong bai toan déi ngau khong bi chan trén, nghia la
d* = 400, ta phai c6 p* = +oo. Khi d6, bai toan chinh 1a bat kha thi.

Gia tri p* — d* dugc goi 1a cdch biét doi ngau toi vu (optimal duality gap). Cach
biét nay luon 14 mot sé6 khong am.
Doi khi ¢6 nhiing bai toan t6i wu (161 hodac khong) rat kho giai. Tuy nhién, néu
tim dudgc d*, ta c6 thé biét chin dudi ciia bai toan chinh. Viéc tim d* thusng don
gian hon vi bai toan déi ngau luon luon 1a 16i.
25.3.2. D6i ngiu manh va tiéu chuan rang budc Slater

Néu dang thic p* = d* thoa man, cach biét dbi ngdu t6i wu bang khong, ta noi
rang doi ngdu manh (strong duality) xay ra. Ltic nay, viéc gidi bai todn ddi ngau
da gitp tim dude chinh xac gid tri t6i wu clia bai toan goc.

That khong may, d6i ngdu manh khong thuong xuyén xay ra trong cic bai toan
t6i wu. Tuy nhién, néu bai toan chinh 1 16i, tiic c6 dang

x = argmin fy(x)

thod man: f;(x) <0,i=1,2,...,m (25.13)
Ax=Db
trong d6 fo, f1,- .-, fm 1& cac ham 16i, ching ta thuong (khong luon luon) c6 doi

ngau manh. Rat nhiéu nghién cttu da thiét lap cac dicu kién ngoai tinh chat 16i
dé d6i ngdu manh xay ra. Nhiing diéu kien dé6 c6 ten la tiéu chudn rang buodc
(constraint qualification).

Mot trong céc tieu chuan rang buoc pho bién nhat 1a tiéu chuan rang budc Slater
(Slater’s constraint qualification).
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Truée khi thao luan veé tieu chuan rang buoc Slatter, chiing ta can dinh nghia:

Dinh nghia 25.1: Kha thi chat

Mot diem kha thi ctia bai toan (25.13)) dugce goi 1a khd thi chat (stricly
feasible) néu:
filx)<0,i=1,2,....,m, Ax=Db

Kha thi chat khac véi kha thi ¢ viec dau bang trong cac bat phuong trinh rang
buodc khong xay ra.

Dinh 1y 25.1: Tiéu chuan rang budc Slater

Néu bai toan chinh 1a mot bai toan t6i wu 16i v ton tai mot diém kha thi
chat thi d6i ngdu manh xay ra.

Diéu kién kha don gian sé gitp ich cho nhiéu bai toan tdi wu sau nay.
Chii -
e D6i ngdu manh khong thuong xuyén xay ra. Véi cac bai toan 10i, diéu nay xay
ra thuong xuyén hon. Ton tai nhitng bai toan 16i ma déi ngdu manh khong

dat duge.

e (U6 nhitng bai toan khong 16i nhungdéi ngdu manh van xdy ra. Bai toan tdi
uu trong Hinh la mot vi du.

25.4. Cac diéu kién téi wu
25.4.1. Su long léo bu truw

. P = . N ~ + 2 P 2 NS 2 - N
Gia st doi ngau manh xay ra. Goi x* 1a mot diém toi uu clia bai toan chinh va
N < : 2 £ NS z Y = Z
(A*,v*) 1a cdp diém t6i wu cia bai toan doi ngau. Ta co

fo(x7) = g(A",v7) (25.14)

= igf (fo(x) + Z A fi(x) + Z V;hj(x)> (25.15)

m p
< fo(X) 4+ D ANAX) + ) vihy(x) (25.16)
i=1 j=1
< folx?) (25.17)
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Déng thiic xdy ra do ddi ngdu manh. Dang thic (25.15) x4y ra do dinh
nghia ctia ham déi ngau. Bat dang thic 13 hién nhién vi infimum ctia mot
ham nho hon gié tri ctia ham d6 tai bat ky diém nao khac. Bat dang thic (25.17))
xdy ra vi cac rang buodc f;(x*) <0,\; > 0,0 =1,2,...,m va h;(x*) = 0. T day
c6 thé thay ring dau dang thic ¢ (25.16) va (25.17) phai dong thoi xay ra. Ta
lai ¢6 thém hai quan sat tha vi nita:

e x* 1a mot diém t6i wu clia g(A*, v*).

o Thii vi hon, Y A fi(x7) = 0. Vi X*fi(x*) < 0, ta phai c6 A/ f;(x*) = 0, Vi.
i=1
Diéu kien nay duge goi 1a dieu kién long léo bu tru (complementary slackness).
Tu day ta co:
A > 0= fix") =0 (25.18)
filx*) <0= A =0 (25.19)

Titc mot trong hai gia tri nay phai bang 0.

25.4.2. Cac dieu kién t6i vu KKT

Ta van gia st rang cdc ham dang xét c6 dao ham va bai toan t6i wu khong nhat
thiét 1a 10i.

Diéu kien KKT cho bai todn téi wu (khong nhat thiét 16i)

Gia stt d6i ngdu manh xay ra. Goi x* va (A*,v*) 1a mo bo diém t6i wu chinh va
t61 wu ddi ngdu. Vi x* t6i wu ham kha vi £(x, A*, v*), dao ham ctia ham Lagrange
tai x* phai bang 0.

Diéu kien Karush-Kuhn-Tucker (KKT) n6i rang x*, A*, v* phai thod man:

<0,i=12,...,m

Vi fo(x +Z>\* WJi(x +Zth (25.24)

Day la diéu kien can dé x*, A*, v* la nghiém ciia bai toan chinh va bai toan déi
ngau. Hai diéu kién dau chinh 1a rang buoc ctia bai toan chinh. Diéu kien A} f;(x*)
13 diéu kién 1éng 1éo bt trir. Dieu kién cudi ciing 13 dao ham cia ham Lagrange
theo x* bang khong.
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Diéu kien KKT cho bai toin loi

V6i bai toan 10i va déi ngdu manh xay ra, cac dieu kien KKT vita dé cap ciing 1
diéu kién dt. Vay véi cic bai toan t6i wu 16i ¢6 ham muc tiéu va ham rang buoc
la kha vi, bat k¥ bo (x*, A*, v*) nao thod man cac diéu kien KKT déu la diém
t61 wu clia bai toan chinh va bai todn ddi ngau.
Cac diéu kien KKT rat quan trong trong t6i uu. Trong mot vai truong hop dic
biet (chtng ta sé thay trong Phan 7 viéc giai he (bat) phuong trinh cac dicu
kien KKT la kha thi. Rat nhiéu thuat toan t6i uu duge xay dung diya trén viéc
giai hé dieu kien KKT.
Vi du: Xét bai toan quy hoach toan phuong v6i rang budc phuong trinh:
1
X = arg min §XTPX +q'x+r
thod man: Ax =b. (25.25)
Trong d6 P lam mot ma tran nita nita xac dinh duong. Ham s6 Lagrange ciia bai
toan nay la
1
L(x,v)= §XTPX +q'x+r+v'(Ax —b)
He dieu kien KKT:
Ax* =b (25.26)
Px*+q+ATv* =0 (25.27)

Phuong trinh tht hai chinh 1a phuong trinh dao ham ctia ham Lagrange tai x*
bang 0. He phuong trinh nay c6 thé duge viét lai dusi dang

P AT [x*]  [—q
A0 vl | b
Day 1a mot phuong trinh tuyén tinh don gian.
25.5. Tém tat
Gid sit rang cdc ham s6 déu khd vi.

e Céc bai toan tdi wu v6i rang bude chi gom phuong trinh c6 thé duge gidi biang
phuong phap nhan tii Lagrange. Diéu kién can dé mot diém la nghiem ctia
bai toan t6i wtu 1a né phai théa man dao ham ciia ham Lagrange bang khong.

e Vi cic bai toan t6i uu (khong nhat thiét 16i) c6 them rang budc 1a bat phuong
trinh, ching ta c6 ham Lagrange tong quat va céc bién déi ngdu Lagrange
A, v. Véi cac gia tri (X, v) ¢ dinh, ta c6 dinh nghia vé ham d6i ngau Lagrange
g(A\,v). Ham s6 nay la infimum ctia ham Lagrange khi x thay ddi trén tap
xac dinh cta bai toan.
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e g(A,v) < p* véi moi (A, v).

e Ham db6i ngdu Lagrange 1a 16m bét ké bai toan t6i wu chinh c6 16i hay khong.

e Bai toan di tim gid tri 16n nhat ctia ham déi ngdu Lagrange vé6i dieu kien
A > 0 dudc goi 1a bai toan déi ngau. Day 1a mot bai toan t6i wu 16i bat ké bai

toan chinh c6 16i hay khong.

e Goi gia tri t6i ttu ctia bai todn ddi ngau la d*, ta c6 d* < p*. Day dudc goi la
d6i ngau yéu.

e D61 ngdu manh xdy ra khi d* = p*. Trong céac bai toan 16i, d6i ngdu manh
thuong x4y ra nhiéu hon.

e Néu bai toan chinh I 16i va tieu chuan rang buoc Slater thod méan thi déi
ngau manh xay ra.

e Néu bai toan chinh 1a 16i va d6i ngdu manh x4y ra thi diém t6i uu thod man
cac dieu kien KKT (diéu kién can va du).

e RAat nhiéu bai toan t6i uu duge gidi quyét thong qua cac dieu kien KKT.
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Chuong 26. May vector hd tro

Chuong 26

May vector ho tro

26.1. Gi6i thidu

May vector ho trg (support vector machine, SVM) 1a mot trong nhitng thuat toan
phan loai phd bién va hieu qua. Y tudng ding sau SVM kha don gidn, nhung dé
giai bai toan t6i uu SVM, ching ta can kién thitc vé toi uu va doi ngau.

Trude khi di vao phan § tudng chinh ctia SVM, ching ta ciing on lai kién thitc
vé hinh hoc giai tich trong chuong trinh phd thong.

26.1.1. Khoang cach tir mot diém téi mot siéu mit phing

Trong khong gian hai chiéu, khoang cach tit mot diem c6 toa do (zg, yo) t6i duong
théng c6 phuong trinh wix + way + b = 0 duge xac dinh béi
[wizo + wayo + b

2 2
VWi + w;

Trong khong gian ba chi¢u, khoang cach tit mot diém c6 toa do (zo,vo, 20) t6i
mot mat phang c6 phuong trinh wyz 4+ wey + w3z + b = 0 dude xac dinh béi

]wlxo + Wa2Yo -+ W32 -+ bl
Vwi 4 w3 + w3

Hon nita, néu bé dau tri tuyet doi & ti s6, ta c6 thé xac dinh duge diém dé nam
vé phia nao ctia duong thang hay mit phang dang xét. Nhitng diém lam cho biéu
thitc trong dau tri tuyét doi mang dau duong ndm vé cling mot phia (tam goi
1a phia duong), nhitng diém lam cho gid tri nay mang dau am nam vé phia con
lai (goi 1a phia am). Nhitng diém lam cho tit s6 biang khong sé nam trén dudng
thang/mit phang phan chia.
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Hinh 26.1. Hai I6p di liéu vubng
va tron 13 tach biét tuyén tinh. C6
vd sb dudng thing c6 thé phan loai
chinh x4c hai 16p di liéu nay (xem

thém Chuong .

X9

Céc cong thiic nay c6 thé duge tong quat len cho trusng hop khong gian d chiéu.
Khoang cach tit mot diem (vector) c6 toa do (w19, T2, ..., Tq) t6i sicu phang
W1Ty + Wako + - -+ + wyxy + b = 0 duge xac dinh béi

|’LU11'10 + Wokog + + -+ + Wekgo + b| . ‘WTXO + b|
Vw? +wd - w? w2
voi Xp = [3710, 20y - - - ,l’do]T,W = [U}l,wg, ce ,U)d]T.

26.1.2. Nhic lai bai toan phan loai hai 16p dit liéu

Xin nh#c lai bai todn phan loai da dé cap trong Chuong [13[ (PLA). Gia sit ¢6 hai
16p dit lieu duge mo ta bdi cac vector dic trung trong khong gian nhiéu chiéu.
Hon nita, hai 16p dit lieu nay la téch biét tuyén tinh, tic ton tai mot sieu phing
phan chia chinh x4c hai 16p d6. Hay tim mot siéu phang sao cho tat ca cac diém
thuoc mot 16p ndm vé ciing mot phia clia sieu phing dé va nguge phia véi toan
bo cac diém thudc 16p con lai. Ching ta da biét ring, thuat toan PLA c6 thé
thie hién duge viéc nay nhung PLA ¢6 thé cho vo s nghiém nhu Hinh

C6 mot cau héi duge dat ra: Trong vo s6 cac mit phan chia d6, dau 1a mit tot
nhat? Trong ba dudng thang minh hoa trong Hinh , c¢6 hai dudng thang kha
léch vé phia 16p hinh tron. Diéu nay cé thé khién nhiéu diém hinh tron chua nhin
thay bi phan loai 16i thanh diém hinh vuong. Liéu c¢é cach nao tim dude duong
phan chia sao cho duong nay khong léch vé mot 16p khong?

Dé tra 15i cau hoi nay, ching ta can tim mot tieu chuan dé do su léch vé mdi 16p
ctia duong phan chia. Goi khoang cach nhé nhét tit mot diém thudc mot 16p t6i
duong phan chia la ¢ (margin). Ta can tim mot dudng phan chia sao cho 1é ctia
hai 16p 14 nhu nhau déi véi duong phan chia d6. Hon nita, do rong ctia lé cang 16n
thi kha niang xay ra phan loai 16i cang thap. Bai toan téi uu trong SVM chinh
12 bai toan di tim duong phan chia sao cho 1é rong nhat. Day ciing 1a 1§ do SVM
con duge goi la bo phan logi lé 16n nhat (maximum margin classifier). Nguon goc
tén goi mdy vector ho trg sé sém duge lam sang to.
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T3

(a) (b)

Hinh 26.2. Y tudng ctia SVM. L& clhia mbt I6p dugc dinh nghia la khodng cach tur
cac diém gan nhat cta I6p d6 t6i mat phan chia. Lé cla hai I16p phai bang nhau va
[6n nhat cb thé.

Hinh 26.3. Giad s mat phan chia

oo c6 phuong trinh wix +b = 0.
o o Khéng mat tinh téng quat, bang

cach nhan cac hé sb w va b véi cac
hang sb phu hop, ta cé thé gia s
rang diém gan nhit cla I6p vudng
t6i mat ndy thod man wix+b = 1.
Khi d6, diém gan nhAt cla I8p tron
thod man wix +b= —1.

26.2. Xay dung bai toan t6i wu cho may vector hé tro

Gia st dit lieu trong tap huan luyen la cac cdp (vector dic trung, nhan):
(x1,%1), (X2,%2), ..., (Xn,yn) nhan bang +1 hosic -1 va N la s6 diém dit licu.
Khong mat tinh tong quat, gid st cac diém vuong c6 nhan la 1, cac diém tron
c6 nhan la -1 va sieu phing w”x + b = 0 1a mit phan chia hai 16p (Hinh [26.3).
Ngoai ra, 16p hinh vuong nam vé phia duong, 16p hinh tron nim vé phia am ctia
mat phan chia. Néu xay ra diéu ngudc lai, ta chi can ddi dau cia w va b. Bai
toan t6i wu trong SVM sé 13 bai toan di tim cAc tham s6 mo hinh w va b.

V6i cap dit lieu (x,, ¥,) bat k¥, khoang cach ti x,, t6i mat phan chia 1a %’H‘:’Lb)
Diéu nay xay ra ta da gid st v, cing dau véi phia ctia x,,. Tt d6 suy ra ¥, clng
dau véi (wlx, +b) va t1t s6 luon 13 mot dai lugng khong am. V6i mat phan chia
nay, 1& duge tinh 1a khodng cach gan nhat tit mot diém (trong ca hai 16p, vi cudi

cung 1¢é ctia hai 16p bang nhau) t6i mat phan chia:

. yn(WTx, + )
= mm --———-
n [w][2

(@)%

1
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Bai toan to6i wu cia SVM di tim w va b sao cho 1é dat gia tri 16n nhat:

T
(w,b) = arg max {min M}

1
= arg max {— min y, (W’ x,, + b)}
whb | n [[wil2

wb [ [[wll2 n
(26.1)
Néu ta thay vector trong s6 w bdéi kw va b bdi kb trong d6 k la mot hing s6
duong bat ky thi mit phan chia khong thay ddi, tic khoang céach tit timg diém
dén mit phan chia khong doi, tic 1é khong doi. Vi vay, ta c6 thé gia st

Ym (WX +0) =1
v6i nhitng diém nam gan mat phan chia nhat (duge khoanh tron trong Hinh .
Nhu vay, v6i moi n ta luén cé

Yn(wix, +0)>1

Bai toan tdi wu (26.1]) ¢6 thé duge dua vé bai toan téi uu rang budc co dang

1
(w,b) = argmax ——
wb [|[wla (26.2)

thoa man: y,(w'x, +b) >1,¥n=1,2,...,N
Bing mot bién déi don gidn, ta c6 thé tiép tuc dua bai toan nay vé dang

1
(w,b) = arg min = |[wl3

b 2 (26.3)
thod man: 1 — y,(w'x, +b) <0,¥n=1,2,...,N

0 day, ta da lay nghich ddo ham muc tiéu, binh phuong né dé duge mot ham
1 2 2
kha vi, va nhan véi 5 de bieu thic dao ham dep hon.

Trong bai toan , ham muc tiéu 13 mot chuan — c¢6 dang toan phuong. Céc
ham bat phuong trinh rang buoc 1a affine. Vay bai toan la mot bai toan
quy hoach toan phuong. Hon nita, ham muc tiéu 1 16i chat vi [|[w]|2 = wlIw va
I la ma tran don vi — mot ma tran xac dinh duong. T day ¢ thé suy ra nghiém
ctia SVM la duy nhat.

T6i day, bai toan nay c6 thé giai duge bang cac cong cu hd tro gidi quy hoach
toan phuong, vi du CVXOPT. Tuy nhién, viéc giai bai todn nay trd nén phiic
tap khi s6 chiéu d ctia khong gian dit lieu va s6 diem dit lieu N 16n. Thay vao do,
ngudi ta thuong giai bai toan doéi ngau ciia bai toan nay. Thit nhat, bai toan doéi
ngau c6 nhing tinh chat tha vi khién né duge gidi mot cach hiéu qua hon. Thi
hai, trong qua trinh xay dung bai toan déi ngau, ngusi ta thay ring SVM co6 thé
duge a4p dung cho nhiing bai toan ma dit lieu khong nhat thiét tach biet tuyén
tinh, nhu chiing ta sé thay & cic chuong sau ctia phan nay.
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Xdc dinh ldp cho mot diém di liéu mdi

Sau khi da tim dugc mat phan chia w’x + b = 0, nhan ctia mot diém bat ky sé
dude xac dinh don gidn bang

class(x) = sgn(w’x + b)

26.3. Bai toan déi ngiu ctia may vector hé trg

Bai toan t6i wu (26.3]) 1a mot bai toan 16i. Ching ta biét rang néu mot bai toan
16i thod mén tiéu chuan Slater thi d6i ngdu manh xay ra (xem Muc[25.3.2)). Ngoai
ra, néu déi ngdu manh thod man thi nghiém ctia bai toan chinh 1 nghiém cta

he diéu kien KKT (xem Muc [25.4.2)).

26.3.1. Kiém tra tiéu chuan Slater

Trong budc nay, ching ta sé ching minh bai toan t6i uu (26.3)) thod man dicu
kién Slater. Diéu kién Slater néi rang, néu ton tai w, b thod man

1 —yo(wix, +b) <0, Vn=1,2,...,N

thi d6i ngdu manh ciing thod man. Viec kiém tra diéu kién nay khong qué phiic
tap. Vi luon c6 mot siéu phang phan chia hai 16p dit liu tach biét tuyén tinh nén
tap kha thi ctia bai toan toi wu khac rdng. Diéu nay cling c6 nghia la luon
ton tai cip (wg,bg) sao cho:

1 —yp(Wix, +b) <0, ¥Yn=1,2,....N (26.4)
&2 —y,(2wix, +2b)) <0, Vn=1,2,...,N (26.5)

Vay chi can chon w; = 2wq va by = 2bg, ta sé co:
1 —yo(Wix, +b)<—-1<0, Vn=1,2,...,N

Diéu nay chi ra rang (w1, b;) 1a mot diém kha thi chat. T dé suy ra diéu kién
Slater thod man.

26.3.2. Ham Lagrange ciia bai toan tbi vu

Ham Lagrange ctia bai toan (126.3)) 1a

N
1
L(w,b,A) = §||w||§+2)\n(1 — yn (WX, 4 b)) (26.6)
n=1

Véi)\:[)\l,)\Q,...,)\N]T va )\nzo, V?’L:LQ,...,N.

354 Machine Learning co ban

https://thuviensach.vn



Chuong 26. May vector hd tro

26.3.3. Ham déi ngiu Lagrange
Theo dinh nghia, ham ddi ngau Lagrange 1a

g9(A) = min L(w, b, A)

v6i A = 0. Viéc tim gia tri nho nhat ctia ham nay theo w va b c6 thé duge thuc
hién bang cach giai hé phuong trinh dao ham ctia £L(w, b, X) theo w va b bang 0:

N N
VwL(W,b,A) =w — Z AUnX, =0=w = Z A YnXn (26.7)

n=1 n=1

Vo L(w,b, ) Z/\nyn =0 (26.8)

Thay ([26.7) va (26.8) vao (26.6) ta thu duge g(Af}

g(A) = Z An — = Z Z A A YnYm X X (26.9)

nlml

Ham g(A) trong (26.9) 1a ham s6 quan trong nhat ciia SVM, ching ta sé thay ro
hon 6 Chuong

Ta c6 thé viét lai g(A) dudi dang]
1
g(A\) = —EATVTVA + 17, (26.10)
voi V = [y1X1, yaXo, ..., ynxy| va 1 =[1,1,...,1]T.

Néu dat K = VTV thi K 1a mot ma tran nita xac dinh duong. That vay, v6i moi
vector A ta c6 ATKA = ATVIVA = [VA|3 > 0. Vay g(A) = —ATKA + 17
14 mot ham 16i.

26.3.4. Bai toan déi ngiu Lagrange

Tt do, két hgp ham d6i ngau Lagrange va cic dieu kién rang buoc clia A, ta sé
thu duge bai toan déi ngdu Lagrange ctia bai toan ([26.3):
A =arg max g(A)

thod man: A > 0

(26.11)
N
n=1
63 Phan chiitng minh coi nhu mét bai tap nhé cho ban doc.
64 Phan chiing minh coi nhu moét bai tap nhé khac cho ban doc.
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Rang buoc thit hai duge lay ti . Day 1a mot bai toan 16i vi ta dang di tim
gia tri 16n nhat ctia mot ham muc tiéu 16m trén mot da dién. Hon nita, day 1a
mot bai toan quy hoach toan phuong va ciing c6 thé dude gidi bang cac thu vien
nhu CVXOPT.

Bién t6i uu trong bai toan t6i ngau 1a A, 14 mot vector N chiéu tuong ting véi
s6 diem dit lieu. Trong khi d6, s6 tham s6 phai tim trong bai toan t6i wu chinh
la d + 1, chinh la tdng s6 chiéu ctia w va b, titc s6 chiéu ctia mdi diem dit
licu cong mot. Trong rat nhicu trusng hop, s6 diém dit lieu trong tap huan luyen
16n hon s6 chiéu dit lieu. Néu gidi truc tiép bang cac cong cu giai quy hoach toan
phuong, bai toan déi ngau cé thé phiic tap hon bai toan gdc. Tuy nhién, diém
hap dan ciia bai toan doéi ngdu nay dén tir ciu tric diac biet cia he diéu kien
KKT.

26.3.5. Diéu kiéen KKT

Quay trd lai bai toan, vi day 14 mot bai toan toi wu 16i va d6i ngdu manh xay ra,
nghiém ctia bai toin thod man hé diéu kien KKT sau day véi bién s6 w, b va A:

-y (wix, +b) <0, Vn=1,2,....N (26.12)
A >0, Vn=1,2...,N (26.13)
Ml —y(wix, +0)) =0, Vn=1,2,...,N (26.14)
N
W = Z A YnXn (26.15)
n=1
N
> A =0 (26.16)
n=1

Trong nhitng diéu kién trén, diéu kién 1éng 1éo bu trit 13 tha vi nhat. Tu
d6 ta c6 thé suy ra A\, = 0 hodic 1 — y,(wTx, +b) = 0 v6i n bat ky. Trudng hop
thi hai tuong duong véi

wix, +b=1y,. (26.17)
Nhitng diém thoa man chinh 1a nhitng diém ndm gan mat phan chia nhat
(nhitng diém dugce khoanh tron trong Hinh . Hai duong thang w’x, +b = +1
tuwa 1én cac vector thod man . Nhitng vector thoa méan duge goi la
vector hé trg(support vector). Tén goi mdy vector ho trg xuat phat tu day.

S6 lugng diém thoa man thuong chiém mot lugng nhé trong sé6 N diém
dit lieu huan luyén. Chi can dya trén nhiing vector hé trg nay, ching ta hoan
toan co thé xac dinh dude mit phan cach can tim. N6i cach khéac, hau hét cac A,
bang khong, tiic A 1a mot vector thua. May vector hd trg vi vay ciing dude coi 1
mot moé hinh thua (sparse model). Cdc mo6 hinh thua thuong cé cach gidi quyét
hiéu qua hon cac mo hinh tuong tu véi nghiem day ddc (dense, hau hét cac phan
tt khac khong). Day 1a 1y do thit hai ctia vigc bai toan d6i ngdu SVM dugde quan
tam nhiéu hon 1a bai toan chinh.
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Chuong 26. May vector hd tro

Tiép tuc phan tich, véi nhiing bai toan véi s6 diem dit lieu N nho, ta c6 thé giai
hé diéu kien KKT phia trén bang cach xét cac truong hop A, = 0 hoac A, # 0.
Téng s6 truong hop phai xét 1a 2. Thong thusng, N > 50 va 2V 1a mot con sb
rat 16n. Viec thtt 2V truong hop 1a bat kha thi. Phuong phap thuong duge ding
dé giai he nay 1a sequential minimal optimization (SMO) [Pla98, [ZYXT08]. Trong
pham vi cuén sach, chiing ta sé khong di sau tiép vao viéc giai he KKT nhu thé
nao.

Trong phan tiép theo chiing ta sé gidi bai toan tdi uu qua mot vi du nho
bing CVXOPT, va truc tiép sit dung thu vien sklearn dé huén luyén mo hinh
SVM. Sau khi tim duge A tit bai toan , ta c6 thé suy ra w dua vao (26.15)
va b dua vao (26.14) va (26.16). Ro rang ta chi can quan tam t6i \,, # 0.

Dit S = {n : A\, # 0} vd Ng la s6 phan ti ctia S. Theo ([26.17), w dugc tinh
bang
W= AulnXm. (26.18)
meS
V6i moéi n € S, ta ¢

1= yn<WTXn +b) b=y, — wix,.

Mic dit hoan toan c6 thé suy ra b tit mot cap (X,,y,) néu da biét w, mot phién
ban tinh b khac thudng dude sit dung va c6 phan 6n dinh hon trong tinh toan la
trung binh c@n cua cac b tinh duge theo moéi n € S

b= Nis S (g — w'x,) = N Z ( = AnmXh xn> (26.19)

nesS nes meS

Dé xac dinh mot diém x thuodc vao 16p nao, ta can tim dau ctia biéu thic

WX—{—b_Z)\mme X+_Z<yn Z)\mymx Xn>'

meS nes meS

Biéu thiic nay phu thudc vao cach tinh tich vo hudéng giita x va ting x,, € S.
Nhan xét quan trong nay sé gitp ich cho ching ta trong chuong 28

26.4. Lap trinh tim nghiém cho may vector hoé trg

Trong muc nay, ta sé tim nghiém ctia SVM bing hai cach khac nhau. Cach thi

nhat dua trén bai toan v6i nghiém tim duge theo cac cong thiic

va (26.18). Céch lam nay giup ching minh tinh ding dén clia cac cong thic da

xay dung. Cach thit hai stt dung tric tiép thu vién sklearn, gitip ban doc lam

quen véi viec ap dung SVM vao dit lieu thue té.

65 Viec 1ay trung binh nay giéng cich do trong cac thi nghiem vat ly. Dé do mot dai lugng, ngudi ta
thuong thyc hién viec do nhiéu lan rdi 1y két qui trung binh dé tranh sai sb. 0 day, vé mat toan

hoc, b phai nhut nhau theo moi cach tinh. Tuy nhién, khi tinh toan bing may tinh, ching ta c6 thé
gip cac sai s6 nhd. Viéc 1ay trung binh sé lam gidm sai s6 d6.
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Chuong 26. May vector hd tro

26.4.1. Tim nghiém theo cong thic

Trudce tién ta khai béo cac thu vién va tao dit liéu gid (da lieu nay duge sit dung
trong cac hinh tit dau chuong. Ta thiy rang hai 16p dit lieu tach biet tuyén tinh):

from __ future__ import print_function
import numpy as np

np.random.seed (22)

# simulated samples

means = [[2, 2], [4, 2]]

cov = [[.3, .21, [.2, .311

N = 10

X0 = np.random.multivariate_normal (means[0], cov, N) # blue class data
X1 = np.random.multivariate_normal (means[1l], cov, N) # red class data
X = np.concatenate ((X0, X1), axis = 0) # all data

y = np.concatenate ((np.ones(N), -np.ones(N)), axis = 0) # label

# solving the dual problem (variable: lambda)

from cvxopt import matrix, solvers

V = np.concatenate ((X0, -X1), axis = 0) # V in the book
Q = matrix (V.dot (V.T))

p = matrix(-np.ones((2*N, 1))) # objective function 1/2 lambda"T*Q*lambda -
1"T*1ambda

# build A, b, G, h

G = matrix(-np.eye (2*N))

h = matrix(np.zeros ((2*N, 1)))

A = matrix(y.reshape(l, -1))

b = matrix(np.zeros((1, 1)))

solvers.options[’show_progress’] = False

sol = solvers.gp(Q, p, G, h, A, Db)

1 = np.array(sol[’'x’]) # solution lambda

# calculate w and b

w = Xbar.T.dot (1)

S = np.where(l > 1e-8)[0] # support set, 1le-8 to avoid small value of 1.

b = np.mean(y[S].reshape (-1, 1) - X[S,:].dot (w))

print (' Number of suport vectors = ', S.size)

print ('w = ', w.T)

print (‘b = ', Db)

Két qué:

Number of suport vectors = 3

w = [[-2.00984382 0.64068336]]

b = 4.66856068329

Nhu vay trong s6 20 diém dit liéu ctia ca hai 16p, chi c6 ba diém déng vai tro
vector ho trg. Ba diém nay gitp tinh w va b. Dudng thang phan chia tim dugc c6
mau den dam va dugc minh hoa trong Hinh . Hai duong den manh thé hien
dudng théng tua lén cac vector hd trg duge khoanh tron.

Hinh vé va ma nguon trong bai cé thé duge tim thay tai https://goo.gl /VKBgVG.
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Hinh 26.4. Minh  hoa
= nghiém tim dugc bdi SVM.
oo TAt c3 cic diém n3m trong
" viing c6 nén ké 8 sé duoc
= phén vao cung |6p véi cac
diém vuéng. Didu tuong tu
. x3y ra véi cac diém tron nim
trén nén diu chim.

26.4.2. Tim nghiém theo thu vién

Ching ta sé sit dung |sklearn.svm. SV. Ban doc ¢6 thé tham khéo thém thu vien
libsvm| duge viét trén ngon ngit C, c6 API cho Python va Matlab:

# solution by sklearn
from sklearn.svm import SVC

model = SVC (kernel = ’linear’, C = 1leb) # just a big number
model.fit (X, vy)

w = model.coef__
b = model.intercept_

print ('w = ', w)

print (‘b = ', Db)

Két qua:

w = [[-2.00971102 0.64194082]]
b= [ 4.665953009]

Két qua nay thong nhat véi két qua tim duge 6 muc trude. C6 rat nhiéu tuy chon
cho svc, trong d6 c6 thudc tinh kernel, cac ban sé dan thiy trong cic chuong sau.

26.5. Tém tit

e Néu hai 16p dit lieu tach biet tuyén tinh, c6 vo sb cac sieu phing phan chia hai
16p dé. Khodng cach gan nhat tit mot diém dit lieu t6i sieu phang nay duge
goi 1a le.

e SVM la bai toan di tim mat phan cich sao cho lé ctia hai 16p bang nhau va
16n nhat, dong nghia véi viec cac diém dit lieu c6 mot khoang cach an toan
t6i mat phan chia.

56 SVC 1a viét t&t ctia bo phan logi vector hé trg (support vector classifier).
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Chuong 26. May vector hd tro

e Bai toan t6i uwu trong SVM la mot bai toan quy hoach toan phuong véi ham
muc tiéu 16i chiit. Vi vay, cuc tiéu dia phuong cling 1a cuc tiéu toan cuc cla
bai toan.

e Mic dit ¢6 thé truc tiép gidi SVM qua bai toan chinh, ngudi ta thuong giai
bai toan d6i ngau. Bai toan d6i ngau ciing 13 mot bai toan quy hoach toan
phuong nhung nghiém la cac vector thua nén c6 nhitng phuong phap giai hiéu
qua hon. Ngoai ra, bai toan ddi ngau c6 nhitng tinh chat thd vi sé duge thao
luan trong cac chuong tiép theo.
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Chuong 27

May vector hd trg 16 mém

27.1. Gi6i thidu

Giong v6i thuat toan hoc perceptron (PLA), may vector hd trg (SVM) chi lam
viéc khi dit lieu ctia hai 16p tach biét tuyén tinh. Mot cach ty nhién, ching ta
ciing mong mudn SVM c6 thé lam viéc véi dit lieu gan tach btét tuyén tinh nhu
hoi quy logistic da lam dudc.

Xét hai vi du trong Hinh 27.1] C6 hai truong hop dé nhan thidy SVM lam viec

khong hiéu qua hodc tham chi khong lam viéc:

e Truong hop 1: Dit lieu van tach biét tuyén tinh nhu Hinh nhung c6 mot
diém nhiéu ctia 16p tron & qua gan 16p vuong. Trong truong hop nay, SVM sé
tao ra lé rat nhd. Ngoai ra, mit phan cdch nam qua gan céc diém vuong va
xa cac diém tron. Trong khi d6, néu hy sinh diém nhiéu nay thi ta thu dudc
nghieém 1a duong nét dit dam. Nghiém nay tao ra lé rong hon, c6 kha ning
tang do chinh xac cho mo hinh.

e Truong hgp 2: Dit liéu gan tach biét tuyén tinh nhu trong Hinh . Trong
truong hop nay, khong ton tai dudng thang nao hoan toan phan chia hai 16p
dit lieu, vi vay bai toan t6i uu SVM vo nghiém. Tuy nhién, néu chap nhan
viec nhitng diém & gan khu vic ranh gi6i bi phan loai 15i, ta van cé thé tao
duge mot duong phan chia kha tét nhu duong nét dit dam. Cac duong ho
trg (nét diit manh) van gitp tao dugc 1é 16n. V6i mbi diém nim lan sang phia
ben kia ctia cac dudng hd trg tuong tng, ta goi diem dé roi vao ving khong
an toan. Nhu trong hinh, hai diém tron nim phia beén trai duong hd trg cta
16p tron duge xép vao loai khong an toan, mic dit ¢c6 mot diém tron van nam
trong khu vic nén cham. Hai diém vuong & phia phai ctia duong hd trg cta
16p tuong tng tham chi déu lan sang phan c¢6 nén cham.
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,~ - almost linearly separable

(a) Khi c6 nhiéu nho. (b) Khi dif liéu gan linearly separable.

Hinh 27.1. Hai trudng hop khi SVM thudn lam viéc khong hiéu qua. (a) Hai 1ép

v3n tach biét tuyén tinh nhung mét diém thudc I8p ndy qué gin I8p kia, diém ndy cé
thé la nhi€u. (b) D liéu hai I6p gan tach biét tuyén tinh.

Trong cé hai trudng hop trén, 1é tao bdi duong phan chia va duong nét ditt manh
dugc goi 1a Ié mém (soft-margin). Tit mém thé hién sy linh hoat, c¢6 thé chap nhan
viéc mot vai diem bi phan loai sai dé mo6 hinh hoat dong t6t hon trén toan bo dit
lisu. SVM tao ra céac 1é mém duge goi 1a SVM Ié mém (soft-margin SVM). Dé
phan biet, SVM thuan trong chuong truée duge goi 1a SVM 1é ciing (hard-margin
SVM).

C6 hai cach xay dung va gidi quyét bai toan t6i wu SVM 1é mém. CA& hai déu
mang lai nhiing két qua tha vi, c6 thé phat trién tiép thanh cac thuat toan SVM
phiic tap v& hiéu qui hon nhu sé thay trong cic chuong sau. Cach thi nhat 1
gidi mot bai toan téi wu c6 rang budc thong qua viéc gidi bai toan déi ngau nhu
v6i SVM 1é cting. Huéng giai quyét nay 1a co sé cho phuong phap SVM hat nhan
ap dung cho dit lieu khong thuec su tach biét tuyén tinh dude dé cap trong chuong
tiép theo. Cach gidi quyét thit hai la dua vé mot bai toan t6i wu khong rang budc,
gidi duge bang cac phuong phap gradient descent. Nho d6, hudng gidi quyét nay
c6 thé duge 4p dung cho cac bai toan quy mé 16n. Ngoai ra, trong cach giai nay,
chiing ta sé lam quen v6i mot ham mat mat méi ¢ tén 1a bdn lé (hinge). Ham
mat mat nay cé thé dude mé rong cho bai toan phan loai da 16p dugce dé cap
trong chuong[29] Cach phét trién tit SVM 18 mém thanh SVM da 16p ¢6 thé dugce
so sanh v6i cach phat trién tit hdi quy logistic thanh hdi quy softmax.

27.2. Phan tich toan hoc

Nhu da dé cap phia trén, dé c6 mot 1é rong hon trong SVM 1é mém, ta can hy
sinh mot vai diém dit lieu bing cach chap nhan cho chiing roi vao viing khong an
toan. Tat nhién, viéc hy sinh nay can duge han ché; néu khong, ta c6 thé tao ra
mot bién cie 16n bing cach hy sinh hau hét cac diém. Vay ham muc tiéu nén la
mot sut két hop sao cho 1& dude t6i da va syt hy sinh duge téi thiéu.
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Hinh 27.2. Giéi thiéu cic bién
16ng 180 &,,. V6i cac diém n¥m trong
khu vuc an toan, &, = 0. Nhiing
diém n3m trong vung khong an
toan nhung vin ding phia so véi
dudng ranh gidi (dudng nét dat
dam) tuong Ung véi cac 0 < &, <
1, vi du x5. Nhiing diém n3m ngugc
phia 16p thuc su cta ching so véi
dudng nét dit ddm tuong tng &, >
1, vi du nhu x; va xs.

Giéng SVM 1& ciing, viéc t6i da 1é c6 thé dua vé viec t6i thidu ||wl3. Dé dong
dém sy hy sinh, ching ta cling quan sat Hinh V6i mbi diém x,, trong tap
huan luyén, ta gidi thiéu thém mot bién do su hy sinh &, tuong tng. Bién nay
con dugc goi 1a bién Iéng léo (slack variable). V6i nhitng diém x,, nim trong ving
an toan (nam ding vao mau nén tuong ting va ndm ngoai khu vie 18), &, = 0,
tiic khong c6 sy hy sinh nao xay ra. Véi méi diém nim trong ving khong an toan
nhu X1, X, hay x5 ta can c6 & > 0 dé do su hy sinh. Dai luong nay can ti le véi
khodng cach tit vi tri vi pham tuong tng t6i bién gidi an toan (duong nét dit
manh tuong ting véi 16p d6). Nhan thay néu y; = +1 la nhan cta x; trong ving
khong an toan thi & c6 thé dude dinh nghia bai

(Mau s6 ||w||2 duge luge bo vi ta chi can mot dai lugng t1 1é thuan.) Nhic lai bai
toan t6i uwu cho SVM 1é ciing:

1
w, b) = arg min — ||w]||?
(w,) = argmin 5w -
thod man: y,(w'x, +b) > 1, Yn=1,2,....N
V6i SVM 1é mém, ham muc tiéu sé c6 thém mot sé6 hang nita gitp toi thicu tong
sit hy sinh. Tt d6 ta ¢6 ham muc tiéu:
1 N
SIwls+C) & (27.3)
n=1
trong d6 C' 1a mot hing s6 duong. Hing s6 C' duge ding dé diéu chinh tam quan

trong gitta do rong 1é va sy hy sinh.

Diéu kién rang budc ciing dude thay doi so véi SVM 1é ciing. Véi méi cip dit lieu
(Xn, Yn ), thay vi rang buoc cting y, (w!'x, + b) > 1, ta sit dung rang budoc mém:

Yn(Wix, +0)>1 -6 &1 -& —yn(Wix, +0) <0, Vn=1,2,...,n
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Va rang buoc phu &, >0, Vn =1,2,..., N. Téom lai, ta c6 bai toan tdi wu chinh
cho SVM 1é mém nhu sau:

N
1
(w,b,€) = argmin S|[w|l; + C ) &
n=1 (27.4)
thod man: 1 — &, — yu(Wix, +b) <0,¥n=1,2,...,N

-6, <0,Vn=1,2,... N

Nhan zét:

e Néu C nhd, viéc sy hy sinh cao hay thap khong gay anh hudng nhicu t6i gia
tri clia ham muc tiéu, thuat todn sé diéu chinh sao cho ||w||3 nhé nhat, tic
16 16n nhét, diéu nay dan t6i 3., &, sé 16n theo vi ving an toan bi nho di.
Ngugc lai, néu C' quéa l16n, dé ham muc tieu dat gia tri nhoé nhat, thuat toan
sé tap trung vao lam giam Zf:[:l &,. Trong truong hop C rat rat 16n va hai
16p dit ligu tach bigt tuyén tinh, ta sé¢ thu duge S0 &, = 0. Didu nay dong
nghia vé6i viec khong cé diém nao phai hy sinh, nghiem thu dugc ciing chinh
14 nghiém ctia SVM 1é ciing. N6i cach khac, SVM 1é ciing 1a mot truong hop
dac biét cia SVM 1é mém.

e Bai toan t6i wu c6 thém sit xuat hién clia cac bién léng 1éo &,. Cac
&, = 0 tng v6i nhitng diém dit lieu ndm trong ving an toan. Cac 0 < &, < 1
ting vé6i nhitng diém nam trong ving khong an toan nhung van dude phan loai
ding, ttic van nam vé ding phia so véi duong phan chia. Cac &, > 1 tuong
ing véi cac diém bi phan loai sai.

e Ham muc tiéu trong bai toin téi uu 1a mot ham 16i vi no 1a tong cua
hai ham 16i: mot ham chuan va mot ham tuyén tinh. Cac ham rang buoc ciing
la cAc ham tuyén tinh theo (w,b,&). Vi vay bai toan t6i uu 13 mot bai
toan 161, hon nita con ¢6 thé biéu dién dudi dang mot bai toan quy hoach toan
phuong.

Tiép theo, chiing ta sé& gidi bai toan toi wu (27.4) béng hai cdch khac nhau.
27.3. Bai toan db6i ngau Lagrange

Luu ¥ ring bai toan nay cé6 thé giai truc tiép bang cac cong cu ho trg quy hoach
toan phuong, nhung giéng nhu véi SVM 1é ciing, ching ta sé quan tam hon té6i
bai toan doi ngau ciia no.

Trude két, ta can kiém tra tiéu chuan Slater clia bai toan t6i wu 16i (27.4). Néu
tieu chuan nay thod man, déi ngdu manh sé thod méan, va ta c6 thé tim nghiem

clia bai toan t6i wu ([27.4) thong qua he didu kien KKT (xem Chuwong [23)).
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27.3.1. Kiém tra tiéu chuan Slater

Ro rang 1a v6i moin = 1,2,..., N va (w, b), ta luon c6 thé tim duge cac sé duong
&,n=1,2,..., N, di 16n sao cho y,(Wix, +b)+& > 1, Vn=1,2,...,N. Vi
vay, ton tai diém kha thi chat cho bai toan va tieu chuan Slater théa man.

27.3.2. Ham Lagrange ciia bai toan SVM 1é mém

Ham Lagrange cho bai toan (27.4)) 1a

N N N
1
Lw.b.6 X 1) = S[WIE+CD &t D Al =& = (W X0 +0)) = D&
n=1 n=1 n=1
(27.5)

voi A = A, Aoy AT = 0 vA o= [y, o, ..., uv]t = 0 14 céc bién d6i ngdu
Lagrange.

27.3.3. Bai toan déi ngau
Ham s6 d6i ngau ctia bai toan toi wu (27.4)) la:

g, pm) = m})gﬁ(w, b€, A\, 1)

V6i mbi cap (X, p), ching ta dic biet quan tam t6i (w, b, &) thod man diéu kien
dao ham clia ham Lagrange bang khong:

N
Vol=0&w = Z A YnXn (27.6)
n=1
N
ViL=0E > Ayn =0 (27.7)
n=1
Ve, L=0& N, =C — iy (27.8)

Phuong trinh chi ra ring ta chi can quan tam téi nhitng cap (A, p) sao cho
A, = C — p1,,. Tt day ciing c6 thé suy ra 0 < A, < C,n = 1,2,..., N. Thay
cac biéu thiic nay vao biéu thitc ham Lagrange , ta thu duge ham muc tiéu
ciia bai todn déi ngduP}

N 1 N N
g p) => A — 3 SO N AlnYmX X, (27.9)
n=1 n=1m=1

Cha y rang ham nay khong phu thuoc vao g nhung ta can luu ¥ rang buoc (27.8)),
rang budc nay va diéu kien khong am ctia A ¢6 thé dude viét gon lai thanh
0 <\, <, tic da gidm duge bién p. Lic nay, bai todn ddi ngau trd thanh:

57 Ban doc hay coi day nhu mot bai tap nhé.

Machine Learning co ban 365

https://thuviensach.vn



Chuong 27. May vector ho trg 1é mem

A =arg max g(A)

N

thod man: Z A =0 (27.10)
n=1
0<A<C, Vn=12... N (27.11)

Bai toan nay gidng bai toan d6i ngau ctia SVM 1é cting, chi khac 1a ¢6 them rang
budc A, bi chin trén béi C. Khi C rat 16n, ta c6 thé coi hai bai toan la nhu nhau.
Rang bugc (27.11]) con duge goi 1a rang bugc hop (box constraint) vi tap hgp cac
diém X thod man rang buoc nay giéng mot hinh hop chit nhat trong khong gian
nhicu chiéu. Bai toan nay ciing hoan toan gidi dugc bang cic cong cu gidi quy
hoach toan phuong thong thuong, vi du CVXOPT. Sau khi tim duge A ctia bai
todn d6i ngiu, ta can quay lai tim nghiem (w, b, £) clia bai toan goc. Trude hét,
ching ta cting xem xét hé dieu kien KKT va cac tinh chat ctia nghiem.

27.3.4. Hé diéu kién KKT

Heé diéu kien KKT ctia bai toan téi wu SVM 16 mém:

1—& —yn(Wix, +) <0 (27.12)
=& <0 (27.13)
An >0 (27.14)
fn >0 (27.15)
M(1 =& — yu(w!x, + b)) =0 (27.16)
finkn =0 (27.17)

N
W = Z AYnXn (27.6)

N n=1
D Ayn =0 (27.7)

n=1

A =C — (27.8)

véimoin=12 ..., N.

Tu (27.6) va (27.8)) ta thay chi c6 nhitng n tng véi A, > 0 méi déng gop vao viec
tinh nghiém w ctia bai toan SVM 1é mém. Tap hop & = {n : A\, > 0} dugc goi la
tap ho trg (support set) va {x,,n € 8} dugc goi 1a tap céc vector ho trg.

Khi A\, > 0, (27.16) chi ra réng:
Yn(Wix, +0) =1-¢, (27.18)

Néu 0 < A\, < C, (27.9) néi rang p, = C — N, > 0. Két hop véi (27.17), ta thu
duge &, = 0. Tiép tuc két hop véi (27.18)), ta suy ra y,(w'x, + b) = 1, hay néi
cach khac wix, +b=1y,, ¥/n:0< ), < C.
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Tém lai, khi 0 < A, < C, cac diém x, nam chinh xac trén hai dudng thang hd
trg (hai duong nét dit manh trong Hinh [27.2). Tuong tu nhu SVM 1@ cting, gia
tri b ¢6 thé duge tinh theo cong thic:

b= N (Ym — W' xp,) (27.19)

véi M ={m :0 < \,, < C} va Ny la s6 phan t1t cia S. Nghiém ciia bai todn

SVM lé mém dugc cho bdi (27.6) va (27.19).

W= AnlmXm (27.20)
meS
b:L (y —WTX):L Y —Zx\yxTx 27.21)
nemM nemM meS

V6i \, = C, tit (27.8) va (27.16) ta suy ra y,(w'x, +b) =1 — &, < 1. Diéu nay
nghia 14 nhitng diém tng v6i A\, = C' nam gitta hai dudng hd tr¢ hodac nam trén
ching. Nhu vay, dua trén céc gia tri clia A, ta c6 thé xac dinh duge vi tri tuong
déi ciia x,, so vdi hai duong hd tro.

Muc dich cudi cing la xéc dinh nhén cho mot diém méi x. Vi vay, ta quan tam
hon t6i cach xéc dinh gia tri ctia biéu thic sau day:

wix+b= Z A YmX X + NL Z (yn - Z /\mmeTTnxn> (27.22)
M

meS nemM meS

Biéu thitc nay c6 thé duge xac dinh truc tiép thong qua cac diém dit lieu huén
luyén. Ta khong can thiic hién viéc tinh w va b. Néu c6 thé tinh cac tich vo huéng
xI x va xI x,, ta s& xdc dinh duge bo phan loai. Quan sat nay rat quan trong va
12 ¥ tudng chinh cho SVM hat nhan dugce trinh bay trong chuong tiép theo.

27.4. Bai toan t6i wu khong rang budc cho SVM 1é mém
Trong muc nay, chiing ta sé bién doi bai toan t6i utu c6 rang buoc (27.4) vé bai toan

t61 uu khong rang buoc c6 thé giai duge bang cac phuong phéap gradient descent.
Day cling 1a y tuéng chinh cho SVM da lop dugce trinh bay trong Chuong .
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27.4.1. Bai toan tbi wu khéng rang budc tuong duong
Dé ¥ ring diéu kien rang buoc thit nhat:

1—& —yn(Wix+b0) <0 &, >1—y,(Wwx+b) (27.23)
Két hop v6i dieu kien &, > 0 ta thu duge bai toan rang budc tuong duong véi

bai toan (27.4)) nhu sau:

N
1 5
(w,b,€) = argmin o [[wi[3 + C;&L

thod méan: &, > max(0,1 — y,(w/x+ b)), Vn=1,2,..., N

(27.24)

Dé dua bai toan (27.24) vé dang khong rang buoc, ching ta sé chitng minh nhan
xét sau day bang phuong phap phan chimg: Néu (w, b, €) 1a diém t6i wu clia bai

toan thi
& = max(0,1 — y,(w'x, +0)), Vn=1,2,...,N (27.25)
That vay, gid st ngugc lai, ton tai n sao cho:
&, > max(0,1 — y,(W'x, + b)),

chon &, = max(0,1 — y,(wl'x, + b)), ta sé thu dugc mot gia tri thap hon ciia
ham muc tiéu, trong khi tat ca cac rang buoc van dugde thod man. Diéu nay mau
thuan véi viec ham muc tiéu da dat gia tri nhé nhat tuong ting véi &,! Dieu mau
thuadn nay chi ra ring nhan xét 14 chinh xAc.

Khi do6, bang cach thay toan bo cac gia tri cia &, trong (27.25) vao ham muc
tieu, ta thu dudce bai toan tdi wu

N
1
(w,b,€) = argmin o [[wl; + o;m(o, 1=y (W%, + b))

(27.26)
thoa man: &, = max(0,1 — y,(w'x, + b)), Vn=1,2,...,N

Tt day ta thay bién s6 ¢ khong xuat hién trong ham muc tiéu, vi vay diéu kién
rang buoc c6 thé duge bd qua:

N
1
(w,t) = arg mip {5”‘”“3 £OY " max(0,1— yu(w'x, +8)) £ J(w.b)
W n=1

(27.27)
Day 1a mot bai toan tdi wu khong rang buoc véi ham mat mat J(w,b). Bai toan
nay c6 thé duge giai bang cac phuong phap gradient descent. Nhung trudc hét
cling xem xét ham s6 nay tit mot goc nhin khac bang cach st dung ham mat mat
ban lé (hinge loss).

368 Machine Learning co ban

https://thuviensach.vn



Chuong 27. May vector ho trg 1é mém

h(yz) Hinh 27.3. M4t mat ban 18 (nét
lién) va mit mat khéng-mdt (nét
dit). VS mit méat khéng-mot,
nhitng diém n3m xa dudng h3 tro
(hoanh do bang 1) va dudng phan
chia (hoanh dé bing 0) déu mang
lai mat mat bang mét. Trong khi
dé, véi mat mét ban I, nhiing diém
Y2 & xa vé phia tréi gay ra mAt mét
2 3 nhiéu hon.

27.4.2. Mat mat ban lé

Nhéc lai ham entropy chéo: Véi médi cip he s6 (w,b) va dit lieu (x,,y,), dat
a, = o(wlx, +b) (ham sigmoid). Ham entropy chéo duge dinh nghia la:

JH(w,b) = —(yn log(an) + (1 — yn) log(1 — ay)) (27.28)

Ham s6 nay dat gid tri nhé néu xac suat a, gan véi y, (0 < a, < 1,y, € {0,1}).

o) day, ching ta lam quen v6i mot ham s6 khac ciing duge stt dung nhiéu trong
cac he thong phan loai. Ham sé nay c6 dang

Jn(w,b) = max(0,1 — y,2,)

Ham nay c6 ten 1a mat mat ban lé (hinge loss). Trong d6, z, = wlx, + b con
dugc goi 1a diém s6 (score) clia x,, ttng v6i cap he s6 (w,b), y, = 1 la nhan clia
X,. Hinh mo ta dd thi ham mat mat ban 1§ f(yz) = max(0,1 — yz) va so
sanh véi ham mdat mat khong-mot (zero-one loss). Ham mat mat khong-mot tra
ve khong néu mot diém dude phan loai ding va tra vé mot néu diém dé bi phan
loai sai. Nhu vay, mat mat khong-mot 1a ham dém sb diém bi phan loai sai ctia
tap hudn luyén. Trong Hinh [27.5 bién s6 la yz la tich cfia dAu ra mong mudn y
va diém s6 z. Nhitng diém & phia phai cia truc tung tng v6i nhitng diem dudc
phan loai ding, tiic z tim dugc cung dau véi y. Nhitng diém & phia tréi cla truc
tung tng v6i cac diem bi phan loai sai. Ta c6 cac nhan xét sau day:

e V6i mat mat khong-mot, cac diem dit lieu c6 diém sé ngude dau véi dau ra
mong mudn (yz < 0) sé gay ra mat mat nhu nhau va déu bing mot, bat ké
chiing ¢ gan hay xa duong ranh giéi (truc tung) Day 13 mot ham roi rac, rat
khé t6i wtu va khong gitp do dém st hy sinh néu mot diém ndm qua xa so véi
duong ho trg.

58 Db thi cia ham sb nay c¢6 dang chiéc ban 1é.
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e V6i mat mat ban 1, nhitng diém nim trong ving an toan tng véi yz > 1 sé
khong gay ra mat mat gi. Nhitng diém nam giita dudng hd trg clia 16p tuong
ing va dudng ranh gidi tng véi 0 < y < 1 sé gay ra mot mat mat nho (nhod
hon mot). Nhitng diém bi phan loai 16i, tidc yz < 0 sé gay ra mat mat 16n hon.
Vi vay, khi t6i thieu ham mat mat, ta sé han ché duge nhing diém bi phan
loai 16i va sang 16p kia qua nhiéu. Day chinh 1a mot wu diém ctia mat mat
ban 1é.

e Mat mat ban lé 1a mot ham lien tuc, va ¢é dao ham tai gan nhu moi noi
(almost everywhere differentiable) trit diém c6 hoanh do bang 1. Ngoai ra,
dao ham ctia ham nay theo yz cling rat dé xac dinh: bing -1 tai cac diém nhé
hon 1 va bang 0 tai cac diém 16n hon 1. Tai 1, ta c6 thé coi dao ham ciia né6
biang 0.

27.4.3. Xay dung ham méat mat

Xét bai todn SVM 1é mém sit dung mat mat ban 1¢, véi mdi cap (w,b), dit
Ln,(w,b) = max(0, 1 — y,2,) = max(0, 1 — y,(w'x, + b)) (27.29)

Lay trung binh cong clia cic mat mat nay trén toan tap huan luyén ta duge

N N
1 1
L(w,b) = N E L, = N E max (0, 1 — y,(w'x, + b))
n=1 n=1

Trong truong hop dit lieu hai 16p tach biét tuyén tinh, gid tri toi vu tim duge clia
L(w,b) sé bang 0. Diéu nay nghia la:

1—y,(wix, +b) <0, Vn=1,2,...,N (27.30)

Nhan cd hai vé v6i mot hing s6 a > 1 ta co:
a—yp(aw’x, +ab) <0, Vn=1,2,...,N (27.31)
=1 —yulaw'x, +ab) <1—-a <0, ¥n=1,2,...,N (27.32)

Dicu nay chi ra (aw,ab) ciing 1a nghiém ctia bai todn. Néu khong c¢6 thém rang
buoc, bai toan c¢é thé dan t6i nghiem khong 6n dinh vi w va b ¢6 thé 16n tuy §!

Dé tranh hién tugng nay, ching ta can thém mot s6 hang kiém soat vao L(w, b)
giéng nhu cach lam dé tranh qué khép trong mang neuron. Liic nay, ta sé c¢6 ham
mat méat tong cong:

J(w,b) = L(w,b) + AR(w,b)
v6i A 1a mot s6 duong, goi 1a tham s6 kiém soat, ham R() gitip han ché viéc céc
hé s6 (w,b) qua 16n. C6 nhiéu cach chon ham R(), nhung cach phd bién nhat 1a
diing chuan /5, khi d6 ham mat mat ctia SVM 1é mém tré thanh:
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N
1 A
J(w,b) =+ > “max(0,1 -y, (w"x, + b)) + §||w||; (27.33)
n=1 ~——
Vv kiém soat

mat mat ban 1&

K¥ thuat nay tuong duong v6i ki thuat suy giam trong sd6 trong mang neuron.
Suy gidm trong s6 khong duge ap dung lén hé s6 diéu chinh b.

Ta thay rdng ham mat mat (27.33) tuong duong ham mat mat (27.27) véi A = .

Trong phan tiép theo clia muc nay, chiing ta sé quan tam t6i bai todn t6i uu ham
mat mat duge cho trong (27.33)). Trude hét, day 1a mot ham 16i theo w, b vi cac
I do sau:

o 1 —y,(Wwi'x, +b) 1a mot ham 16i vi n6 tuyén tinh theo w,b. Ham lay gia tri
16n hon trong hai ham 16i 14 mot ham 16i. Vi vay, mat mat ban 1é 13 mot ham
10i.

e Chuan 3 mot ham 16i.

e Tong ctia hai ham 15i 1& mot ham 15i.

Vi ham mat mat 1a 10i, cac thuat toan gradient descent véi téc do hoc phit hop
sé gitp tim nghiém ctia bai toan mot cach hiéu qua.
27.4.4. T6i wu ham mat mat

D@ sit dung gradient descent, chiing ta can tinh dao ham ctia ham méat mat theo
w va b.

Dao ham clia mat mat ban lé khong qua phtc tap:

— A o T
Vw (max((), 1 —yu(wix, + b))) — { YnX, néu 1 —y,(w'x,+b) >0

0 O0.W.
— A o T >
Vy (max(0,1 = yo(w'x, +b))) = { (?)Jn neu 1 gnv(vw X, +b) >0

Phan kiém soat ciing c6 dao ham tuong déi don gian:

A A
O (Giwlg) = v (G1w2) =0

Khi sit dung stochastic gradient descent trén ting diém dit lisu, néu 1—y, (w’x, +
b) < 0, ta khong can cap nhat va chuyén sang diém tiép theo. Ngugc lai biéu thiic
cap nhat cho w, b duge cho bdéi:
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W W —(—YnXn + AW); b b+ny, néu 11—y, (w'x,+0b)>0)
W W — AW, b+« b 0.W.

véi m 14 téc do hoc. Véi mini-batch gradient descent hoiic batch gradient descent,
cac biéu thic dao ham trén day hoan toan cé thé duge lap trinh bing cac ki
thuat vector héa nhu ching ta sé thiy trong muc tiép theo.

27.5. Lap trinh vé6i SVM 1é mém

Trong muc nay, nghiém ctia mot bai toan SVM 1é mém dugce tim bang ba cach
khac nhau: st dung thu vién sklearn, giai bai toan doéi ngau bang CVXOPT, va
gidi bai toan toi uu khong rang buodc bang gradient descent. Gia tri C' dugc st
dung 1& 100. Néu moi tinh toan tit dau chuong l1a chinh xac, nghiém ctia ba cach
lam nay sé gan giong nhau, sy khac nhau c6 thé dén tit sai s6 tinh toan. Chiing
ta ciing sé thay C béi nhitng gia tri khac nhau va quan sat su thay doéi cta lé.

Khai bao thu vién va tao dit liéu gia:

from _ future__ import print_function
import numpy as np

import matplotlib.pyplot as plt
np.random.seed (22)

means = [[2, 2], [4, 2]]

cov = [[.7, 0], [0, .7]]

N = 20 # number of samplers per class

X0 = np.random.multivariate_normal (means[0], cov, N) # each row is a data
point

X1 = np.random.multivariate_normal (means[1l], cov, N)

X = np.concatenate ( (X0, X1))

y = np.concatenate((np.ones (N), -np.ones(N)))

Hinh minh hoa céc diém dit lieu ctia hai 16p. Hai 16p dit lieu gan tach biet
tuyén tinh.

27.5.1. Giai bai toan bang thu vién sklearn

from sklearn.svm import SVC

C = 100

clf = SVC(kernel = ’"linear’, C = C)
clf.fit (X, y)

w_sklearn = clf.coef_.reshape(-1, 1)
b_sklearn = clf.intercept_[0]

print (w_sklearn.T, b_sklearn)

Két qua:

w_sklearn = [[-1.87461946 -1.80697358]]
b_sklearn 8.49691190196
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27.5.2. Tim nghiém bing cach giai bai toan déi ngau

Doan ma dué6i day tuong tu véi viec gidi bai toan SVM Ié cting ¢6 thém chan trén
cua cac nhan ti Lagrange:

from cvxopt import matrix, solvers

# build K

V = np.concatenate ((X0, -X1), axis = 0) # V[n,:] = y[n]*X[n]
K = matrix (V.dot (V.T))

p = matrix (-np.ones((2*N, 1)))

# build A, b, G, h

G = matrix(np.vstack((-np.eye(2*N), np.eye(2*N))))

h = np.vstack((np.zeros((2*N, 1)), C*np.ones((2*N, 1))))

h = matrix(np.vstack((np.zeros((2*N, 1)), C*np.ones((2*N, 1)))))
A = matrix(y.reshape((-1, 2*N)))

b = matrix(np.zeros((1, 1)))
solvers.options[’show_progress’] = False

sol = solvers.gp(K, p, G, h, A, b)
1 = np.array(sol[’x’]) .reshape (2*N) # lambda vector

# support set

S = np.where(l > 1le-5) [0]

S2 = np.where(l < .999*C) [0]
# margin set

M = [val for val in S if val in S2] # intersection of two 1lists
VS = V[S] # shape (NS, d)

1S = 1[S] # shape (NS, )

w_dual = 1S.dot (VS) # shape (d,)

yM = y[M] # shape (NM, )

XM = X[M] # shape (NM, d)

b_dual = np.mean(yM - XM.dot (w_dual)) # shape (1,)
print ('w_dual = ', w_dual)

print ('b_dual = ', b_dual)

Két qué:

w_dual = [-1.87457279 -1.80695039]

b_dual = 8.49672109814

Két qua nay gan gidng véi két qua tim dude bang sklearn.
27.5.3. Tim nghiém bing giai bai toan téi wu khong rang budc

Trong phuong phap nay, ching ta can tinh gradient ctia ham mat mat. Nhu
thuong lé, can kiém ching tinh chinh x4c clia dao ham nay. Chd ¥ ring trong
phuong phép nay, ta can ding tham s6 lam = 1/C. Tru6c hét viét cac ham tinh
gid tri ham mat mat va dao ham theo w va b
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lam = 1./C
def loss (X, y, w, b):
X.shape = (2N, d), y.shape = (2N,), w.shape = (d,), b is a scalar
mmn
z = X.dot (w) + b # shape (2N,)
vz = y*z
return (np.sum(np.maximum(0, 1 - yz)) + .5*lam*w.dot (w))/X.shape[0]
def grad(X, y, w, b):
z = X.dot (w) + b # shape (2N,)
yz = y*z # element wise product, shape (2N,)
active_set = np.where(yz <= 1) [0] # consider 1 - yz >= 0 only
_yX = - X*y[:, np.newaxis] # each row is y_n*x_n
grad_w = (np.sum(_yX[active_set], axis = 0) + lam*w)/X.shape[0]
grad_b = (-np.sum(y[active_set]))/X.shape[0]
return (grad_w, grad_Db)
def num_grad(X, y, w, b):
eps = le-10
gw = np.zeros_like (w)
gb = 0
for i in xrange(len(w)):
wp = w.copy ()
wm = w.copy ()
wpl[i] += eps
wm[i] —-= eps
gw[i] = (loss (X, y, wp, b) - loss(X, y, wm, b))/ (2*eps)
gb = (loss(X, y, w, b + eps) - loss(X, y, w, b — eps))/ (2*eps)
return (gw, gb)
w = .l*np.random.randn (X.shape[l])
b = np.random.randn ()
(gw0O, gb0) = grad(X, y, w, b)
(gwl, gbl) = num_grad(X, vy, w, Db)

print (' grad_w difference = ',
print (' grad_b difference = ',

np.linalg.norm(gw0 - gwl))
np.linalg.norm(gb0 - gbl))

Két qué:

grad_w difference =
grad_b difference

1.27702840067e-06
4.13701854995e-08

Su sai khac gitta hai cach tinh gradient kha nho; ta c6 thé tin tuéng sit dung ham

grad khi thyc hién gradient descent.
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Solution found by sklearn
a
L]

Solution found by dual Solution found by hinge
o L]

(a) (b) (c)

Hinh 27.4. Cic dudng phan chia tim dugc bdi ba cach khac nhau: a) Thu vién
sklearn, b) Gidi bai toan d6i ngiu bang CVXOPT, c) Ham mat mat ban I&. Cac két
qua tim dugc gan gidng nhau.

Doan mé dué6i day trinh bay cach cap nhat nghiém bang gradient descent:

def softmarginSVM_gd (X, y, w0, b0, eta):
w, b, it = w0, b0, 0
while it < 10000:
it = it + 1

(gw, gb) = grad(X, vy, w, b)
w —= eta*gw

b —-= eta*gb

if (it % 1000) == O:

print ('iter %d’ %$it + ’ loss: %f’ %loss(X, y, w, b))
return (w, b)

w0 = .l*np.random.randn (X.shape[l])

b0 = .l1*np.random.randn ()

lr = 0.05

(w_hinge, b_hinge) = softmarginSVM_gd(X, y, w0, b0, 1lr)
print ('w_hinge = ', w_dual)

print ("b_hinge = ', b_dual)

Két qué:

iter 1000 loss: 0.436460
iter 2000 loss: 0.405307
iter 3000 loss: 0.399860
iter 4000 loss: 0.395440
iter 5000 loss: 0.394562
iter 6000 loss: 0.393958
iter 7000 loss: 0.393805
iter 8000 loss: 0.393942
iter 9000 loss: 0.394005
iter 10000 loss: 0.393758
w_hinge = [-1.87457279 -1.80695039]
b_hinge = 8.49672109814

Ta thiy rang loss gidm dan va hoi tu theo thoi gian. Nghiém nay cling gan giong
nghiém tim duge bang sklearn va CVXOPT. Hinh minh hoa cac nghiém tim
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Chuong 27. May vector ho trg 1é mem

C = 0.100000 C' = 1.000000

T

Hinh 27.5. Anh hudng cla C' 1&n nghiém ctia SVM [& mém. C' cang 16n thi bién
cang nhd va ngugc lai.

dude bang ca ba phuong phéap. Ta thay rang cac nghiém tim dude gan nhu giéng
nhau.

27.5.4. Anh hudéng cia C lén nghiém

Hinh minh hoa nghiém tim dugc bang sklearn véi cac gia tri C' khac nhau.
Quan sat thay khi C' cang 16n, bién cang nhé di. Diéu nay phit hop véi cac suy
luan 6 dau chuong.

27.6. Tém tat va thao luan

e SVM thuan (SVM lé ciing) hoat dong khong hi¢u qua khi ¢6 nhiéu ¢ gan ranh
gi6i hodc khi dit lieu gitta hai 16p gan tach biét tuyén tinh. SVM lé mém c6
thé gitp khic phuc diém nay.

e Trong SVM 1é mém, chiing ta chap nhan 16i xay ra ¢ mot vai diém di licu.
L&i nay dudce xac dinh biang khoang cach tit diem do6 t6i dusng hé trg tuong
tng. Bai toan t6i uu sé t6i thiéu 16i nay bang cach sit dung them cac bién 1ong
1éo. C6 hai cach khac nhau giai bai toan t6i uu.

e Cach thit nhat 1a giai bai toan déi ngau. Bai toan déi ngau ciia SVM 1é mém
rat gidng vdi bai toan doéi ngau ciia SVM 1é ciing ngoai trit viec c6 thém rang
budc chan trén ctia cac nhan tit Laggrange. Rang budc nay con duge goi la
rang budc hop.
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Chuong 27. May vector ho trg 1é mém

e Cach thit hai 1a dua bai toan vé dang khong rang buoc dura trén mat mat ban
1é. Trong phuong phap nay, ham mat mat thu dude 1a mot ham 16i va c6 thé
gidi hiéu qua bang cic phuong phap gradient descent.

e SVM lé mém yéu cau chon hang s6 C. Huéng tiép can nay con duge goi la
C-SVM. Ngoai ra, con c¢6 mot hudng tiép can khac ciing hay duge sit dung,
goi 1 v-SVM [SSWB00].

e Ma nguodn trong chuong nay c6 thé dude tim thay tai https://goo.gl/PuWxba.

e LIBSVM la mot thu vien SVM pho bién (https://goo.gl/Dt707r).

e Doc them: L. Rosasco et al.,. Are Loss Functions All the Same? (https://goo.
gl/QH2Cgr). Neural Computation.2004 [RDVCT04].
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Chuong 28. May vector ho trg hat nhan

Chuong 28

May vector hé trg hat nhan

28.1. Gi6i thidu

C6 mot su tuong dong thi vi gitta hai nhém thuat toan phan loai pho bién nhat:
mang neuron va may vector ho trg. Ching déu bat dau tit bai toan phan loai nhi
phan véi hai 16p dit liu tach biét tuyén tinh, phat trién tiép cho truong hgp hai
16p gan tach biét tuyén tinh, t6i cac bai toan phan loai da 16p va cudi cuing 13
cac bai toan véi cac 16p dit lieu hoan toan khong tach biét tuyén tinh. Sy tuong
déng nay c6 thé théy trong Bang [28.1]

Bang 28.1: Su tuong ddng giita mang neuron va may vector hd tro

Mang neuron May vector hd trg | Tinh chit chung

PLA SVM 1& cting Hai 16p tach biét tuyén tinh

Hobi quy logistic SVM Ié mém Hai 16p gan tach biét tuyén tinh

Hbi quy softmax SVM da 16p Nhiéu 16p dit lidu, ranh giéi tuyén tinh

Mang neuron da tang | SVM hat nhan Bai toan phan loai hai 16p khong tach bigt tuyén tinh

Trong chuong nay, ching ta cung thao luan vé SVM hat nhan (kernel SVM) cho
bai toan phan loai dit lieu khong tach biét tuyén tinh. Bai toan phan loai da 16p
stt dung ¥ tuéng SVM sé duge thdo luan trong chuong tiép theo.

Y tudng co ban ctia SVM hat nhan va cac mo hinh hat nhan (kernel model) noi
chung 1 tim mot phép bién doi dit lieu khong tach biet tuyén tinh ¢ mot khong
gian thanh dit licu (gan) tach biet tuyén tinh trong mot khong gian mdéi. Néu
c6 thé thuc hieén diéu nay, bai toan phan loai sé dugc gidi quyét bing SVM lé
cling/mém.
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(a) (b) (c)

Hinh 28.1. Vidu v& SVM hat nhan. (a) Dif liéu hai I6p khdng téch biét tuyén tinh
trong khéng gian hai chiéu. (b) Néu xét thém chiéu thir ba 13 mét ham sb cla hai
chiéu con lai z = 22 + y?, cac diém dit lidu s& duoc phan bd trén moét mit parabolic
va hai I6p d3 trd nén tach biét tuyén tinh. M3t phing cit prabolic chinh 13 m3t phan
chia, c6 thé tim dugc bdi mét SVM 1& ciing hosc mém. (c) Giao tuyén clia mit phing
tim dugc va mit parabolic 13 mét dudng ellipse. Hinh chiéu cta dudng ellipse nay
xubng khéng gian ban dau chinh 13 dudng phan chia hai 16p dit liéu.

Xét vi du tréen Hinh v6i viec bién dit lieu khong tach biét tuyén tinh trong
khong gian hai chiéu thanh tach biét tuyén tinh trong khong gian ba chiéu. Dé
quan sat vi du nay mot cach sinh dong hon, ban c6 thé xem clip di kem trén blog
Machine Learning co ban tai https://goo.gl/3wMHyZ.

Nhin tit goc do toan hoc, SVM hat nhan 14 phuong phap di tim mot ham so6
@(x) bién do6i dit licu x tit khong gian dic trung ban dau thanh dit liéu trong
mot khong gian mdi. Trong khong gian méi, ta mong muén dit liéu gitta hai 16p
I3 (gan) tach bigt tuyén tinh. Khi d6, ta c6 thé ding cac bo phan loai tuyén tinh
thong thuong nhu hoi quy logistic/softmax hogic SVM 1é citng/mém.

Céac ham &(x) thudng tao ra di lieu méi c6 s6 chicu 16n, tham chi c6 thé vo han
chiéu. Néu tinh toan cac ham nay truc tiép, chiac chan ching ta sé gap cic van
dé vé bo nhé va hiéu nang tinh toan. C6 mot cach tiép can khéc 1a st dung cac
ham s6 hat nhan (kernel function) mo ta quan hé gitta hai vector trong khong
gian méi thay vi tinh toan triec tiép bién ddi clia titng vector. Ky thuat nay dudc
xay dung dya trén viéc giai bai toan déi ngau trong SVM 1é ciing/meém.

Néu phai so sanh, ta thay rang ham hat nhan c6 chitc nang tuong ty nhu ham
kich hoat trong mang neuron vi chiing déu tao ra cac quan hé phi tuyén.
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28.2. Co sé toan hoc

Cung nhic lai bai toan déi ngau trong SVM 1é mém cho dit lieu gan tach biet
tuyén tinh:

N 1 N N
A= arg m)iax Z )\n - 5 Z Z /\n)‘mynymxgxm
n=1

n=1m=1

N (28.1)
thod man: Z AnYn =0

n=1

0< N\, <C, Vn=1,2,...,N.

Trong d6, N la s6 cip diém dit lieu huan luyen; x,, va y, = £1 lan lugt 1a la
vector dic trung va nhan ctia dit lieu thit n; A\, 1a nhan t Lagrange tng v6i diém
dit lieu thit n; va C 1a mot hing s6 duong gitp can déi do 16n gitta do rong lé va
sit hy sinh clia cdc diém nim trong vimg khong an toan. Khi C' = oo hoic rat
16n, SVM lé mém trd thanh SVM 1é ciing.

Sau khi tim duge A cho bai toan (28.1]), nhan ctia mot diém dit lieu méi sé duge
xac dinh bdi

1
class(x) = sgn {Z AnYmXo X + N Z (yn - Z /\mmeTTnxn> } (28.2)
M

meS nemM meS

trong d6, M = {n : 0 < A\, < C} la tap hop nhitng diém nam trén hai ducng
thang ho trg; S = {n : 0 < \,} 1a tap hop cac vector nim trén hai dudng ho trg
hodc nam gitta chiing; N 1& s6 phan ti ctia M.

Rat hiém khi dit liéu thyc té gan tach biét tuyén tinh, vi vay nghiém ctia bai toin
c6 thé khong thuc sut tao ra mot bo phan loai tét. Gia st réng ta co thé
tim duge ham s6 @() sao cho cac diem dit lieu $(x) trong khong gian méi (gan)
tach biet tuyén tinh.

Trong khong gian mdi, bai toan (28.1)) tré thanh:

N N N
1 T
A =arg max Z_; An — 3 Z Z A A YnYm®@(Xn )" P(Xn)

n=1m=1

N (28.3)
thod man: Z An =0

n=1

o<\, <C,Vn=12,...,N

Nhéan ctia mot diém dit lieu méi duge xac dinh béi dau ctia bidu thic:
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Chuong 28. May vector hd tr¢g hat nhan

<yn - Z )‘mym@(xm)T@(XH))

meS
(28.4)

1
Tp(x)+ b= A U@ (X)L P(x) + ——
w' B (x) mZ Y (%) " P(x) NMn;

Nhu da dé cap, viec tinh toan tric tiép @(x) cho mdi diém dit ligu c6 thé sé ton
rat nhidu bo nhd va thoi gian vi s6 chidu ctia ¢(x) thuong rat 16n, c6 thé 1a vo
han. Thém nita, dé tim nhan cia mot diem dit liu mdi x, ta can tinh @(x) rdi
lay tich vo huéng véi cac @(x,,), m € S. Viéc tinh todn nay cé thé dudc han ché
bang quan sat dudi day.

Trong bai toan va biéu thiic (28.4)), ta khong can tinh truc tiép #(x) cho moi
diém dit lisu. Thay vao do, ta chi can tinh @(x)T®(z) v6i hai diém dit lieu x, z. Vi
vay, ta khong can xac dinh ham &(.) ma chi can tinh gia tri k(x,z) = &(x) &(z).
K7 thuat tinh tich vo huéng ciia hai diém trong khong gian méi thay vi toa do
clia ting diém c6 tén goi chung 1a thi thuat hat nhan (kernel trick).

Bing cach dinh nghia ham hat nhan k(x,z) = &(x)7®(z), ta c6 thé viét lai bai
toan (28.3)) va biéu thic (28.4) nhu sau:

N 1 N N
A= arg m}E\lJX 2; >\n - § Z Z )\n)\mynymk(xm Xm)

n=1m=1

N (28.5)
thoa man: Z AYn =0

n=1

0<A\<C,Vn=1,2,...,N

Z AmYmk (X, X) + ﬁ Z (yn — Z AmYmk (X, xn)> (28.6)

meS nemM meS

Vi du: Xét phép bién déi mot diém trong khong gian hai chi¢u x = [z1, 25]7 thanh
mot diém trong khong gian nam chidu @(x) = [1, V21, V229, 27, V22,29, 23] 7.
Ta co:

O(x)TP(2) = [1, V221, V219, 22,V 2m1 29, 2][1, V221, V229, 22,V 221 29, 22|T
=1+ 2x121 + 22929 + x%x% + 221212929 + x%zg

= (1 + 121 + .1'222)2 = (1 -+ XTZ)2 = k(X, Z)
Trong vi du nay, viéc tinh toan ham hat nhan k(x,z) = (1 +x7z)? cho hai diém

dit licu don gidn hon viée tinh timg @(.) roi nhan ching véi nhau. Hon nita, gia
tri thu duge 1a mot s6 vo hudng thay vi hai vector nam chiéu @(x), P(z).

Ham hat nhan can c6 nhitng tinh chat gi, va nhitng ham nao duge sit dung phd
bién?
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28.3. Ham sb hat nhan
28.3.1. Tinh chat ctia cic ham hat nhan

Khong phai ham k() nao ciing ¢6 thé duge sit dung. Cdc ham hat nhan can c6
céac tinh chat:

e Do xiing: k(x,z) = k(z,x), vi tich vo hudng ctia hai vector ¢6 tinh ddi xing.

e V& Iy thuyét, ham kernel can thoa man diéu kien Merce%}

N N
SO k(XmoXn)eacm >0, Ve €Ri=1,2,... N (28.7)
n=1m=1

v6i moi tap hitu han cac vector x1,...,Xy. Tinh chat nay gitp ddm bio ham

muc tiéu trong bai toan doi ngau (28.5)) 1a 16i. That vay, néu mot ham kernel
thoa man diéu kien (28.7), xét ¢, = Y\, ta sé co:

N N
AEA=D 0 k(X Xn)UnYmAnAm > 0, YA, (28.8)

n=1m=1

v6i K 1a mot ma tran doi xing va knm = YnYmk(Xn, X ). TU ta suy ra
K 13 mot ma tran nita xac dinh duong. Vi vay, bai toan téi uu c6 rang
buoc 1a 16i vd ham muc tiéu 1a mot ham 161 (mot quy hoach toan phuong).
Diéu kién nay gitap bai toan duge gidi mot cach hiéu qua.

e Trong thyc hanh, mot vai ham s6 k() khong thda man diéu kien Mercer van
cho két qua chap nhan dugc. Nhitng ham s6 nay van duge goi 1a hat nhan.
Trong chuwong nay, chiing ta chi quan tam t6i cac ham hat nhan thong dung
¢6 san trong cac thu vién.

Viéc gidi quyét bai toan hoan toan tuong tu nhu bai toin ddi ngau trong
SVM 1é mém. Ching ta sé khong di sau vao viéc tinh nghiém nay. Thay vao do,
chiing ta sé thao luan cac ham hat nhan thong dung va hiéu nang cta chiung
trong cac bai toan.

28.3.2. Mot s6 ham hat nhan théng dung
Tuyén tinh

Day la truong hgp don gian v6i ham hat nhan chinh 1a tich vo6 huéng ctia hai
vector: k(x,z) = x"z. Nhu da chitng minh trong Chuong 26, ham s6 thoa man
dieu kien (28.7). Khi sit dung sklearn.svm.SvVC, ham nay dugc chon bang cach gan

kernel = ’linear’.

5 Xem Kernel method — Wikipedia (https://goo.gl/YXct7F)
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Da thie

Ham hat nhan da thic ¢6 dang
k(x,z) = (r +yx'z)? (28.9)

V6i d 1a mot s6 thue duong. Khi d 1d mot s6 tu nhién, hat nhan da thiic c6 thé
mo ta hau hét cic da thitc ¢6 bac khong vugt qua d.

Khi stt dung thu vién sklearn, hat nhan nay dugc chon bang cich gan kernel
= ’poly’. Ban doc c6 thé tim thay tai lieu chinh thitc trong scikit-learn tai
https://goo.gl /QvtFc9.

Ham co sd radial
Ham co sd radial (radial basic function, RBF hay hat nhan Gauss) la lya chon
mic dinh trong sklearn, dude st dung nhiéu nhat trong thie té. Ham s6 nay duge

dinh nghia béi
k(x,z) = exp(—y||x —z||3), v>0 (28.10)

Sigmoid

Ham dang sigmoid ciing dugc st dung lam hat nhan:
k(x,z) = tanh(yx’z + ) (28.11)

Trong sklearn, hat nhan nay dugc lia chon bang cach gan kernel = ’sigmoid’.
Bding tom tdt cic ham hat nhan thong dung

Bang tom tat cac ham hat nhan thong dung va cach st dung trong sklearn.

Bang 28.2: Bang cdc ham hat nhan théng dung

Tén Cong thic Thiét lap hé sb

"linear’ | x'z khong c6 hé sb

"poly’ (r 4+ vxTz)? d: degree, v: gamma, r: coef®
’sigmoid’ | tanh(yx”z +r) ~: gamma, r: coef®

‘rbf’ exp(—y&x — z&3) | v > 0: ganma

Néu mudn stt dung cac thu vien cho C/C++, cic ban c¢6 thé tham khao LIBSVM
(https://goo.gl/Dt707r) vas LIBLINEAR (https://goo.gl/ctD7a3).

Ham tv dinh nghia

Ngoai cac ham hat nhan thong dung nhu trén, chiing ta ciing c6 thé tu dinh nghia
céac ham hat nhan theo huéng dan tai https://goo.gl/A9ajzp.
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sigmoid poly rbf
e {oy|{e
> . ONG
(a) hat nhan sigmoid (b) hat nhan da thic (c) hat nhan rbf

Hinh 28.2. S& dung SVM hat nhén dé giai quyét bai todn XOR: (a) hat nhén
sigmoid, (b) hat nhan da thtic, (c) hat nhan RBF. Cac dudng nét lién |3 cic dudng
phan loai, ing Vi gi4 tri cha biéu thic (28.6) bang 0. Cac dusng nét dit Ia cac dudng
déng mic tng véi gia tri cla biéu thiic (28.6) bang +0.5. Cac vung c6 nén mau xam
tuong (ing véi I6p cac diém den hinh tron, cic viing ¢6 nén trang tuong tng vdi 16p
cic diém tring hinh vudng. Trong ba hat nhan, RBF cho két qua dbi xung, hop ly
v3i dir liéu bai toan.

28.4. Vi du minh hoa
28.4.1. Bai toan XOR

Chiing ta biét ring bai toan XOR khong thé giai quyét néu chi dimg mot bo phan
loai tuyén tinh. Trong muc nay, chiing ta sé thit ba ham hat nhan khac nhau va
st dung SVM. Két qua dugc minh hoa trong Hinh Duéi day la doan ma
tim cac mo hinh tuong tng:

import numpy as np
import matplotlib.pyplot as plt
from sklearn import svm

# XOR dataset and targets
X = np.array([([0, O], [1, 1], [1, 01, [0, 111)
y = np.array ([0, 0, 1, 11])
# fit the model
for kernel in (’sigmoid’, ’poly’, ’'rbf’):
clf = svm.SVC(kernel=kernel, gamma=4, coefl0 = 0)
clf.fit (X, vy)

Nhan xét v6i moi ham hat nhan:

e sigmoid: Nghiem tim dugc khong that t6t vi ¢ ba trong bén diém ndm chinh
xac trén cac duong phan chia.

e poly: Nghiém nay t6t hon nghiém clia sigmoid nhung két qui c6 phan qua
khép.
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sigmoid poly rbf

(a) sigmoid kernel. (b) poly kernel. (c) rbf kernel.

Hinh 28.3. St dung SVM hat nhan gidi quyét bai toén véi dit liéu gin tach biét
tuyén tinh: (a) hat nhan sigmoid, (b) hat nhan da thic, (c) hat nhan RBF. Hat nhén
da thiic cho két qua hop Iy nhét.

e rbf: Duong phan chia tim duge kha hop 1y khi tao ra cidc viing doi xting phu
hop véi dit lieu. Trén thyc té, cac rbf kernel duge sit dung nhiéu nhat va ciing
la Ita chon méc dinh trong sklearn.svm.SVC.

28.4.2. Dt liéu gan tach biét tuyén tinh

Xét mot vi du khac vé6i dit lieu gitta hai 16p gan tach biét tuyén tinh nhu trong
Hinh [28.3] Trong vi du nay, dudng nhu qué khép da xiy ra v6i kernel = 'rbf’.
Hat nhan sigmoid cho két qua khong thuc sy tot va it duge st dung.

28.4.3. May vector hé trg hat nhan cho MNIST

Tiép theo, ching ta ap dung SVM véi hat nhan RBF vao bai toan phan loai bén
chit s6 0, 1, 2, 3 clia co s6 dit lieu chit s6 viét tay MNIST. Tru6c hét, ching ta
can lay di lieu 16i chuan hoéa vé doan [0, 1] bang cach chia toan bo céc thanh
phan cho 255 (gid tri cao nhat clia mdi diem anh):

from _ future_  import print_function

import numpy as np

from sklearn import svm

from sklearn.datasets import fetch_mldata

data_dir = '../../data’ # path to your data folder

mnist = fetch_mldata (’MNIST original’, data_home=data_dir)

X_all = mnist.data/255. # data normalization
y_all = mnist.target

digits = [0, 1, 2, 3]
ids = []
for d in digits:
ids.append (np.where(y_all == d) [0])
selected_ids = np.concatenate(ids, axis = 0)

X = X_all[selected_ids]
y = y_all[selected_ids]
print (' Number of samples = ', X.shape[0])
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Két qué:

Number of samples = 28911

Nhu vay, tong cong c¢6 khoang 29000 diém dit licu. Chiing ta lay ra 24000 diém
lam tap kiém tra, con lai 1 di lieu huén luyen. St dung bo phan loai SVM hat
nhan:

from sklearn.model_selection import train_test_split
from sklearn.metrics import accuracy_score
X_train, X_test, y_train, y_test = train_test_split (X, y, test_size= 24000)

model = svm.SVC (kernel='"rbf’, gamma=.1l, coef(O = 0)

model.fit (X_train, y_train)

y_pred = model.predict (X_test)

print ("Accuracy: %.2f $%" $(l00*accuracy_score(y_test, y_pred)))

Két qué:

Accuracy: 94.22 %

Két qua thu dugc la khoang 94%. Néu chon nhiéu diém dit lieu huan luyén hon
va thay ddi cac tham s6 gamma, coef®, ban doc cé thé sé thu duge két qua tot
hon. Day 1a mot bai toan phan loai da 16p, va ki thuat gidi quyét cia thu vien
nay 1a one-vs-rest. Nhut da dé cap trong Chuong[14] one-vs-rest ¢6 nhidu han ché
vi phéi huan luyén nhiéu bo phan loai. Hon nita, véi SVM hat nhan, viéc tinh
toan cac ham hat nhan ciing trd nén phitc tap khi luong dit lieu va s6 chiéu di
licu tang lén.

28.5. Tém tit

e Trong bai toan phan loai nhi phan, néu dit lieu hai 16p khong tach biét tuyén
tinh, chiing ta c6 thé tim cach bién déi dit liéu sao cho ching (gan) tach biét
tuyén tinh trong khong gian méi.

e Viéc tinh toan tryc tiép ham &() doi khi phitc tap vA tén nhiéu bo nhé.
Thay vao do, ta c6 thé sit dung thti thuat hat nhan. Trong céch tiép can
nay, ta chi can tinh tich vo huéng ctia hai vector bat ky trong khong gian
méi: k(x,z) = &(x)TP(z). Thong thuong, cdc ham k(.,.) thoa man diéu kien
Mercer, va dugc goi 1a ham hat nhan. Cach giai bai toan SVM v6i ham hat
nhan hoan toan giéng cach giai bai toan t6i wu trong SVM 1é mém.

e C6 bon ham hat nhan thong dung: linear, poly, rbf, sigmoid. Trong d6, rbf
duoc st dung nhiéu nhat va 1a lya chon mic dinh trong cac thu vien SVM.

e Ma ngudn cho chuong nay c6 thé duge tim thay tai https://goo.gl/6sbds5.
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Chuong 29

May vector ho tro da 16p

29.1. Gidi thisu
29.1.1. Tw phan loai nhi phan t&i phan loai da 16p

Céc mo hinh méy vector ho trg da dé cap (lé cting, 1é mém, hat nhan) déu duge
xay dung nham gidi quyét bai toan phan loai nhi phan. Dé 4p dung nhitng mo
hinh nay cho bai toan phan loai da 16p, ching ta c6 thé sit dung cac ki thuat
one-vs-rest hodc one-vs-one. Cach lam nay c6 nhiing han ché nhu da trinh bay
trong Chuong [14]

Hoi quy softmax (xem Chuong — mo hinh tdng quat ctia hdi quy logistic
— dugc sit dung phd bién nhat trong cAc mo hinh phan loai hién nay. Hoi quy
softmax tim ma tran trong s6 W € R%¢ va vector diéu chinh b € R sao cho
v6i méi cap dit lieu huan luyén (x,y), thanh phan 16n nhat ciia vector z = WTx
nam tai vi tr{ tuong ting véi nhan y (y € {0,1,...,C — 1}). Vector z, con dudc
goi 1a wvector diém s6 (score vector). Dé tim xac suat mdi diém dit lieu roi vao
timg 16p, vector diém s6 duge dua qua ham softmax.

Trong chuwong nay, chiung ta sé thao luan mot mo hinh khac ciing duge ap dung
cho céc bai toan phan loai da 16p — mo hinh SVM da Idp (multi-class SVM). Trong
d6, ma tran trong s6 W va vector diéu chinh b can dugce tim sao cho thanh phan
cao nhét clia vector diém sé ndm tai vi trf tng v6i nhan cia dit lieu dau vao. Tuy
nhién, ham mat mat dude xay dung dya trén y tudng ctia ham méat méat ban 1é
thay vi entropy chéo. Him méat méat nay ciing duge t6i uu bdi gradient descent.
SVM da 16p ciing c6 thé thay thé tang softmax trong cdc mang neuron sau dé
tao ra cac bo phan loai kha hiéu qua.
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plane car bird cat deer frog horse ship truck
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Hinh 29.1. Vi du vé cic biic dnh trong 10 16p cla bd dit liéu CIFAR10 (xem anh
mau tai trang .

Chung ta sé tim hiéu SVM da 16p qua vi du vé bai toan phan loai cac bitc anh
thuoc 10 16p khéc nhau trong bo co sé dit lieu CIFAR10 (https://goo.gl/9KKbQu).

29.1.2. Bo co s dit licu CIFAR10

Bo co s6 dit lieu CIFAR10 gom 60000 anh c6 kich thuée 32 x 32 diém anh thudc
10 16p dit lieu: plane, car, bird, cat, deer, dog, frog, horse, ship, va truck. Mot vai
vi du ctia mbi 16p duge hién thi trong Hinh . Tap huan luyén gom 50000 bitc
anh, tap kiém tra gom 10000 anh con lai. Trong s6 50000 anh huan luyén, 1000
anh sé dugde lay ra ngiu nhién lam tap xac thyc. Day 1a mot bo co sé dit lieu
tuong do6i kho vi cac biic anh c6 do phan gidi thap va cac doéi tuong trong cling
mot 16p bién ddi rat nhidu vé mau sic va hinh dang. Thuat toan tot nhat hien
nay cho bai toan nay da dat dugc do chinh xac trén 96% (https://goo.gl/wlsgK4),
stt dung mot mang neuron tich chap da tang két hgp v6i mot hoi quy softmax
4 tang cudi cing. Trong chuong nay, ching ta sé st dung mot mang neuron
don gidn v6i mot tang SVM da 16p dé gidi quyét bai toan. Mo hinh nay chi
mang lai do chinh x4c khodng 40%, nhung ciing da rat an tuong. Ching ta sé
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phan tich mo hinh va lap trinh chi sit dung thu vién numpy. Bai toan nay ciing
nhu noi dung chinh ctia chuong dude lay tit ghi chép bai gidng Linear Classifier
II — CS8231n 2016 (https://goo.gl/y3QsDP) va Assignment #1 — CS231n 2016
(https://goo.gl/1Qh84b)).

Trude khi di vao muc xay dyng va téi tu ham mat mat cho SVM da 16p, ching
ta can xay dung mot bo trich chon dic trung cho moi anh.

29.1.3. Xay dung vector dac trung

Stt dung phuong phéap xay dung vector dac trung don gidn nhat: 14y truc tiép tat
ci cac diem trong mdi anh va chuan héa dit lieu.

e Mbi anh mau ctia CIFAR-10 c6 kich thuée déu 1a 32 x 32 diém anh, vi vay
viec dau tién ching ta c6 thé lam 1a kéo dai ca ba kénh red, green, blue ctia
btic &nh thanh mot vector ¢é kich thuée 3 x 32 x 32 = 3072.

e Phuong phap chuan héa dit lieu don gian 1a trit mdi vector dic trung di vector

trung binh ctia dit liéu trong tap huan luyén. Viéc nay sé gitp tat ca cac thanh
phan dic trung c6 trung binh bang khong trén tap huan luyen.

29.1.4. Thii thuat gop hé s6 diéu chinh

NN NI
03 | 1 |01 2 12 N 03 | 1 |01 2 [RuR 12
NN\ NN\
AR AR
15 [ 2 |07 |01 | X | 4 | TRosy || 15| 2 | o7 |01 |osyX| 4
ARRNY AR
NN NN
03|01 |-12| 15 50 07 03 | 01 | -12 | 15 | -50
NN\ NN\
NANN NN
T
WwWT 120 b W b 120
WT méi
X 1
X mdi

Hinh 29.2. Tha thuat gbp hé sb diéu chinh
V6i mot ma tran trong s6 W € R¥C va vector diéu chinh b € R, vector diém
s6 ing véi mot vector dau vao x duge tinh bai:
z=f(x,W,b)=W'x+b (29.1)

Dé biéu thiic nay don gian hon, ta cé thé them mot phan ti bing mot vao x va
gop vector diéu chinh b vao ma tran trong s6 W nhu vi dy trong Hinh 29.2] Ky
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thuat nay dugce goi 1 thuat gop hé so diéu chinh (bias trick). Tu day, khi viét W
va X, ta ngam hiéu ching da duge mé rong nhu phan bén phai ctia Hinh

Tiép theo, ching ta viét chuong trinh lay dit lieu tit CIFAR10, chuan hoé dit lieu
va thém phan ti bang mot vao cudi mdi vector dic trung. Dong thoi, 1000 di
licu tur tap huan luyén ciing duge tach ra lam tap xac thuc:

from _ future_  import print_function

import numpy as np

# need cs231 folder from https://goo.gl/cgdgcG
from cs231ln.data_utils import load CIFAR1O

# Load CIFAR 10 dataset
cifarl0_dir = ’cs231n/datasets/cifar-10-batches-py’
X_train, y_train, X test, y_test = load CIFAR10 (cifarlO_dir)

# Extract a validation from X _train

from sklearn.model_selection import train_test_split

X_train, X_val, y_train, y_val = train_test_split(X_train, y_train,
test_size= 1000)

# mean image of all training images
img_mean = np.mean(X_train, axis = 0)

def feature_engineering (X) :
X -= img_mean # zero-centered
N X.shape[0] # number of data point
X = X.reshape (N, -1) # vectorization
return np.concatenate((X, np.ones((N, 1))), axis = 1) # bias trick

X_train = feature_engineering (X_train)
X_val = feature_engineering(X_val)
X_test = feature_engineering(X_test)
print (' X_train shape = ’, X_train.shape)
print (' X_val shape = ', X_val.shape)
print (' X_test shape = ', X_test.shape)

Két qué:

X_train shape = (49000, 3073)
X_val shape = (1000, 3073)
X_test shape = (10000, 3073)

29.2. Xay dung ham mat mat
29.2.1. Mt mat ban 1é téng quat cho SVM da 16p

Trong SVM da 16p, nhan ctia mot diém dit lieu méi duge xac dinh béi thanh
phan c6 gia tri 16n nhat trong vector diem s6 z = WTx (xem Hinh . Diéu
nay tuong ti nhu hoi quy softmax. Hoi quy softmax sit dung mat mat entropy
chéo dé ép hai vector xac suat bang nhau. Viéc t6i thicu mat mat entropy chéo
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vector dic trung chu3n héa (da thém dic trung 1)

ANNNNNNNN l
3 1 0.1 AN 12 285.3 i8
> Wy | 53 | diém cat
NNy
NNNNNNNN
NNNNNNNYN _,()
L -2 07 | -0.1 RN w | 45 — | -1545 |diém frog
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03 | 01 | -12 | 15 RRY 50 288 | diém dog
) . AR
anh (mau) NNNNNNNY
N Ve A
dau vao wT 120 | vector diém 6 z
1
X

Hinh 29.3. Vi du vé& cach tinh vector diém s&. Nhan clia mét diém dif liéu dudc xac
dinh dua trén 16p tuong ng c6 diém cao nhat.

zZi e =A y o
L1 1 ! 1 | diém s6
e
diém cuta cac Iép con lai T Zj diém cia I6p thuc su

muc dd vi pham

Hinh 29.4. M5 t3 mit mat ban I1& tdng quat. SVM da 16p ép diém s cha I8p thuc
su (z,) cao hon céc diém sb khac (z;) mét khodng céch an toan A. Nhiing diém sb
nam trong ving an toan, tic phia trai cla diém x, s& gy ra mit mét bing khéng.
Trong khi d6, nhiing diém sb n¥m bén phai diém x d3 roi vdo viing khéng an toan
va cin duoc gan mit méat duong.

tuong duong vé6i viec ép phan tit tuong ing nhan thyc st trong vector xac suat
gan bang mot, dong thai khién cidc phan tit xdc suat con lai gan bang khong.
Diéu nay khién phan tt tuong ting v6i nhan thuc sy cang 16én hon cac phan ti
con lai cang t6t. SVM da 16p st dung mot giai phap khac cho muc dich tuong t.

Trong SVM da 16p, ham mat mat duge xay dung dya trén dinh nghia clia ving
an toan gidng nhu SVM 1& cting/mém cho bai toan phan loai nhi phan. Cu thé,
SVM da 16p ép thanh phan tng clia nhan thiec su cia vector diém s6 16n hon céc
phan tit khac; khong nhitng thé, né can 16n hon mot dai lugng A > 0 nhu duge
mo ta trong Hinh [29.4 Ta goi dai lugng A nay 1a Ié an toan.

Néu diém s6 tuong tng véi nhan thyc su 1én hon cac diém s6 khac mot lugng
bing 1& an toan A thi mat mat bang khong. No6i cac khac, nhitng diém s6 nam
bén trai diem x khong gay ra méat mat ndo. Ngudc lai, cac diém s6 nam bén phai
clia x can bi mi phat, va miic xtt phat ti 1¢ thuan véi do vi pham (mitc do vugt
qué ranh gi6i an toan x).
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Dé mo ta cac mic vi pham nay dudi dang toan hoc, trude hét ta gia si réing cac
thanh phan ctia vector diém s6 va céac 16p dit lieu duge danh sb6 thd tu tit mot
thay vi khong nhu hoi quy softmax. Gia st ring diém dit lieu x dang xét c6 nhan
y va vector diém s6 z = WTx. Nhu vay, diem sb ctia nhan thuc sy 1a 2, diém s6
ciia cAc nhan khac 1a céc z,i # y. Trong Hinh [29.4] diém s6 z; niim trong ving
an toan con z; nim trong ving khong an toan. Véi mdi diém s6 z; trong viing an
toan, mat mat bing khong. V6i mdi diém s6 z; vugt qua x, mat mat duge tinh
bing khoang cach tit diém d6 t6i x: z; — (2, — A) = A — z, + 2;.

Tom lai, v6i mot diém s6 z;,7 # y, mat mat do né gay ra la

max(0, A — z, + z;) = max(0, A — ng + Wij) (29.2)
trong d6 w; 1a cot thid j clia ma tran trong s6 W. Nhu vay, mat mat tai mot
diém dw lieu x,,,n = 1,2,..., N vai nhan y, la

L, = Z max (0, A — 2z + 27)
J#Yn
v6i 2" = WTx, = [0 28, ..., 28]7 € RO 1a vector diém sb tuong ting véi x,,.
MAt mét trén toan bo dit lieu hudn luyen X = [x1,Xs,. .., Xy|, mat mat duge

dinh nghia la

N
1 n n
LIX,y,W) = N Z Z max(0, A — 2, + z}). (29.3)
n=1 j#yn
Trong d6, y = [y1, 2, - - -, yn| 12 vector chita nhan thyc sy ctia dit lieu huan luyen.

29.2.2. Co ché kiém soat

Diéu gi sé xay ra néu nghiém tim duge W 13 mot nghiém hoan hao, ttic khong
c¢6 diem s6 nao vi pham va ham mat mat (29.3)) bang khong? Néi cach khac,

A—z;nJrz;‘SO(:)AgWann—ijxn Vn=1,2,...,.N;7=1,2,...,C;j # yn
Diéu nay c6 nghia kW ciing 1a mot nghiém ctlia bai toan v6i k > 1 bat ky. Dieu

nay dan t6i bai toan c6 vo so6 nghiem va c6 thé c6 nghiém 16n vo ciing. Phuong
phap suy giam trong s6 c6 thé ngin chin viec W tré nén qué lén:

N
1 A
LXy. W)=~ D0 max(0,A - wy X, + W) X,) + §||W||% (29.4)
n=1j#yn N

~~ ”  suy gidm trong s6
méat mat di lisu
v6i A 1a mot tham s6 kiém soat duong gitp can bing gitta thanh phan mét mat
di lieu va thanh phan kiém soat. Tham s6 kiém soat nay duge chon bing xéc
thue chéo.
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29.2.3. Ham mat mat cia SVM da 16p

C6 hai siéu tham s6 trong ham mat mat la A va A, cau hoi dit ra la lam
thé nao dé chon ra cip gia tri hgp 1y nhat cho ting bai toan. Lieu ching ta c6
can thuyc hién xac thyc chéo cho ting gia tri khong? Trén thyc té, ngudi ta nhan
thay ring A c6 thé duge chon bing mot ma khong lam anh hudng t6i chat lugng
ctia nghiem (https://goo.gl/NSyfQi). Tt d6, ham mat mat cia SVM ¢6 dang

N
1 A
LIX,y,W) = N Z Z max(0,1 — w,, X, + W x,) + EHWH% (29.5)

n=1 j#yn

Nghiém clia bai toan t6i thiéu ham mat mat c6 thé tim dudc bang gradient
descent. Didu nay sé duge thao luan ky trong Muc [29.3]

29.2.4. SVM lé mém la mét trudng hgp dic biét ciia SVM da 16p
(Hoi quy logistic la mot truong hop dic biét clia hoi quy softmax.)

Khi s6 16p dit lieu C' = 2, tam bd qua mat mat kiem soat, ham méat mat tai mdi
diém di liéu tré thanh
L, = Z max(0, 1 — w, X, + W} X;,) (29.6)

J#Yn

Xét hai truong hogp:

ey, =1= L, =max(0,1 — wix, + wlx,)=max(0,1 — (1)(w; — wy)"x)

ey, =2= L, =max(0,1 — wix, +wix,) =max(0,1 — (—1)(w; — wz)Tx)

Néu ta thay y, = —1 cho dit liéu thuoc 16p c6 nhan bang 2 va dit W = w; — wo,
hai truong hgp trén cé thé duge viét gon thanh

T

L, = max(0,1 — y, W x,)

Day chinh 1a mit méat ban lé trong SVM 1é mém. Nhu vay, SVM 1é mém 13 truong
hop diic biet cia SVM da 16p khi s6 16p dit lieu C = 2.

29.3. Tinh toan gia tri va gradient ctia ham mat mat

V6i nhitng ham s6 phtic tap, viéc tinh toan gradient rat dé gay ra két qua khong
chinh xac. Truéc khi thite hién cic thuat toan t6i wu st dung gradient, ta can
dam bao sy chinh xac ctia viec tinh gradient. Mot lan nita, c6 thé sit dung phuong
phép xap xi gradient theo dinh nghia. Dé thitc hien phuong phép nay, ching ta
can tinh gia tri ctia ham mat mat tai mot diem W bat ky.
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Viéc tinh toan gia tri ciia ham méat mat va gradient cia n6 tai W bat ky khong
nhitng can su chinh xac ma con can duge thuc hien mot cach hieu qua. Dé dat
duge diéu do, ching ta sé thyc hién tiing budc mot. Bude thit nhat phai ddm
bao ring cac tinh toan 1a chinh xac, dit cach tinh c6 thé rat cham. Budc thi hai
la dam bao cac phép tinh duge thyc hién mot cach hiéu qua. Hai buée nay nén
duge thuc hién tren mot luong dit lieu nhé dé c6 thé nhanh chéng co két qua.
Viéc tinh xap xi gradient trén dit lieu 16n thuong ton rat nhicéu thoi gian vi phai
tinh gia tri cia ham s6 trén ting thanh phan clia ma tran trong s6 W. Cac quy
tac nay ciing duge ap dung vdi nhitng bai toan t6i uu khac c6 st dung gradient
trong qua trinh tim nghiém. Hai muc tiép theo sé mo ta hai budc da néu & trén.

29.3.1. Tinh chinh xac

Dudi day 1a cach tinh ham mat méat va gradient trong (29.5) bang hai vong for:

def

# random,

d, ¢, N =100, 3, 300

reg = .1

W_rand = np.random.randn(d, C)

X_rand = np.random.randn (N, d)

y_rand = np.random.randint (0, C, N)

# sanity check

print (' Loss with reg = 0 :’, svm_loss_naive (W_rand, X_rand, y_rand, 0)[0])

print (' Loss with reg = 0.1:',

svm_loss_naive (W, X, y, reg):

rr s
W: 2d numpy array of shape (d, C).
X: 2d numpy array of shape (N, d).
y: 1d numpy array of shape (N,).

reg: a positive number.

rr s
d, C = W.shape # data dim,
N = X.shape[0] # No. points
loss = 0
dW = np.zeros_like (W)
for n in xrange (N) :
X[n]
score = xn.dot (W)
for j in xrange (C):
if j == y[n]:
continue
margin = 1 - scorely[n]]
if margin > O:
loss += margin

No.

classes

Xn =

+ scorel[7]

dwl:, Jj] += xn

dWw[:, y[n]] —= xn
loss /=N
loss += 0.5*reg*np.sum(W * W) # regularization
dw /= N

dW += reg*w

return loss, dwW

small data

calculate loss and gradient of the loss function at W. Naive way
The weight matrix.

The training data

The training label

The regularization parameter

svm_loss_naive (W_rand, X_rand, y_rand, .1)[0])
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Két qué:

0 : 12.5026818221
0.1: 27.7805360552

Loss with reg
Loss with reg

Céch tinh v6i hai vong for 1ong nhau nhu trén moé ta chinh xéc bicu thitc ([29.5)
nén tinh chinh xac c6 thé duce ddm bao. Viéc kiém tra & cudi cho cai nhin ban
dau vé ham méat mat: duong va khong c6 kiém soét sé cho gia tri cao hon.

Cach tinh gradient cho phan mat méat dit lieu dua trén nhan xét sau day:

0 néul —wlix,+wlx, <0
van max(0, 1 — Wz?nxn + WJTX”) - { —x, néul — W%HX + W].Tx > 0<29'7)
n Yn n 7 n

0 néul —w?l

X, heul —w

Xn + W, X, <0
Xn—l—ijxn >0

Vw, max(0,1 — w) x, + W) X,,) = { . (29.8)
Yn

Mac dir gradient khong xac dinh tai cac diém ma 1 — W, Xp + W] x, =0, ta van
c6 thé gid st ring gradient tai 0 ciing bang 0.

Viéc kiém tra tinh chinh xéc ctia gradient bing phuong phap xap xi gradient theo
dinh nghia xin danh lai cho ban doc.

Khi tinh chinh xac ctia gradient da dugc dam béo, ta can mot cach hieu qua dé
tinh gradient.

29.3.2. Tinh hiéu qua

Cach tinh toan hiéu qua thuong khong chita cac vong for ma dugce viét gon lai
stt dung cac k¥ thuat vector héa. Dé dé hinh dung, chiing ta ciing quan sat Hinh
o) day, ching ta tam queén thanh phan kiém soat vi gia tri va gradient ctia
thanh phan nay déu dugc tinh mot cach don gidn. Chung ta ciing bé qua hé s6
% cho céc phép tinh don gian hon.

Gia st c6 bon 16p dit lieu va mini-batch X gom ba diém dit lieu X = [xl Xo X3j|
lan lugt thuoc cac 16p 1, 3, 2 (vector y). Cac 6 ¢6 nén mau xam & mdi cot tuong
tng v6i nhan thiye sy cla diém dit lisu. Cac budce tinh gia tri va gradient cia ham
mat mat c6 thé duge hinh dung nhu sau:

e Bude 1: Tinh ma tran diém s6 Z = WTX.

e Budc 2: Véi méi 0, tinh max(0,1 — wl, X, + wlx,). Vi biéu thic ham mat
mat cho mot diém dit lieu khong chita thanh phan j = 7, nén ta khong can
tinh cac 6 c6 nén mau xam. Sau khi tinh dugc gia tri clia tiing 6, ta chi quan
tam tdi cic 0 c6 gia tri 16n hon 0 — cac 6 ¢6 nén soc chéo. Lay tong tat ci
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7 — WI'X max(0, 1 — 2y + 27)
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Hinh 29.5. M0 phdng cach tinh ham mAt mat va gradient trong SVM da 16p.

cac phan ti clia cac 6 nén soc chéo, ta duge gia tri cia ham mat mat. Vi du,
nhin vao ma tran & giita trong Hinh [20.5] gia tri hang thit hai, cot thit nhat
bang max(0,1 — 2 + 1.5) = max(0,0.5) = 0.5. Gia tri hang thi ba, cot thu
nhéat bang max(0,1 — 2 + (—0.2)) = max(0, —1.2) = 0. Gia tri hang thu tu,
cot thit nhat bang max(0,1 — 2+ 1.7) = 0.7. Tuong tu véi cac cot con lai.

e Budc 3: Theo cong thiic va , v6i 6 nen soc 6 hang thit hai, cot thit
nhat (ting voéi diém da lieu x1), gradient theo vector trong s6 wy duge cong
théem mot lugng x; va gradient theo vector trong s6 w; bi trit di mot luong
x;. Nhu vay, trong cot thit nhat, c6 bao nhiéu 6 nén soc thi c6 bay nhiéu lan
gradient ciia wy bi trit di mot lugng x;. Xét ma tran bén phai, gia tri ctia 6 6
hang thit i, cot thit j 1 hé s6 clia gradient theo w; gay ra béi diém dit lieu x;.
Tat ci cac 6 nén soc déu cé gia tri bing 1. O mau xam & cot thit nhat phai
bang -2 vi cot d6 c6 hai 6 nén soc. Tuong t véi cac 6 nén soc va xam con lai.

e Buéc 4: Cong theo moi hang, ta duge gradient theo hé s6 ctia 16p tuong ting.

Cach tinh toan trén day c6 thé thuc hién nhu sau:

def svm_loss_vectorized (W, X, y, reg):
d, C = W.shape
N = X.shape[0]
loss = 0
dW = np.zeros_like (W)
Z = X.dot (W) # shape (N, C)
id0 = np.arange(Z.shape[0])

correct_class_score = 7[id0, y].reshape(N, 1) # shape (N, 1)
margins = np.maximum(0, Z - correct_class_score + 1) # shape (N, C)
margins[id0, y] = 0

loss = np.sum(margins)

loss /= N

loss += 0.5 * reg * np.sum(W * W)

F = (margins > 0) .astype (int) # shape (N, C)
F[np.arange (F.shape[0]), y] = np.sum(-F, axis = 1)
dW = X.T.dot (F)/N + reg*W

return loss, dW
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Doan ma phia trén khong chita vong for nao. Dé kiém tra tinh chinh xac va hiéu
qua ctia ham nay, chiing ta can kiém chitng ba dic¢u. (i) Gia tri hAm mat mat
da chinh xac? (ii) Gia tri gradient da chinh xac? (iii) Cach tinh da thuc sy hiéu
qua’:

d, C = 3073, 10

W_rand = np.random.randn(d, C)

import time

tl = time.time ()

11, dWwl = svm_loss_naive (W_rand, X_train, y_train, req)
t2 = time.time ()

12, dw2 = svm_loss_vectorized(W_rand, X_train, y_train, req)
t3 = time.time ()

print (' Naive -— run time:’, t2 - tl1, ' (s)’)
print (' Vectorized -- run time:’, t3 - t2, ' (s)’)
print (' loss difference:’, np.linalg.norm(ll - 12))
print (' gradient difference:’, np.linalg.norm(dWl - dwW2))

Két qua:
Naive —— run time: 7.34640693665 (s)
Vectorized —-- run time: 0.365024089813 (s)

loss difference: 8.73114913702e-11
gradient difference: 1.87942037251e-10

Két qua cho thay cach tinh vector héa hiéu qui hon khodng 20 lan va sy chénh
lech gitta hai cach tinh la khong dang ké. Nhu vay ca tinh chinh xéac va tinh hieu
qua déu da duge dam bao.

29.3.3. Mini-batch gradient descent cho SVM da l6p

Viéc huan luyen SVM da 16p c6 thé thuc hien nhu sau:

def multiclass_svm_GD (X, y, Winit, reg, lr=.1,

batch_size = 1000, num_iters = 50, print_every = 10):
W = Winit
loss_history = []
for it in xrange (num_iters):
mix_ids = np.random.permutation (X.shape[0])

n_batches = int (np.ceil (X.shape[0]/float (batch_size)))

for ib in range (n_batches):
ids = mix_ids[batch_size*ib: min (batch_size* (ib+1l), X.shape[0])]
X_batch = X[ids]
y_batch = y[ids]
lossib, dW = svm_loss_vectorized (W, X_batch, y_batch, reg)
loss_history.append(lossib)

W —= lr*dw
if it % print_every == 0 and it > O:
print (it %d/%d, loss = $f’ %(it, num_iters, loss_history[it]))

return W, loss_history
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Hinh 29.6. Lich s gia tri
ham mat mat qua cic vong

94 A ) A 7 7
I3p. Ta thay rang mat mat cé
. xu hudng gidm va hdi tu kha
c nhanh.
°
0 71
c
2
% 6
ke
5.
44— : . . : :
0 500 1000 1500 2000 2500
number of iterations
d, C = X_train.shape[l], 10
reg = .1
W = 0.00001*np.random.randn (d, C)
W, loss_history = multiclass_svm_GD(X_train, y_train, W, reg, lr = le-8,
num_iters = 50, print_every = 5)
Két qua:
epoch 5/50, loss = 5.482782
epoch 10/50, loss = 5.204365
epoch 15/50, loss = 4.885159
epoch 20/50, loss = 5.051539
epoch 25/50, loss = 5.060423
epoch 30/50, loss = 4.691241
epoch 35/50, loss = 4.841132
epoch 40/50, loss = 4.643097
epoch 45/50, loss = 4.691177

Ta thay rang gia tri hAm mat mat c6 xu huéng gidm va hoi tu nhanh. Gia tri
ham mét mét sau méi vong liap duge minh hoa trong Hinh [29.6]

Sau khi da tim duge ma tran trong s6 W, chiing ta can viét cac ham xac dinh
nhan cia cac diém di lieu méi vi danh gia do chinh xac ciia mo hinh:

def multisvm_predict (W, X):
Z = X.dot (W)
return np.argmax(Z, axis=1)
def evaluate (W, X, y):
y_pred = multisvm_predict (W, X)
100*np.mean (y_pred == vy)
return acc

acc =
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Tiép theo, ta stt dung tap xac thuc dé chon ra bo siéu tham s6 mo hinh phit hop.
C6 hai sieu tham s6 trong thuat toan t6i wu SVM da 16p: tham s6 kiém soat va
tdc do hoc. Hai tham s6 nay sé duge tim bang phuong phap tim trén ludi (grid
search). Bo gia tri mang lai do chinh x4c trén tap xac thyc cao nhat sé duge dung
dé danh gia tap kiém tra:

lrs = [le-9, 1le-8, 1le-7, le-6]
regs = [0.1, 0.01, 0.001, 0.0001]
best_W = 0

best_acc = 0

for 1lr in lrs:
for reg in regs:
W, loss_history = multiclass_svm_GD(X_train, y_train, W, reg, \

lr = le-8, num_iters = 100, print_every = 1e20)
acc = evaluate (W, X_val, y_val)
print ('1lr = %e, reg = %e, loss $f, val acc = %.2f’

%$(lr, reg, loss_history[-1], acc))
if acc > best_acc:
best_acc, best_W = acc, W

Két qué:

lr = 1.000000e-09, reg = 1.000000e-01, loss = 4.422479, val acc = 40.30
lr = 1.000000e-09, reg = 1.000000e-02, loss = 4.474095, val acc = 40.70
lr = 1.000000e-09, reg = 1.000000e-03, loss = 4.240144, val acc = 40.90
lr = 1.000000e-09, reg = 1.000000e-04, loss = 4.257436, val acc = 41.40
lr = 1.000000e-08, reg = 1.000000e-01, loss = 4.482856, val acc = 41.50
lr = 1.000000e-08, reg = 1.000000e-02, loss = 4.036566, val acc = 41.40
lr = 1.000000e-08, reg = 1.000000e-03, loss = 4.085053, val acc = 41.00
lr = 1.000000e-08, reg = 1.000000e-04, loss = 3.891934, val acc = 41.40
lr = 1.000000e-07, reg = 1.000000e-01, loss = 3.947408, val acc = 41.50
lr = 1.000000e-07, reg = 1.000000e-02, loss = 4.088984, val acc = 41.90
lr = 1.000000e-07, reg = 1.000000e-03, loss = 4.073365, val acc = 41.70
lr = 1.000000e-07, reg = 1.000000e-04, loss = 4.006863, val acc = 41.80
lr = 1.000000e-06, reg = 1.000000e-01, loss = 3.851727, val acc = 41.90
lr = 1.000000e-06, reg = 1.000000e-02, loss = 3.941015, val acc = 41.80
lr = 1.000000e-06, reg = 1.000000e-03, loss = 3.995598, wval acc = 41.60
lr = 1.000000e-06, reg = 1.000000e-04, loss = 3.857822, val acc = 41.80

Nhu vay, do chinh x4c cao nhat cho tap xac thuc 14 41.9%. Ma tran trong s6 W
t6t nhat da duge luu trong bién best_w. Ap dung mo hinh nay len tap kiém tra:

acc = evaluate(best_W, X_test, y_test)
print (' Accuracy on test data = %2f %%’ %acc)
Két qua:

Accuracy on test data = 39.88 %

Nhu vay, két qua dat duge roi vao khoang gan 40 %.

Machine Learning co ban 399

https://thuviensach.vn



Chuong 29. May vector ho trg da 16p

plane car bird cat deer frog horse ship truck

Hinh 29.7. Minh hoa hé s& tim duoc duéi dang cac bdc anh (xem anh mau tai

trang [407)).

29.3.4. Minh hoa nghiém tim dugc

Dé ¥ ring mdi w; c6 chiéu bang chiéu clia dit lieu. Bing céach loai bd cac hé sb
diéu chinh & cudi va sip xép lai cac diém anh ctia mdi trong 10 vector trong sb
tim duge, ta sé thu duge cac bite anh ¢6 cung kich thude 3 x 32 x 32 nhu moi anh
nho trong co sé dit lieu. Hinh minh hoa céc vector trong s6 w; tim dudc.

Ta thay rang vector trong sd tuong ting véi moi 16p kha giong cic biic anh trong
16p d6, vi du car va truck. Vector trong so ctia ship va plane c6 mang mau xanh
clia nuéc bién va bau trdi (xem anh mau tai trang @ Trong khi do, horse
giéng nhu mot con ngua hai dau; diéu nay dé hiéu vi cac con ngua co thé quay
dau vé hai phia trong tap huan luyén. Cé thé noéi ring cac hé s6 tim duge la anh
dai dién ctia moi 16p.

Xin nhéc lai, nhan ctia mdi diém dit lieu dude xac dinh béi vi tri ctia thanh phan
c6 gia tri cao nhat trong vector diém s6 z = W7x:

class(x) = arg max w;x
1=1,2,...,

Dé ¥ ring tich vo huéng chinh la dai lugng do su tuong quan giita hai vector. Dai
luong nay cang 16n thi sy tuong quan cang cao, tiic hai vector cang giong nhau.
Nhu vay, viec di tim nhan ctia mot bitic anh mdéi chinh la viéc di tim bic anh do
gibng v6i bitc dnh dai dién cho 16p ndo nhat. K§ thuat nay nay kha giéng véi
KNN, nhung chi ¢6 10 tich vo huéng can duge tinh thay vi khoang cach t6i moi
diém di lieu huan luyen.

29.4. Thao luan

e Giéng nhu hoi quy softmax, SVM da 16p van dudc coi 1a mot bo phan loai
tuyén tinh vi duong ranh gi6i gitta cac 16p 1a cdc duong tuyén tinh.

e SVM hat nhan hoat dong kha t6t, nhung viéc tinh toan ma tran hat nhan
c6 thé tén nhiéu thoi gian va bo nhé. Hon nita, viec mé rong SVM hat nhan
cho bai toan phan loai da 16p thuong khong hiéu qua bang SVM da 16p vi ki
thuat dude st dung van 1a one-vs-rest. Mot wu diém nita cia SVM da l6p 1a
né6 c6 thé dude toi wu bang cac phuong phap gradient descent, phit hop véi
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cac bai toan véi dit lieu 16n. Ngoai ra, SVM da 16p c6 thé duge két hop véi céc
mang neuron da tang trong trusng hop dit licu khong tach biét tuyén tinh.

e Trén thuc té, SVM da 16p va hoi quy softmax cé hiéu qua tuong duong nhau
(xem https://goo.gl/xLccj3). C6 thé trong mot bai toan cu thé, phuong phap
nay tot hon phuong phap kia nhung diéu ngudc lai xay ra trong cic bai toan
khéc. Khi thuc hanh, ta c6 thé thit cd hai phuong phap rdi chon phuong phap
cho két qua t6t hon.
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Phu luc A

Phuong phap nhan tu Lagrange

Viéc t6i wu ham s6 mot bién lien tuc va kha vi trén mién xac dinh 13 mot tap
m thuong duge thyc hién dua trén viéc gidi phuong trinh dao ham bang khong.
Goi ham muc tieu la f(z) : R — R, cyc tri toan cuc néu ¢6 thuong duge tim
bang cach gidi phuong trinh f/'(x) = 0. Cha ¥ rang dicu nguge lai khong ding,
titc mot diem thod man dao ham bang khong chua chic da la cuec tri clia ham sb.
Vi du ham f(z) = 2% ¢6 dao ham bang khong tai z = 0 nhung diém nay khong
13 mot diém cyce tri. V6i ham nhiéu bién, ta ciing c6 thé 4p dung quan sat nay:
gidi phuong trinh gradient bang khong.

Cach lam trén day dude 4p dung vao cac bai toan t6i wu khong rang buoc. Cac
bai toan c6 rang budc la mot phuong trinh:

x = arg miny fo(x)

thod man:  fi(x) =0, (A.1)

ciing c¢6 thé duge dua vé bai toan khong rang buoc bing phuong phdp nhan ti
Lagrange.

Xét ham s6 L(x,\) = fo(x) + Afi1(x) v6i bién A duge goi la nhan ti Lagrange
(Lagrange multiplier). Ham s6 £(x,\) dugc goi 1a ham Lagrange ciia bai toan.
Nguoi ta da ching minh duge ring, diém téi wu ciia bai toan thod man
diéu kien V4 L(x, ) = 0. Diéu nay tuong duong véi:

VxL(x,A) = Vi fo(x) + AV fi(x) =0 (A.2)
ViL(x,A) = fi(x) =0 (A.3)

Dé ¥ ring diéu kién thit hai chinh 1a rang buoc trong bai toan (A.1]).

! Xem thém: Open sets, closed sets and sequences of real numbers (https://goo.gl/AgKhCn).
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Trong nhiéu truong hgp, viec giai he phuong trinh (A.2)) - (A.3) don gidn hon
viéc trie tiép di tim nghiém ctia bai toan (A.1)).

Vidu 1:

Tim gi4 tri 16n nhat va nho nhat ctia ham s6 fo(x,y) = = + y v6i z,y thod man
diéu kien f(z,y) = 22 + y* = 2.
Loi gidi:

Diéu kien rang buoc c6 thé duge viét lai dudi dang 2% +y? —2 = 0. Ham Lagrange
ctia bai toan nay 1a L(x,y,\) = x +y + A2+ y? — 2). Cac diém cyc tri ctia ham
s6 Lagrange phai thod man heé diéu kién:

142\ =0
VaeyrL(z,y,A\) =0 ¢ 14+2\y=0 (A.4)
2?4+ y? =2

T hai phuong trinh dau ctia (A.4)) suy raz = y = 1. Thay vao phuong trinh cubi
ta sé c6 A\? = & = X\ = +1. Vay ta dudc 2 cdp nghiem (z,y) € {(1,1),(-1,-1)}.
Biang cach thay cac gia tri nay vao ham muc tiéu, ta tim duge gia tri nho nhat
va 16n nhat ciia bai toan.

Vi du 2: Chuén ¢, ctia ma tran.

Nhéc lai chuan £, ctia mot vector x : [|x|| = vV xTx. Dya trén chuan /5 ctia vector,
chuan /5 cia mot ma tran A € R™ " ky hiéu 1a ||A|s, duge dinh nghia nhu sau:

|| Ax||o xTATAx
=max{/ ———

T

|All2 = max ,voi x € R" (A.5)

1|2 xT'x
Bai toan t6i uu nay tuong duong véi:

max (XTATAX)

thod man: x'x = 1 (A.6)
Ham Lagrange ctia bai toan nay la
L(x,)\) =xTATAx + \(1 — x"x) (A7)
Céc diém cie tri ctia ham s6 Lagrange phai thod mén:
VoL =2ATAx —2\x =0 (A.8)
VoaL=1-x"x=0 (A.9)

Tu (A.§) ta c6 AT Ax = Ax. Vay x phai la mot vector rieng ctia AT A tng v6i tri
rieng A. Nhan ci hai vé clia biéu thiic nay véi x7 vao bén trai va sit dung (A.9)),
ta thu dugc:
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xTATAx = M&xTx = ) (A.10)

T d6 suy ra || Ax||o dat gia tri 16n nhat khi A dat gia tri 16n nhat. N6i cach khac,
A phai 1a tri rieng 16n nhat cia ATA. Vay, [|Alls = Anax(ATA).

Céc tri rieng cia ATA con duge goi 1a gid tri suy bién (singular value) ctia A.
Tém lai, chuan £ ctia mot ma tran la gia tri suy bién 16n nhat ctia ma tran doé.

Hoan toan tuong ty, nghiém ctia bai toan

min [|Ax|[, (A.11)

lIx([=1

chinh 134 mot vector riéng ting véi gia tri suy bién nhé nhat cia A.
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Phu luc B

Anh mau

Hinh B.1. Vi du v& INN. Céic hinh
tron khdc mau thé hién cac diém dit liéu
huin luyén cla cac I18p khac nhau. Cac
viing nén thé hién nhimng diém dugc phan
loai vao 16p c6 mau tuong tng khi sir
dung INN (Ngudn: K-nearest neighbors
algorithm — Wikipedia (https://goo.gl/
Ba4xhX), dnh mau cla Hinh )

Iris setosa Iris versicolor Iris virginica

Hinh B.2. Ba loai hoa lan trong b co sé dif liéu hoa Iris (dnh mau cda Hinh .
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Phu luc B. Anh mau

Hinh B.3. Anh:Trong Vi (https:
//g00.gl/9D8aXW, anh mau cua
Hinh [10.7) .

Hinh B.4. K&t qua nhan dugc sau
khi thuc hién phan cum K-means
cho cac diém dit liéu. Cé ba cum dix
liu tuong ing véi ba mau do, héng,
den (3nh mau cda Hinh [10.8)).

K =15 K= 20

Hinh B.5. Chit lugng nén anh véi sb lugng cum khac nhau (3nh mau ctia Hinh[10.9)).
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Phu luc B. Anh mau

Hinh B.6. D& thi ham sigmoid
trong khdng gian hai chiéu (dnh

mau clta Hinh 14.4b|).

plane car bird cat deer frog harse ship truck

QIOE ’E!lﬂ
ﬂﬂ%ﬂ.l'ﬁﬁ
ﬁ'rlﬂﬂllﬁwﬁ
ﬁ.&malb‘

Hinh B.7. Vi du vé& céc biic anh trong 10 I6p cta bd dit liéu CIFAR10 (dnh mau

cta Hinh .

plane car bird cat frog horse ship truck

Hinh B.8. Minh hoa h& s tim duoc dudi dang céc biic anh (3nh mau ctia Hinh |B.8).
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K lan can — K-nearest neighbor, m

K-means clustering — phan cum K-means, m
centroid — tam cum, [128§]

K-nearest neighbor — K lan can,

a-sublevel set — tap dudi mic «,

dao ham riéng — partial derivative,

dinh thiic — determinant,

activation function — ham kich hoat, [180]

ReLU, 219
sigmoid, [I87 21§
tanh, [I57} 19

affine function — ham affine, m

argmin, [87]

bat phuong trinh rang budc — inequality
constraint, [302]
bau chon da sé — major voting,
bai toan déi ngdu Lagrange — Lagrange dual
problem, [342]
bai toan chinh — dual problem, [339
bai toan téi wu — convex optimization,
bai toan t6i wu — optimization problem, [324
bai toan t6i wu khong rang budc — unconstrained
optimization problem, [302
bai toan t6i wu 16i — convex optimization problem,
520
bod phan loai 1& rong nhat — maximum margin
classifier,
bd phan loai naive Bayes — naive Bayes classifier,
backpropagation — lan truyén ngugc, m
bag of words — tui tir,
tit dién,
bao 16i — convex hull,
basic — co ¢6,
basic — co sG
orthogonal — truc giao,
orthonormal — truc chuén,
batch gradient descent, [I71]
Bayes’ rule — quy tic Bayes,
between-class variance — phuong sai lién 16p,

between-class Varlance matrix — ma tran phuong
sai lién ldp,

bién doi ngiu — dual variable, 3

bién long 1éo — slack variable, [326|

bién ngau nhién — random Varlabl

bién ngiu nhién doc lap — 1ndependent random
variables, [59]

bién t6i wu — optimization variable,

biét thic — discriminant,

biét thiic tuyén tinh Fisher — Fisher’s linear
discriminant,

biéu dién one-hot — one-hot encoding,

bias — hé s6 diéu chinh, [103 -

bias trlck — thti thuat gop hé sé diéu chinh, -

binary classification — phan loai nhi phan,

cau chudn — norm ball,
cuc dai dia phuong — local maxima, [158]
cuc dai toan cuc — global maxima,

cuc tiéu dia phuong — local minima,

ciie tidu toan cuc — global minima,
cuc tri dia phuong — local extrema, [158}
cyc tri toan cuc — global extrema, E
cum — cluster,

cd ¢d — basic,

co ché kiém soat — regularization, [113]

kiém soéat ¢; — ¢ regularization,
kiém soat fo — {3 regularization,

co sG — basic
tryc chudn — orthonormal,
triygc giao — orthogonal,
co 86 dit lieu khuon mit Yale —
can bac hai sai s6 trung binh binh phuong — root
mean squared error,
chéo hoa ma tran — matrix diagonalization,
chan duéi — lower bound,
chan dudi 16n nhat — infimum,
chan trén — upper bound,
chin trén nhoé nhit — supremum, [304
chua khép — underfitting, [109,

Yale face database,
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chain rule — quy téc chudi,
characteristic polynomial — da thitc dic trung,
Cholesky decomposition — Phan tich Cholesky,
chuén — norm,
chudn ¢1,
chudn fs — 0 norm,
chudn £,,
chuédn Euclid — Euclidean norm,
chuan Frobenius — Frobenius norm,
chudn hoé theo phan phdi chudn — standardiza-
tion, [09]
chuyén khoang gia tri — rescaling,
chuyén vi — transpose,
chuyén vi lién hgp — conjugate transpose,
class boundary, [175)
classification — Phan loai,
cluster — cum, [128
clustering — phan cum,
compact SVD — SVD gian lugc,
complementary slackness — didu kién 1éng 1éo b
brit,
concave function — ham 16m, [310
conditional probability — xac suét c6 dicu kién,
conjugate distribution — phan phéi lién hgp,
conjugate prior — tién nghiém lién hgp,
conjugate transpose — chuyén vi lién hop,
consine similarity — tuong tu cos, @
constraint — rang budc,
constraint qualification — tiéu chudn rang budc,
B23
convex — 10i,
convex combination — t& hgp 15i, m
convex function — ham 16i,
convex hull — bao 18i,
convex optimization — bai toan ti uu,
convex optimization problem — bai toan téi wu
161,
convex set — tap 16i,
cross entropy — entropy chéo,
CVXOPT, [32|

dang toan phuong — quadratic form, [312

da thitc — posynomial, [3 -

da thic dac trung — characterlstlc polynomial, 35 .
dac trung — feature,

dac trung da trich Xuét — extracted feature,
dic trung thi cong — hand-crafted feature, |96}
data point — diém di liéu,

dau ra dy doan — predicted output, [100)

dau ra thuyc sy — ground truth,
determinant — dinh thric,

diéu kien KKT — KKT condition, [345]

diéu kien Mercer, m

diéu kién bac hai — second-order condition, [318
diéu kién bac nhéat — first-order condition,
diédu kién léng 1éo bl trit — complementary

slackness,

diém di lieu — data point,

diém kh4 thi — feasible point, [302]

diém t6i wu — optimal point,

diém t6i wu déi ngdu — dual optimal point, [342

diém t6i uu dia phuong — local optimal point, [325

dimensionality reduction — giadm chiéu di liéu,
PR

dinh ly siéu phang phan chia — separating
hyperplane theorem, EIIE

discriminant — biét thic, 289

do lech chudn — standard deviation, ‘

doc lap tuyén tinh — hnearly independent, [30

dbi ngau — duality, [3

ddi ngAu manh — strong duality,ﬁ

déi ngiu yéu — weak duality, |343

domain — tap xac dinh,

don thitc — monomial,

dual feasible set — tap kha thi ddi ngiu,
dual optimal point — diém t6i uu dbi ngdu,
dual problem — bai toan chinh,

dual variable — bién d6i ngiu,

duality — ddi ngau,

dudng ddng miic — level sets,

early stopping — két thic s6m, |113

eigen decomposition — phan tich riéng, |266]

eigendecomposition — phan tich tri riéng,

eigenface — khuén mat riéng, [283

eigenspace — khong gian riéng,

eigenvalues — tri riéng,

eigenvectors — vector riéng,

end-to-end, [01]

entropy chéo — cross entropy, |2 - -

epoch, [I72]

equality constraint — phuong trinh rang buoc,

equality constraint function — ham phuong trinh
rang budc,

expectation — ky vong,

extracted feature — diic trung da trich xuit,

feasible point — diém kha thi, [302] [303

feasible set — tap kha thi, 302} [303] [322

feature — dic trung,

feature extraction — trich chon dic trung, |88} [265

feature selection — lya chon dac trung, , ,

feature vector — vector dic trung, |81

feedforward — lan truyén thuan,

first-order condition — diéu kién bac nhat,

Fisher’s linear discriminant — biét thitc tuyén
tinh Fisher, 293]

Gaussian naive Bayes, [T[47]
Gaussion mixture model, [T42]

GD, 59

geometric programming — quy hoach hinh hoc,

gia tri suy bién — singular value,
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gia tri tdi wu — optimal value, ham 16m chit — stricly concave function,
gia chuan — pseudo norm, ham méat mat — loss function/cost function, [86
gid nghich ddo — pseudo inverse, [102 ham méat mat duge kiém soat — regularized loss
gidm chiéu di lieu — dimensionality reduction, function, [[T4]

[©2] 267 ham mat do xac sudt — probability density

global extrema — cuc tri toan cuc,
global maxima — cuc dai toan cuc, ham phuong trinh rang budc — equality constraint
global minima — cyc tiéu toan cuc, function, [302
gradient, 3] ham s6 Lagrange — Lagrangian, m

first-order gradient — gradient bac nhat, ham softmax,
ham tra vé vector — vector-valued function,
hé s6 diéu chinh — bias,
hé théng goi ¥ — recommendation system, [233]

function,

gradient bac nhat — first-order gradient,
gradient xp xi — numerical gradient, [49]
numerical gradient — gradient xap xi, [49] |393 B34

second-order gradient — gradient bac hai, dya trén noi dung — content-based,
gradient descent, [158 hién tugng dudi dai — long tail,

dieu kién ding — stopping criteria, loc cong tac — collaborative filtering, [235

batch size — kich thudc batch, loc cong téc lan can — neighborhood-based

kich thuéc batch — batch size, collaborative filtering, 245
mini-batch, loc cong tac ngudi ding — user-user collabora-

momentum, [I67]

tive filtering, [246
Nesterov accelerated gradient,

loc cong tac san pham — item-item collaborative

stopping criteria — diéu kien ditng, m filtering, 25T

gradient dgsenct . ma trén tuong ty — similarity matrix, m
stochastic gradient descent, ma tran tién ich — utility matrix, [235|

grid search — tim trén ludi, ma tran tién ich chuin hoa — normalized utility

ground truth — dau ra thiyc sy,

matrix,
ngudi dung,
san pham,
ang — rank, [32]
hoc ban giam sit — semi-supervised learning,

hdi quy — regression,
hdi quy da thitc — polynomial regression, h
hdi quy Huber — Huber regression,
hdi quy lasso — lasso regression,

hdi quy logistic — logistic regression, m
hdi quy logistic multinomial,

hoi quy ridge — ridge regression, [107]
hdi quy softmax — softmax regression,
hoi quy tuyén tinh — linear regression,
ham déi ngdu Lagrange — the Lagrange dual

hoc khong giam sat — unsupervised learning,
hoc ngoai tuyén — offline learning,
hoc truc tuyén — online learning, |81}

function. B39 Hadamard product — phép nhan ting thanh
ham do do tuong ty — similarity function, phan, ) . R )
ham affine — affine function, Hadamard product — tich ting thanh phan,

halfspace — nita khong gian,

ham bat phuong trinh rang budc — inequality
hard threshold — nguéng ciing, |186

constraint function, [302

ham co sd radial — radial basic function, RBF, hard-margin SVM — SVM l¢ ciing, [362
Hermitian, [25]
ham hop 1y - likelihood, Hesse — Hessian,
ham hat nhan — kernel function, 379 Hessmn - Hesse,\ [43 o
da thitc — polynomial, hidden layer — tang an,
RBF, 383 hierarchical classification — phan loai phan tang,
sigmoid, [383] a7 .
tuyén tinh — linear, m hierarchical clustering — phan cum theo tang, |138
ham kich hoat — activation function, [180] hinge loss — mat mat ban lg, @
ReLU, 219 hoan thién di lieu,
sigmoid, hoan thién ma tran — matrix completion, m
tanh, [[87 RI§ Huber regression — hdi quy Huber,
ham 16i — convex function, m hyperparameter — siéu tham s6,
ham 16i chat — stricly convex function, hyperplane — siéu mat phing, |306
ham 16m — concave function, m hyperplane — siéu phéng, m
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identity matrix - ma tran don vi,

incremental matrix factorization — phan tich ma
tran diéu chinh nho, [264]

independent random variables — bién ngiu nhién
doc lap,

inequality constraint — bat phuong trinh rang
budc,

inequality constraint function — ham bit phuong
trinh rang budc, m

infimum — chan duéi 16n nhét,

inner product — tich vo6 huéng,

input layer — tang dau vao, [180

inverse matrix - ma tran nghich dao,

iteration — vong lip, m

joint probability — xac suat dong thoi,

két thiic s6m — early stopping, |113
ky vong — expectation,
kernel function — ham hat nhan,
linear — tuyén tinh,
polynomial — da thiic,
RBF, B33
sigmoid,
kernel model — m6 hinh hat nhan, @
kernel SVM — SVM hat nhan,
kernel trick — tht thuat hat nhan,
khong gian null — null space,
khong gian range — range space,
khong gian riéng — eigenspace,
khong gian sinh — span space,
khudon mat riéng — eigenface,
KKT condition — diéu kien KKT, |345

KNN, [[18]

16i — convex,

lam mém Laplace — Laplace smoothing

lya chon dic trung — feature selection, [92] [114]

Lagrange dual problem — bai todn ddi ngau
Lagrange, [342]

Lagrange multiplier — nhan tt Lagrange, m

Lagrangian — ham sb Lagrange,

lan truyén ngugc — backpropagation, m

lan truyén thuan — feedforward,

Laplace smoothing — lam mém Laplace,

large-scale — quy mo 16n,

lasso regression — hoi quy lasso, [114

layer — tang,

LDA, 28§

LDA da 16p — multi-class LDA,

leading principal submatrix — ma tran con chinh
trudce,

learning rate — tdc do hoc, m

learning rate decay — suy gidm tbéc do hoc,

left-singular value — vector suy bién trai,

level sets — dudng dong miic, m

likelihood — ham hop 1y, |68

linear combination — t& hop tuyén tinh,

linear constraint — rang budc tuyén tinh,

linear discriminant analysis — phan tich biét thic

tuyén tinh,

linear programming — quy hoach tuyén tinh,
general form — dang tdng quét,
standard form — dang tiéu chuén,

linear regression — hodi quy tuyén tinh,

linearly independent — doc 1ap tuyén tinh,

linearly separable — tach biét tuyén tinh,
(299} B08|

local extrema — cyc tri dia phuong, [I5§]

local maxima — cyc dai dia phuong, [158

local minima — cite tidu dia phuong, [158

local optimal point — diém t6i uu dia phuong, [325

log-likelihood, [68]

logistic regression — hoi quy logistic, m

loss function/cost function — ham méat mat, [86

low-rank approximation — xap xi hang thap,

lower bound — chan duéi, [304

méAt mat ban 1& — hinge loss,

méat mat ban 18 tdng quat,

mét mat khong-mot — zero-one loss, m

may dich — machine translation,

may vector hd trg — support vector machine, m

18 — margin,

may vector hd trg da 16p,

mo hinh hat nhan — kernel model,

mo hinh thua — sparse model,

mang neuron — neural network, [180]

ma hoa one-hot — one-hot codin

ma tran déi xttng — symmetric matrix,

ma tran dudng chéo,

ma tran chiéu — projection matrix,

ma tran con chinh — principal submatrix,

ma tran con chinh truéc — leading principal
submatrix,

ma tran phuong sai lién 16p — between-class
variance matrix, 292]

ma tran phuong sai noi 16p — within-class variance
matrix, [292]

ma tran tam giac,

ma tran tam giac dudi,

ma tran tam giac trén,

ma tran tryc giao — orthogonal matrix,

ma tran trong sé6 — weight matrix,

ma tran unitary,

machine translation — may dich,

major voting — bau chon da sb,

MAP, [73]

MAP estimation, [67]

marginal probability — xac suét bién,

marginalization — phép bién hoéa,

marginalization — xac suét bién,

matrix completion — hoan thién ma tran,

matrix diagonalization — chéo hod ma tran,
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maximum a posteriori estimation — udc lugng
hau nghiém cyc dai, I@

maximum a posteriori estimation, MAP esti-
mation — udc lugng hau nghiém cuc dai,

maximum likelihood estimation — w6c lugng hop
ly cuc dai,

maximum margin classifier — bd phan loai 18 rong
nhét,

mean squared error, MSE — sai s6 trung binh
binh phuong, m

misclassified — phan loai 16i,

MLE, [68]

MNIST, [136]

model hyperparameter — siéu tham s mo hinh,
117

model parameter — tham s6 mo hinh, I@

monomial — don thiic, m

MSE — sai s6 trung binh binh phuong,

multi-class classification — phan loai da 16p,

multi-class LDA — LDA da 16p,

multinomial naive Bayes, [[47]

nit — node, unit,
ntta khong gian — halfspace, m
ntta xac dinh am — negative semidefinite,
nita xac dinh duong — positive semidefinite,
naive Bayes classifier — bo phan loai naive Bayes,
NBC, [[45]
negative definite — xac dinh am,
negative semidefinite — nita x4c dinh am,
neural network — mang neuron, (180
ngudng — threshold,
ngudng cing — hard threshold,
nhan t% Lagrange — Lagrange multiplier, m
NMF, 264
node, unit — nat,
nonconvex set — tap khong 16i,
nonnegative matrix factorization, NMF — phan
tich ma trén khong am,
norm — chuén,
{5 norm — chuan la,
chudn ¢, 41}
chuan £,,,
Euclidean norm — chuan Euclid,
Frobenius norm — chudn Frobenius,
norm ball — cau chuén,
null space — khong gian null,

numpy, [I§]

offline learning — hoc ngoai tuyén,
one-hot,

one-hot coding — ma hoé one-hot,
one-hot encoding — biéu dién one-hot,
one-vs-one, [190]

one-vs-rest, [[98|

online learning — hoc triyc tuyén,

optimal point — diém t6i wu,

optimal value — gia tri ti wu, [325
optimization problem — bai toan tdi uu,
optimization variable — bién tdi uu, m
orthogonal — tryc giao, [26]

orthogonal matrix — ma tran truc giao,
output layer — tang dau ra,

overfitting — qua khdp,

parameter estimation — wéc lugng tham sb,
partial derivative — dao ham riéng,
patch, [04]
PCA, 274
pdf,
perceptron learning algorithm — thuat toan hoc
perceptron, [[79]
phép bién héa — marginalization,
phép nhan titng thanh phan — Hadamard product,
[20)
phép thé ngm_j
phép thé xuoi,
phan cum K-means — K-means clustering, [128
tam cum — centroid,
phan cum — clustering,
phan cum spectral — spectral clustering, 142
phan cum theo tang — hierarchical clustering, [138
Phan loai — classification,
phan loai da 16p — multi-class classification, m
phan loai 161 — misclassified,
phan loai nhi phan — binary classification, m
phan loai phan tang — hierarchical classification,
o7
phan phéi lien hop — conjugate distribution, [74
phan phdi xac suat — probability distribution
02)
phan phdi Beta,
phan phdi categorical,
phan phéi chudn mot chiéu — univariate normal
distribution, [63]
phan phéi chudn nhidu chiéu — multivariate
normal distribution,
phan phéi Dirichlet, |66
phan phéi Bernoulli,
phan tich biét thic tuyén tinh — linear
discriminant analysis, [288
Phan tich Cholesky — Cholesky decomposition,
phan tich gi4 tri suy bién — singular value
decomposition, [266]
phan tich ma tran diéu chinh nhd — incremental
matrix factorization, 264]
phan tich ma tréan khong a&m — nonnegative
matrix factorization, NMF,
phan tich riéng — eigen decomposition, m
phan tich thanh phan chinh — principal
component analysis, [02]
phan tich thanh phan chinh — principle
component analysis,
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phan tich tri riéeng — eigendecomposition,

phan bi1 dai s6,

phu thudc tuyén tinh — linearly dependent,

phd ciia ma tran — spectrum,

phuong phap elbow,

phuong phap nhan t Lagrange, m

phuong sai — variance,

phuong sai lién 16p — between-class variance,

phuong sai noi 16p — within-class variance,

phuong trinh rang budc — equality constraint,

PLA, [I75

pocket algorithm — thuat toan bé tui, m

polyhedra — siéu da dién,

polynomial regression — héi quy da thiic,

positive definite — x4c dinh duong,

positive semidefinite — nita xac dinh duong,

posterior probability — xac suit hau nghiém,

posynomial — da thric,

predicted output — dau ra dy doan,

principal component analysis — phan tich thanh
phan chinh,

principal submatrix — ma tran con chinh,

principle component analysis — phan tich thanh

phan chinh,
prior — tién nghiém,

probability density function — ham méat do xéc
suat,
probability distribution — phan phdi xac suét,
02)
multivariate normal distribution — phan phoi
chudn nhiéu chidu,
phan phéi Beta,
phan phdi categorical,
phan phéi Dirichlet, |66
phan phéi Bernoulli,
univariate normal distribution — phan phéi
chudn mot chiéu,
product rule — quy tac tich,
projection matrix — ma tran chiéu, [92]
pseudo inverse — gid nghich déo,
pseudo norm — gia chuan,

qué khép — overfitting, [108

quadratic form — dang toan phuong, [312

quadratic programming — quy hoach toan
phuong, [337]

quasiconvex — tia 16i,

quy hoach hinh hoc — geometric programming,
B34

quy hoach toan phuong — quadratic programming,

quy hoach tuyén tinh — linear programming, |329
dang tdng quat — general form,
dang tiéu chuan — standard form,
quy mo l6n — large-scale,
quy tic Bayes — Bayes’ rule,
quy téic chudi — chain rule,
quy tac tich — product rule,

rang budc — constraint, |302
rang budc tuyén tinh — linear constraint, [321
radial basic function, RBF — ham cg sé radial,
BIBI
random variable — bién ngiu nhién,
range space — khong gian range,
rank — hang, [32]
recommendation system — hg¢ théng goi ¥, [233]
234
collaborative filtering — loc cong tac,
content-based — dya trén noéi dung, |234]
item-item collaborative filtering — loc cong tac
san pham, [251
long tail — hién tugng dusi dai,
neighborhood-based collaborative filtering —
loc cong tac lan can,
ngudi dung, m

normalized utility matrix — ma tran tién ich
chudn hoa,
san pham,

similarity matrix — ma tran tuong tu, |248
user-user collaborative filtering — loc cong tac
ngudsi dung,
utility matrix — ma tran tién ich,
regression — hdi quy,
regularization — co ché kiém soat, [113]
41 regularization — kiém soat £1,
£2 regularization — kiém soat L2,
regularization parameter — tham s6 kiém soat,
114
regularized loss function — ham méat mat dudc
kiém soat,
reinforcement learning — hoc ciing c6,
14

392

rescaling — chuyén khoang gia tri, |99

ridge regression — hdi quy ridge, [107]

right-singular value — vector suy bién phai,

RMSE, 243|

root mean squared error — can bac hai sai s6
trung binh binh phuong, m

sai s6 huin luyén,

sai s6 mo hinh,

sai s6 trung binh binh phuong — mean squared
error, MSE, [TI0]

sai s6 trung binh binh phuong — MSE,

scikit-learn, [I§]

score vector — vector diém s0,

second-order condition — diéu kién bac hai,

semi-supervised learning — hoc ban giam sat,

separating hyperplane theorem — dinh ly siéu
phing phan chia, m

SGD, [[7T]

siéu da dién — polyhedra,

sidu mit phang — hyperplane,

sieu phang — hyperplane,

sidu phing hd trg — supporting hyperplane,

sieu tham s6 — hyperparameter,
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siéu tham s6 mo hinh — model hyperparameter,
117

similarity function — ham do do tuong tuy, [246)

singular value — gié tri suy bién,

singular value decomposition — phan tich gia tri
suy bién,

sklearn,

slack variable — bién 1éng 1éo,

Slater’s constraint qualification — tiéu chudn rang
budc Slater, m

soft-margin SVM — SVM 1& mém,

softmax regression — hoi quy softmax,

span space — khong gian sinh,

sparse model — mo hinh thua,

sparse vector — vector thua,

spectral clustering — phan cum spectral,

spectrum — phd clia ma tran,

standard deviation — do lech chuén,

standardization — chuan hoa theo phan phdi
chuén,

stricly concave function — ham 16m ché@

stricly convex function — ham 16i chit,

strong duality — déi ngdu manh,

supervised learning — hoc c6 giam sat,

support vector machine — may vector hd trg, [350

margin — I8, m

supporting hyperplane — siéu phang hd trg, [328

supremum, [3T]]

supremum — chin trén nhoé nhét, [304

suy gidm tdc do hoc — learning rate decay, [163

suy giam trong sb — weight decay, 190} [208]
(230} 369}, B92]

SVD, 267

SVD cit ngon — truncated SVD,
SVD gian lugc — compact SVD,
SVM hat nhan — kernel SVM,
SVM 18 cting — hard-margin SVM,
SVM 1& mém — soft-margin SVM, [361}
symmetric matrix — ma tran déi xing,

tich ting thanh phan — Hadamard product,
tich v6 huéng — inner product,

téc do hoc — learning rate,

tach biét tuyén tinh — linearly separable,

(299 B0g|
tai tir — bag of words,
tir dién,
tang — layer,

tang dau ra — output layer,
tang dau vao — input layer, [180)
tang an — hidden layer, @
tim trén ludi — grid search, |398

tap dudi mitc o — a-sublevel set, m
tap huin luyén — training set,
tap khong 16i — nonconvex set, [305

tap kha thi — feasible set, 303]

tap kha thi d6i ngdu — dual feasible set,
tap kiém tra — test set,

tap 16i — convex set,

tap xac dinh — domain,

tap xac thyc — validation set,

tya 16i — quasiconvex,

t6 hop 16i — convex combination, m

t& hop tuyén tinh — linear combination,

tuong tu cos — consine similarity, [248

tensor, B1]

test set — tap kiém tra,

thit thuat gop he sb diéu chinh — bias trick,
539

tht thuat hat nhan — kernel trick,

tham s6 kiém soat — regularization parameter,
e

tham s6 mo hinh — model parameter, @

the Lagrange dual function — ham déi ngiu
Lagrange, [339]

threshold — ngudng, [186

thuat toan b tai — pocket algorithm,

thuat toan hoc perceptron — perceptron learning
algorithm,

tién nghiém — prior,

tién nghiém lién hgp — conjugate prior,

tiéu chudn rang budc — constraint qualification,

tieu chudn rang buoc Slater — Slater’s constraint
qualification, [343

tinh chinh — fine-tuning,

trich chon dic trung — feature extraction,

truc giao — orthogonal,

tri riéng — eigenvalues,

trace — vét,

training set — tap huan luyén,

transpose — chuyén vi,

truncated SVD — SVD cit ngon, m

unconstrained optimization problem — bai toan
t6i wu khong rang buoc,

underfitting — chua khép,

unsupervised learning — hoc khong gidm sat,

u6c lugng hau nghiém cyc dai — maximum a
posteriori estimation, [67]

udc lugng hau nghiém cyc dai — maximum a
posteriori estimation, MAP estimation, [73]

u6ce lugng hop 1y cuc dai — maximum likelihood
estimation, [6§]

uwée lugng tham s6 — parameter estimation, I@

upper bound — chén trén,

vét — trace,
vong lap — iteration,
validation — xac thuc,
cross-validation — xac thuc chéo,
leave-one-out, [T12]
xac thuc chéo k-fold,
validation set — tap xac thuec,
variance — phuong sai,
vector dac trung — feature vector,
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xap xi hang thap — low-rank approximation, m
xéc dinh am — negative definite,

vector hoa — vectorization, xac dinh duong — positive definite,

vector riéng — eigenvectors, xac suit dong thdi — joint probability,

vector suy bién phai — right-singular valu x4c sudt bien — marginal probability,

vector suy bién trai — left-singular value, xéc suit bien — marginalization,

vector thua — sparse vector, xac suat cé diéu kién — conditional probabilit

vector trong s6 — weight vector, [100) L 4t ha hia teri babilit
tor-valued function — ham tra vé vector *ae suab hau NERICIi - _POSterion probabity;
vee ’ xéc thuc — validation, m

vectorization — vector héa, |395
395 leave-one-out,

vectorization — vector hoa, |91
o1 xéc thuce chéo — cross-validation, [112]
weak duality — ddi ngau yéu, xéac thuyc chéo k-fold,

weight decay — suy gidm trong s, _ - -
230} 369} 392

- 2 FS
vector diém s0 — score vector,
vector héa — vectorization,

weight matrix — ma tran trong s6, [199 - Yale face database — co s dit ligu khuoén miét
weight vector — vector trong s6, Yale,

within-class variance — phuong sai noi 16p,
within-class variance matrix — ma tran phuong
sai noi 16p, zero-one loss — méit mat khong-mot, [369
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