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LOI NOI PAU

O thoi dai cua chung ta, khoa hoc va ki thuat phat trién nhu vii bio.
Chung doi hoi nganh gido duc phai luén ludn ddi méi kip thoi dé dap
g moi nhu cau vé tri thirc khoa hoc ciia thanh thiéu nién, gitp ho co
kha ning lao dong va sang tao trong cudc song soi dong. Hién nay
chuong trinh va sach giao khoa bac pho thong & nudc ta da bat dau va
dang thay doi dé phu hop véi doi hoi ay. Truong Cao dang Su pham, cai
n6i dao tao gido vién THCS, can phai c6 nhimg doi méi tuong g veé
chuong trinh va sach gido khoa. Vi muc dich do, bo sach gido khoa méi
ra doi, thay thé cho bo sach gido khoa cil.

Cubn sach Dai sb tuyén tinh bién soan l1an ndy, ndm trong khuén kho
ctia cudc d6i méi dy. N6 nham lam mot gido trinh tiéu chuan chung cho
cac truong Cao dang Su pham trong ca nudc theo chuong trinh méi
(chwong trinh 2002), doi hoi khong nhitng phai d6i moi nhimng ndi dung
kién thirc (néu can) va ca phuong phép giang day cua giang vién ciing
nhu phuong phép hoc tap cua sinh vién. Mat khac, qua mot thoi gian dai
thuc hién chuong trinh va sach gido khoa cii, dén nay da c6 thé danh gia
nhitng vu, khuyét diém cua no, sy pht hop ciia né voi trinh d6 dau vao
clia sinh vién céc truong Cao dang Su pham. Do d6 cudn sach bién soan
lan nay ciing thira huong nhimg wu diém va khac phuc nhiing thiéu sot
ctia nhitng cudn séach cil.

Pbi tugng st dung cudn sach nay 13 sinh vién va giang vién cic
truong Cao dang Su pham trong ca nudc, cac gido vién THCS can duoc
bdi dudng dé dat trinh d6 chudn hod. Cudn sach ciing c6 thé duoc dung
cho céc truong Pai hoc va Cao ding khac va cho tit ca nhitng ai mubn tyr
hoc mon hoc nay.

Co s8¢ dé lya chon ndi dung cia gido trinh nay 13 yéu ciu dau ra va
trinh do du vao cua sinh vién Cao dang Su pham hién nay, dong thoi
cling can tinh dén vai trdo ctia mén hoc dbi véi cdc mon khoa hoc khac
nhu Giai tich, Hinh hoc, Vat 1y, Hoa hoc,v.v.., va tao diéu kién cho
ngudi hoc ¢o thé hoc 1én cao hon. Cu thé, gido trinh nay phai trang bi
dugc cho nguoi gido vién toan tuong lai 6 truong THCS nhing klen thirc
can thiét, day du, viing vang vé Pai s tuyén tinh dé giang day tot nhiing
phan lién quan trong chuong trinh toan THCS. Tuy nhién, noi dung va
phuong phap trinh bay nhirng ndi dung ay lai phai pht hop véi trinh do
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nhén thirc va kha nang tlep nhén sinh vién. Mat khac, giao trinh nay cting
phai cung cép day du kién thirc gitp nguoi doc co thé hoc duoc nhing
mon khoa hoc khac nhu d néi trén; dong thoi dap tmg mong mudn cua
nhimg sinh vién c6 hoai bdo néng cao hon ntra trinh d6 cua minh. Vi thé,
ndi dung cudn sach chira dung nhitng diéu rat co ban ma moi sinh vién
can nam virng, nhung ciing ¢4 nhimng phan khong doi hoi moi sinh vién
déu phai hiéu.

Moén quy hoach tuyen tinh c6 str dung nhiéu klen thire dai sb tuyén
tinh. Nhiéu sach Dai sd tuyen tinh trén thé gi6i xep n6 nhu mot chuong
ciia minh dudi dé& muc "Bat phuong trinh tuyén tinh". Trong chuong
trinh Cao dang Su pham moéi cua h¢ dao tao giao vién day hai mon, ndi
dung ctia mdén Quy hoach tuyén tinh c6 giam bot. N6 cling dugc xép vao
mot chuong trong gido trinh Pai sd tuyén tinh nay.

Cudn sach nay gom bay chuong:

Churong I. Trinh bay dinh nghia, cac tinh chit cua dinh thirc va cac
phuong phap co ban tinh dinh thirc. D6 1a mét phuwong tién dé nghién
ctru khong gian vecto va ly thuyét hé phuong trinh tuyén tinh.

Chuong II va chuong III. Nghién ctru khong gian vecto va cac anh xa
gifra cac khong gian ay - anh xa tuyén tinh. N6 1a co sé ctua Pai s6 tuyén
tinh. N6 gitp cho viéc hoan thién 1y thuyét hé phuong trinh tuyén tinh.

Chwong IV. Hé phuong trinh tuyén tinh. D6 1a mot trong nhiing
huéng mo rong cua phuong trinh duge hoc ¢ truong phoé thong. Voi
chuong nay, ly thuyét hé phuong trinh tuyén tinh dugc coi 1a hoan thién.

Chuwong V. Nghién clru ma trdan va moi lién hé gitra ma tran véi
khong gian vecto. Nho n6 ma cac anh xa tuyén tinh dugc nghién ctru sdu
sac hon.

Chuong VI Nghién ctru dang song tuyén tinh va dang toan phuong,
mot phan cua ly thuyét dang trong Dai 6 tuyen tinh nhung lai c6 anh
hudng sau sic dén Hinh hoc, Phuong trinh vi phan va Phuong trinh dao
ham riéng.

Chirong VII: Nghién ciru mot s6 bai toan ctia Quy hoach tuyén tinh.

Phéan Pai s tuyén tinh cta cudn sach ndy dugc dung chung cho ca
hai h¢ dao tao gido vién toan (h¢ dao tao gido vién day mén Toéan cung
v&1 mon thtr hai, va hé dao tao gido vién day chi mgt mén Toén). Yéu
cau doi v6i mdi hé c¢6 khac nhau. P6i véi hé dao tao gido vién day hai
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mon, chuong trinh chi yéu cau sinh vién nam dugc nhimg didu rat co
ban. Ching han, 601 voi chuong Dinh thuce yéu cau chi 13 hiéu duoc dinh
nghia dinh thic, nim _vimg cac tinh chat dé tinh duoc cac dinh thic
thong thudng, khong can hiéu ki ching minh cia cac tinh chat ndy. Song
dbi véi hé dao tao gido vién chi day Toan thi doi hoi cao hon ca vé noi
dung va ca vé rén luyén va phat trién tu duy toan hoc. Tuy nhién nhimng
doi héi nay dugce thyc hién dén dau con tuy thudc vao trinh dg sinh vién
& ting dia phuong. P6 1a phan mém déo ma cac trudng van dung linh
hoat. Phan Quy hoach tuyén tinh & day chi dung cho hé dao tao gido vién
day hai mon.

Mbi chuwong deu co phan mo dau néu Ién nhiing yéu cau va cach hoc
tap cta chuong dy. Cudi mdi chuong c¢6 phan tom tit d6i nét chinh ndi
dung cua chuong dé ban doc c6 dip 6n tap lai. Phan bai tap c6 mot sO
luong c6 thé vugt qua yéu cau chung doi chit vi cac tac gia cudn sach
mong mudn gitp cho nhitng ban doc ham thich mén hoc nay c¢é thém co
hoi rén luyén ki ning. Vi vy, d6i véi sb dong sinh vién thi giang vién
can chi dan cho ho nhiing bai cu thé. Tuy nhién ban doc cb ging giai
cang nhiéu bai tip cang tt. Cac phan in chir nho khong doi hoi sinh vién
phai doc. Chung chi danh cho nhiing ai thich tha tim hiéu.

Pé hoc duoc gido trinh nay, nguoi hoc can duge bod sung kién thire
vé s6 phtrc khi ma chuong trinh Toan ¢ THPT chua dé cap t6i; hon nita
cling can c6 khai niém vé cac cau trac dai s nhu nhom, vanh, , truong de
tién dién dat va bat nhip duoc véi cach trinh bay gido trinh; can cing cb
vitng vang kién thirc toan hoc bac THPT.

Giéo trinh nay dugc hoc vao nam thir nhat sau phan cau tric dai s6
cua gido trinh Nhap moén Toan hoc Cao cap.

Khi giang day gido trinh ndy, c6 thé két hop nhiéu hinh thire nhu
thuyét trinh cua giang vién, huong dan sinh vién ty doc sach, to chuc
xémina, v.v... Chang han, c6 thé t6 chirc xémina ¢ cac myc: Cac phuong
phap tinh dinh thtrc; Giai hé phuong trinh tuyén tinh; Cac phép tinh vé
ma tran. Mot diéu ma cac tac gia mudn luu y thém ddi véi cac giang vién
la: vi gido trinh con dugc st dung dé tu hoc nén c6 nhiéu chd phai dat
van dé dan dit nguoi hoc, c6 nhiéu vi du. Do d6 khi giang bai & 16p, cac
giang vién nén lya chon nhitng diéu can thiét nhat dé co du thoi gian
truyén dat nhiing kién thitc co ban, nhitng phan con lai danh cho sinh
vién tuy hoc. Cling nhu da noi trén, Pai $6 tuyén tinh c6 nhiéu ung dung,
do d6 sinh vién can c6 ki ning van dung kién thtrc va k¥ ning tinh toan.
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Mudn thé viéc thuc hanh cua sinh vién can dugc coi trong. Nén ¢ gang
giam bat thoi gian hoc 1y thuyet & 16p dé gianh thém thoi gian cho viée
giai bai tap cua sinh vién, va néu c6 thé thu xép duogc mot ti 1¢ gitra thoi
gian day 1y thuyét va thoi gian 1am bai tap 1a 1/1 thi cang tét.

Pbi voi nguoi hoc, khi hoc gido trinh nay ludn ludn co gidy va bat
trong tay dé tu minh mo ta cac khai niém dua theo nhirng dinh nghia; tu
minh chtrg minh cac dinh 1i sau khi da tim hiéu ki gia thiét va két luan;
van dung cac khai ni¢m, cac dinh 1i dé ty minh trinh bay cac vi du cho
trong sach. Cudi mdi chwong c6 phan tom tit, ban doc nén tin dung nd
dé cung ¢ va hé thdng lai kién thirc da hoc duoc ¢ chuong dy. Ciing can
n6i thém rang Pai sé tuyén tinh 1a mot trong nhitng nganh khoa hoc cd
nhét nhung cling rat hién dai. Nhitng d1eu dugc trinh bay ¢ day chi la
nhirng diéu co ban nhat mo dau cua Dai so tuyen tinh trén truong sO (ma
cha yéu 1a truong sb thyc). Con nhiéu van dé ndi dung chua thé dé cap
toi.

Trong cubn sach nay chir K dugc ki hiéu chung cho ca ba truong so
truong s hitu ti Q, truong sé thuc R va truong s6 phuc C, mdi khi muén
n6i mot diéu gi chung cho ca ba truong sb ay.

Cudi cung, cac tac gia hi vong rang cudn sach dap Gng dugc nhing
doi hoi cua chuong trinh, nhitng mong mudn cta ban doc. Tuy nhién,
cubn sach chua tranh khoi hét moi khiém khuyét. Vi thé, cac tac gia
mong nhan dugc nhiéu ¥ kién ctia ban doc dé co thé sira chita nhiing sai
sot 1am cho cudn sach ngdy cang hoan thién va ngdy cang hitu ich hon.

Xin chan thanh cam on!
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Xn

( 12
=

s(1) o(2)
Sn

sgn(c)

.. a(n)

|

CAC Ki HIEU

Tap hop {1, 2,.., n} gébm n sb tu nhién tir 1
dén n.

Phép thé o bién phan tir 1 thanh o(i).

Tap hop céac phép thé trén tap X,
Déu cua phép thé o.

Tong a; +a, +...+ a,.
Tong cac so aj, voi j thudce tap chi so J.
Tich aa,...a,.

Tich cac thira s aj, vi j thudc tap chi so J.

Ma tran A c6 m dong, n cdt,véi cac thanh
phan a;; & dong thr 1, cot thir ;.
Ma trén vudng cap n.

Tap hop cic ma tran vudng cdp n véi cac
thanh phan thuoc truong K.

Ma tran chuyén vi cia ma tran A.
Ma tran nghich ddo cua ma tran A.
Dinh thirc cia ma tran A.

Ma tran don vi.

Dinh thirc con bu cua thanh phan ajj trong ma

tran vudng (ay).
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A ={ay, 0o, Uy}

hang(c#)

(&) ={€1 €25e, €}

VoW

f(X)
Imf

£1(Y)

Kerf hay £(0)
Homg(V, W)
f+g

Phén bu dai s6 cua thanh phén a;;.
Pinh thtrc con x4c dinh boi cac dong iy,.., 1,

va cac cot il,..., j,.

Dinh thirc con bu ctia dinh thirc con M
Phan bu dai s6 ctia dinh thirc con M
Hang cua ma tran A.

Tong cua hai ma tran A va B.

Tich cua hai ma tran A va B.

Vecto, 1a mdt phan tu ciia khong gian vecto.
Vecto doi cua a.

Vecto khong.

—

H¢ vecto gom céac vecto a, ay,... 0 py.

Hang ctia hé vecto <.

Co s¢ (¢) cua khong gian vecto.
S6 chiéu cua K- khong gian vecto V.

Anh xa tuyén tinh tir khong gian V dén khong
gian W.

Anh ctia tip X qua 4nh xa tuyén tinh f.

Anh cia khong gian V hay anh cua anh xa
tuyén tinh f.

Anh nguoc cua tip Y.

Hat nhan cua anh xa tuyén tinh f.

Tap hop céac anh xa tuyén tinh tir V dén W.
Téng cua hai 4nh xa tuyén tinh fva g.
Tich cta hai 4nh xa tuyén tinh fva g.

Tich v6 hudng cua hai vecto.
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a tryc giao voi B.
Khoéng gian H truc giao véi khong gian G.

Chuan cua a.

Hinh chiéu cia « 1én khong gian W.
Modun cta s phic z.

S6 phuc lién hop cua sb phirc z.
Chtrng minh diéu kién can.

Chung minh diéu kién du.

Phuong 4n t6i wu.

Tap phuong an tbi uu.

Vecto dong thir i ciia ma tran A.

Vecto cOt thir j cua ma tran A.
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Chuong 1
PINH THUC

MO DAU

O 16p 9, ta giai hé phuong trinh bac nhit hai an bang phuwong phap
cong dai s6 hodc phuong phap thé. Nhimg phuong phap nay da giap ta
dé dang giai cac hé phuong trinh voi hé s6 bang s6. Nhung 1én 16p 10,
khi phai bién luan hé phuong trinh:

ax+by=c¢
a'x+b'y=c'

ta thiy hai phuong phap trén kém tong quat. Song néu dung khai niém
dinh thirc cap hai thi viéc trinh bay tré nén sang sua, gon gang.

Ta s& thay rang khi khai niém dinh thic cip n, (véi n 1a mot sb
nguyén duong tuy ) duoc xdy dung, thi nd c6 mét vai tro rat to 1on. No
con dugc ap dung vao hau hét cac chuong trong gio trinh nay; dic biét,
no gop phan dua van dé giai hé phuong trinh bac nhat trd thanh mot 1y
thuyét. N6 con duoc 4p dung trong nhiéu bé moén khoa hoc khac nhu
Hinh hoc, Giai tich, Vat 1i, Hoa hoc, v.v..

Chinh vi thé ma ta can nim viing céc tinh chét cta dinh thirc va cac
phuong phép tinh dinh thirc, 1am nhiéu bai tip rén luyén ki ning tinh
dinh thirc dé c6 thé van dung tt khi hoc tdp va nghién ctru bd mon Pai
sd tuyén tinh ndy ciing nhu nhitng mén khoa hoc khac.

Pé dinh nghia dinh thirc cip n ta can cic khai niém phép thé va ma
tran.

Yéu cau chinh ctia chuong nay la:
- Hi€u 10 va nam viing céc tinh chat cta dinh thuec.

- Nam viing cac phuong phap tinh dinh thirc dé co thé tinh thanh thao
nhimng dinh thirc can thiét.
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Hon nfia, trong chuong nay ta can dung mot vai ki hiéu sau: Tong
cuiansd:a; +a, +a3+..+a, +a, (n=1),dugc viet gon Ia Zai ,
i=1
doc 1a "xich ma a;, 1 chay tir 1 dén n". Tong quat hon, néu chi s6 chay
khap mot tap I nao do thi ta viét 1a Zai , va doc 1a "xich ma a;, thuoc I".

iel

7
Vidy:a; +a,+as+as+as+ag+a;=»a,docla“xichmaaj, i

i=l1

chay tir 1 dén 7.

n
e Tich clia n s0: a,a,a3...a,. (n > 1), duwoc viét gon 1a []a,, va doc la
i=1

“pi a;, i chay tir 1 dén n”. Néu chi s6t chay khap mot tap I ndo do thi ta
viét 1a [a: va doc 1a “pi, a;, i thuge I”.
iel
Vi du: aja,aza5a5 = I_Iai , doc 1a “pi a;, 1 chay tur 1 dén 57
i=l

e Cudi cung trong cudn sach ndy ta dung tir “truong K” mdi khi
muodn no1 dén mdt di€u nao dé chung cho ca truong so6 hiru ti Q, trudong
s0 thuc R va truong s6 phuce C.

Ta hdy tim hiéu khéi niém phép thé.
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§1. PHEP THE

O day ta chi dung khai niém phép thé nhu mét phuong tién dé nghién
ctru dinh thirc chtr chua nghién ciru sau vé n6. Pé hoc chuong ‘nay ban
doc chi can hleu‘ va nhd dinh nghia cac dang phép thé va tinh chét vé dau
ctua nd, khong can nhd chimg minh.

1.1. Pinh nghia phép thé

a) Gia sw tap hop X, = {1, 2, 3,..., n}, (n =1 ). Mot song anh o : X,
— X, duoc goi la mot phép thé trén tdp X,

N0éi riéng, song dnh dong nhdt dwoc goi la phép thé dong nhat.

b) Mt phép thé t trén tdp X, dwoc goi la mét chuyén tri hai phan tir
I, j thuoc X, neu ©(i) = j, t(j) = ivat(k) =k, voi moi k € X,, k #i, k #1i.
No con dwoc ki hiéu boi (i, j).

No6i mot cach don gian, mot chuyen tri chi hoan vi hai phan tir nao do
cua X, con gilt nguyén moi phan tir khac.

Tap hop tat ca cac phép thé trén tap X, duoc ki hiéu bsi S,,.

Phép thé 6 : X, — X, duoc biéu dién nhu sau:
(1 2 5 JROPO n
“lo() o2 @) o(n)
trong d6 o(i) 1 anh cta phan tir i € X, dugc viét & dong dudi, trong cling
mot cOt vol 1.
1 2 3

Vidu l. 6 =
3 2 4

4 .
lj 1a phép the trén tap X, = {1, 2, 3, 4} xéc
dinh boi:

o(1)=3,06(2)=2,¢3)=4,0(4)=1.

1 2 3 4 2 . . A \ r
T= (1 43 2] la mdt chuyén tri hoan vi hai s6 2 va 4. N6 duoc

viét gon la t= (2, 4).
Chii y. Anh cua cac phan tir cua tdp X, qua mdi phép thé cho ta mot
hoan vi trén tap X,. Nguoc lai, moi hoan vi lai xac dinh mot phép the,

20



341 2

tap X4). Vi thé s6 cac phép thé trén tap X, bang s6 cac hoan vi trén tap
ay; nghia 1a bang n!. Nhu vay, tdp S, co n! phan t.

Vidu 2. S3¢6 3! =1.2.3 =6 phan tir. D6 1 nhitng phép thé sau:
1 2 3 1 2 3 1 2 3
Gl = 5 CZ = ) 0'3 = s
(123} (231) [312)
1 2 3 1 2 3 1 2 3
T, = , T, = , T, = .
(132) (321} (213)

1.2. Nghich thé

, . 1 2 3 4
(chang han, hoan vi (3, 4, 1, 2) xac dinh phép thé p = ( ] trén

Dinh nghia. Gia sir ma mot phép ,thé’ tren tgp X,. Voiij € X, i #J,
ta noi cap (o(i), a(j)) la mot nghich thé cua o néu i <j nhung o(i) > a(j).

. 1 2 3
Vi du. Trén X;, phép thé o, = (2 ; jCo 2 nghich thé 1a: (2, 1), (3,

, 123 ,
1), phép thé 12:(3 ) J ¢6 3 nghich thé 1a: (3, 2), (3, 1), (2, 1).

1.3. DAu ciia phép thé

Dinh nghia. Ta goi phép thé o la mot phép thé chan nén né c6 mét sé
chan nghich the. o dwoc goi la phép thé lé néu no cé mot so le nghich
the.

Ta gén cho méi phép thé chan mét gid tri bang +1, moi phép thé 1é
mot gia tri bang -1.

Gid tri nay cua phép thé o duoc goi la ddu cia o va dwoc ki hiéu béi
sgn(o).

1 néu ¢ chin
Nhu vay, theo dinh ngh: = ’ ,
u vay, theo dinh nghia, sgn(o) {_1, B o B
, , , £ A 123y .
Vi du. Trong vi du & muc 1.2, ta thay phép thé T = (3 5 lj la mot
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. ) . 1 23 .
phép thé 1¢ vi n6 c6 3 nghich thé, con 6 = (2 3 1] la mot phép thé

chén vi n6 co 2 nghich thé. Do d6 sgn(t) = -1, sgn(c) = 1.

Ban doc hay tu xac dinh déu cua céac phép thé o, va Tj trong vi du 2, &
muc 1.1.

Heé qua 1.
i-j
sgn(o) = | | =-—=-
¢ {1-:[, s() - s(J)
Chirng minh. Chi can chimg minh rang
H i—] _ 1, néu s6 nghich thé 1a s6 chin
i, i} G(i) -0())
trong do {1, j} chay khap tap cac tap con gdm hai phan tir cua X,. RO
rang sO nhan t ¢ tir sO va mau bang nhau. Ta s& chirmg minh: néu tir s
c6 nhan tir i - j thi mau cling c6 i - j hodc j - i. Vi 6 1a mot song anh nen

Ung v6inhan tiri - j ton tai h, k € X, sao cho o(h) =1, o(k) - j. Néu o so
¢6 h - k thi mau sb c6 o(h) - o(k) hay i - j, néu tu’ s6 ¢6 k - h thi mau sb

1 _
coOj= i VyHG(l) ) _I.Nhu’n (l)—(J)

o(i)) 1a mot nghich thé va 1a s6 dwong néu tréi lai. Tir d6 suy ra diéu phai
chung minh.

- 1, néu s6 nghich thé 1a s6 1

12 s6 am néu (o(i),

HE qua 2. Voi hai phép thém o va u trén X, ta co:
sgn(ow) = sgn(o)sgn(i)
Churng minh. Theo dinh nghia va hé qua ¢ muc 1.3,

=TT . Do dé:
sen@ = [ 55 Do %

_ i-j  _ppdsi_p)-p)
oo = e =owt ~ L0 -w o -ous

- [[=iti [ @-s0)
ti (D) = u(Q) g o) —op(j)

= sgn()sgn(o), vi {u(i),u(j)} ciing chay khap tap cac tap
con gdm hai phén tir cua X,,. [
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Hé qua 3. Moi chuyén tri déu la phép thé Ié.

) 1 2 3 4 56 . £ 2r 2
Vi du. Xét chuyén tri T = . Céac nghich the dung &
1 53 4 2 6

dong thur hai, tirc la dong chtra cac (). Sb 1 bé hon va sb 6 thi 16n hon
moi sb trong dong nén ching khéng tham gia vao nghich thé. Do d6 chi
co:

- Cac nghich thé dang (5, r): (5, 3), (5, 4), (5, 2)

- Cac nghich thé dang (s, 2): (3, 2), (4, 2), (5, 2).

Vi nghich thé (5, 2) da dugc ké 2 1an nén chi c6 5 nghich thé. Vay
1a phép the 1¢.

Néu ban doc muén chitng minh hé qua nay co thé dua trén cach li
giai ¢ vi du vira néu.
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§2. KHAI NIEM MA TRAN

Mbi dinh thtrc cap hai duoc xac dinh khi biét khong nhiing cac so tao
nén nd ma ca cach sdap x€p ching trong mdt bang so, ta goi la ma tréan.
Dud¢i day la dinh nghia cia ma tran

Pinh nghia 1. Mét bing gom m.n sé dwoc viét thanh m dong n cét
nhw sau:

@

dwoc goi la mot ma tran kiéu (m, n).

Méi s6 a;j dugc goi la mot thanh phan cta ma tran. N6 nim ¢ dong
thir 1 va cot thu j.

Ta thuong ki hi€u ma tran béi cac chit in hoa: A, B,...

C6 thé viét ma tran (1) mot cach don gian baoi

A = (@) mn).

Khi d4 biét r6 m va n thi con c6 thé viét 1a A = (ay).

Néu ma tran chi c6 mot dong (mét cot) thi ta goi nd 13 ma tran dong
(ma tran cot).

Néu m = n thi ma tran dugc goi 1a ma tran vuong cép nvaviétla A=

(@i)n.
0

1 3 )
Vidu. A= [2 5 - 7} la mot ma tran kicu (2, 3).
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4 -2 5
% 12 mot ma tran vudng c4p 3.
6 -4 0
C=@ 7-5 0 6) lamotma tran dong.
-2
11 A A
D= 14 m6t ma tran cot.

4

Dinh nghia 2. Ta goi ma tran

a;, Q... Q... Q
Q;, Qyy... Gy....0

\ A R . » A N 71 oA At
la ma trdn chuyén vi cua ma tran (1) va ki hiéu la "A.

Nhu vdy ma tran ‘A thu dugc tir A bang cach d6i dong thtr i cia A
thanh cot thri ciia ‘A va néu A 1a ma tran kiéu (m, n) thi ma tran chuyén
vi ‘A ma tran kiéu (n, m).

5 7
-2 -2 0

Vide, A=|> "2 4 1) s .
7 0 90 4 9

10
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§3. PINH NGHIA VA TINH CHAT CUA PINH THUC

%12 = djidgy — adp2dng la m6t tél’lg Héy
a; ap
xem dau & mdi hang t&r dugc chon nhu thé nao. Pdi voi mbi hang tu, néu
viét cac chi sd thir nhat & dong trén, con chi sé thir hai & dong duéi thi
duogc mot phép thé:

Ta thiy dinh thtrc cip hai

a;; Qg —a; Qg

all O S PR |

sgn(a) = 1 vi a c6 0 nghich thé; sgn(t) = - 1 vi T la mot ch}lyép tri. Trén
tap X, = {1, 2} chi c6 hai phép thém a va 1. Nhu vay, c6 thé viét:

a;; 4y
2y, Ay

= Sgn(a)alu(l)a2a(2)+ Sgn(t)alr(l)aZt(Z) = z Sgn(c)am(l)azg(z) .

geS,
Téng quat, ngudi ta dinh nghia dinh thic cap n, (n > 0), nhu sau:

3.1. Dinh nghia

Vi ma tran vuong

Qp; Qpgeeenyenen by,
A=|a, ay...q...Qq, (2)
anl an?"“ wp et nn

ta goi l(fng

D = Z Sgn(s)als(IJaZs(2}"'awri)"'ans(u)

s€8,,

la dinh thire cua ma tran A va ki hiéu boi
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................................

hay |A| hay det(A).

Trong cdch ki hiéu ndy ta ciing néi moi a; la mot thanh phan, cdc
thanh phdn a;;, a;,... a;, tao thanh dong thir i, cdc thanh phadn ay;, ay;..,
a,; tao thanh cot thir j cua dinh thirc.

Khi ma trdn A ¢6 cdp n ta ciing néi |A| la mét dinh thire cdp n.

Ta théy, moi hang tir cua dinh thirc cép n la mot tich cua n thanh
phan cung véi mot dau xac dinh; trong moi tich khong cé hai thanh phan
nao cung dong hodc cung cot.

Vidy 1. Néu A = (a;;) 12 mot ma tran vudng cap mot thi dinh thirc
cap mot

Al =ay
Vi dy 2. Ding dinh nghia dé viét twong minh dinh thtrc cap 3

a;, 3, ap
|A|=321 Ay g3 |-

a'31 a32 3.33

ban doc s& thiy rang:

|A| = 811899833 F 81989383 T 81389183 — 81133832 — A1382983; — 81282833 .

Pé tim duoc két qua nay ban phai tim tat ca cac phép thé trén X; va
xac dinh dau cua ching. Cong vi¢c kha vat va. Muon c6 nhitng phuong
phap tinh toan thuan tién hon, hay nghién ctru céc tinh chat cua dinh
thtrc.

3.2. Tinh chit cia dinh thire

Ban doc can hiéu va nhd ki céc tinh chat sau day cua dinh thuc dé ap
dung va chi can bi€t ching minh cia vai tinh chat don gian dé hiéu ki
dinh nghia cta dinh thuec.
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Tinh chit 1. Néu dinh thirc

a; Ay oo 1 SN a,
D=la,+qa, a,+a,...... @y + Q... +Q,
a,, Ay weeene Qe a,,

Ay Qpgeeee Qjueee Qg Qy; Qppe e Opjune. Gy
D=la, a,..... Qjooeen @y |+ Qe @ el G,
@y Qg o eCpjeees By @y Goyeoes Qjeene @y

Chirng minh. Ki hiéu hai dinh thtic & vé phai 1an luot 1a D> va D"
Theo dinh nghia dinh thuc ta co:

D=3 sgn(0)a,,0) 2100 @ingty + Bini)* ot

ceS,
= Z $gn(6)a,41y8 202y Ric(i) o) T Z $EN(0)a;¢ (1,8 56(2) Riaiy *“Bnon)
oeS, ceS, .

=D'+D". 0

5~ 3 =
Vi du. 3+a b _ 5 L2 b
1 4 1 4 1 4
3+a b-b 3 -b a b
hay = +
1 4 1 4 1 4

Tinh chét 2. Néu moi thanh phan & dong thtr i ctia dinh thirc ¢o thira
s0 chung c thi c6 thé dit ¢ ra ngoai dau dinh thuc; tic la:
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................................................................

................................................................

Chirng minh. Ki hiéu dinh thirc & vé trai boi D', & vé phai boi D, ta
co: D’ = ZSgn(G ) 310(1)... (cai(,(i)...am(n) = ZSgl’l(G ) 315(1)...an0(n) = ¢cD. [

ceS, ces,

5 7 5 7
3

Vi du. =
-9 1 -3

Tinh c’h:'it 3. Trong dinh thirc néu d6i chd hai dong cho nhau thi dinh
thire do1 dau, ture la:

(o JR SN B a,, G S a,,
Ty Qpyevonecllyinncne. a,, GG PG a,,
Qpy QpgeeeerrByjeneenne o, Ty Cpgeeer Bjonrenens a,,
Ay Qpennlpee. a,, Gy Gpgeoees Qv a,,
Vidu. Véi1n =2 taco:
ab c d .la b ¢ d
= ad-be, =be—ad=—(@d-be). Dods =— .
c d b d a b

Chirng minh. Ki hiéu dinh thic & vé trai boi D', dinh thirc & vé phai
boi D va coi D1 1a dinh thitc cia ma tran (b’), trong do:
b,=a;véiizh,i=k,
bhj = ay;,

voimoij € {1,2,..,n}.
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D'= ) sgn(o)byy0)-Drogm-Prago - Puotm)

oeS;
batt=(h, k), tacé: t(h) =k, 1(k) =h, 1(i) =1, voii#h,i = k.
Do do:

D = Z SE1(0)D5.1) - Phosciy - Proctny -Paasca)

geS,
=Zsgn(cs)am(l)...akm(k),..ahm(h)...anm(n). Vi 7 14 mdt chuyén tri nén
oeS,

sgn(t) = — 1. Do d6 sgn(ot) = sgn(o)sgn(t) = — sgn(s). Vi viy:

D= —Z sgN(0T)a,5,1y - Bkgr(k) - Bhot(h) -~ Bnor(n) -

~—0

Khi o chay khip S, thi x4 = ot ciing vdy. Tir d6 suy ra rang

D=~ Z SEN(0T)8 1 5(1) + Bigr(i) - Bhoc(h) * Brorin)
ceS,

=— Z sgn(u)alu(l)...ak“(k)...ahu(h)...anu(n) =-D.
PESn

Tinh chit 4. Néu dinh thirc cé hai dong giong nhau thi dinh thirc dy

bang 0.
Chirng minh. Gia st dinh thirc D ¢6 dong thi 1 gidng dong thir k.
Theo tinh chat 3, d61 cho hai dong nay cho nhau ta dugc D’ = - D.

Nhung dinh thirc D’ ciing 1a dinh thirc D. Nhu vay, D = - D. Suy ra 2D =
0.VayD=0.0

3 0 -7
Vidu:D=1|-2 4 6 | = 0. That vay, theo tinh chat 2,
1 -2 -3
3 0 -7
= 2/1 -2 -3
1 -2 -3
3 0 -7
vi |1 -2 -3| =0vicéhaidong giébng nhau (tinh chat 4).
1 -2 -3
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Tinh chit 5. Néu dinh thirc ¢6 hai dong ma cdc thanh phan (ciing
cot) twong ung ti 1¢ thi dinh thucc ay bang 0.

Chirng minh. Xin danh cho ban doc. []

Tinh chit 6. Néu nhdn méi thanh phan ¢ dong thir i véi ciing mot
suwe roi cong vao thanh phan cung cot ¢ dong thwr k thi dwoc mot dinh
thirc moi bang dinh thirc da cho.

Chirng minh. Cho

Bypeenens G ——— a,
C: VOO —— a;,

D=
: VO T T— -1
- R R —— a,

Gia st nhan mdi thanh phan cia dong thir i v6i ¢ 1di cong vao thanh
phan cung ¢t & dong thir k. Thé thi ta dugc.

Dl

B} e 0000000050000 a,
By ovreereecnrernnerenrnans R e a,
D=
A, +Cay, e B +CRGeerninnne a,, +ca,
: PP e a,,
Theo cac tinh chat 1 va 5, ta co:
;DO : T a, : PO G —— a,,
;TR Bijoveeerrarenenns a;, : PO G —— a;,
P U PPNt F e =D+0=D.0O
: T Bpjeereenenonens a, Cayy eeennn CaT— ca,,
: W G —— a., : SN U — a,,
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2
Vi du. Cho dinh thuc 6

13‘

Nhan dong thir nhat véi -3 rdi cong vao dong thir hai ta dugc:

2 13
0 3

=6.

‘2 13’

2 13
6 29

-6 +6 -26 +29

Tinh chit 7. Vi 'A la ma trdn chuyén vi cua ma tran A thi

Al = A
tue la, hai ma tran chuyén Vi cua nhau thi co dinh thirc bcing nhau.
Vidu Véin=2, |2 2|=|2 ¢
c d b d
" . ab a ¢
That vay, =ad-bc= .
c d b d

Chiing minh. Djt ‘A = (by). Thé thi b; = a; véi moi i, j € {1, 2,...,
n}. Theo dinh nghia cta dinh thuec, ta co:

A

= Z sgn(kby, )by, 9y Dryny = Z sgn(i)a, )13, @22 By -

nes, pesS,

Mbi p c6 mdt anh xa nguoc o. Vi mdi i, dit r = o(i), ta c6 po(i) =
uo(i) =1. Do do

a,u(r)r = aia(i)' (1)

vi po 13 phép thé ddng nhit nén 1 = sgn(o) = sgn(p)sgn(c). Suy ra:
sgn(u) = sgn(o). 2)
Hon nita khi p chay khép S, thi o ciing vdy. Nho (1) va (2) c6 thé viét:

‘tA‘ = Z sg1(0)a, ;1) 30(2) *Bna(n) :|A|' o

oeS,

Chii §. Nho tinh chit 7, néu ta thay tir "dong" bi tir "cot" trong cac
tinh chat 1, 2, 3, 4, 5, 6 thi ta lai dugc nhitng tinh chat cia dinh thac phat
biéu doi voi cot, chang han: "Néu doi cho hai cdt cho nhau thi dinh thue
d6i dau”.
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§4. KHAI TRIEN PINH THUC

Sau khi d3 biét cac tinh chit cua dinh thuc, ta bit dau tim cach tinh
dinh thuc cap bat ki. Ta can dén vai khéi niém sau.

4.1. Pinh thitc con - Phan bu dai s6
Dinh nghia. Cho dinh thirc D cdp n.

1) Néu chon r dong iy,..., i, va r cot]1, o J» (r < n), thi cac thanh
phan nam ¢ giao ciia r dong va r cét ay ldp thanh mot dinh thirc ki hiéu
boi M} va goi la mot dinh thirc con cap r cia D.

2) Néu xod di r dong va r cét dy thi cac thanh phan con lai ldp thanh
< Jredy
mot dinh thuece ki hiéu boi M .., va goi la dinh thirc con bu cua dinh thirc

j]":i/’
id,

3)

j,...j,____, B AURSS L /) Ji-dy
Ai,...i, ( 1) ’ Mt, iy

dwge goi la phan bii dai s6 cia M e
Chii y. Mbi thanh phan a;; cua mot dinh thirc D la mét dinh thirc con

cap mot ciia D. Bé don _glan cach viét, dinh thirc con bu va phan bu dai
50 ctia an dugce ki hidu 1an lugt boi M, va A;;.

Vi du. Cho dinh thtrc

8 3 5 -1
D= 2 0-2 9‘

04 1 0

-6 1 0 7

Néu chon dong thir ba cot thir hai thi ay, = 4, 14 mot dinh thic con
cap mot cua D.
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8 5 -1
M,=| 2 -2 9 | la dinh thdc con bu caa 4;

-6 0 7
8 5 -1
Ap=(-1"*M,, =(-1)**| 2 -2 9| la phan bu dai s6 cha 4.
-6 0 7

Néu chon hai dong: thir nhat va thi ba, hai cot: thir hai va th ba thi:

3 . , Z .,
M = A la mét dinh thirc con cap hai cta D;
.23 2
M = la dinh thirc con bu cua M ;

1+3+2+ N A N A,
AB = (1) la phan bu dai s6 ctia M7;.

4.2. Khai trién dinh thirc theo mot dong
Pinh li. Cho dinh thirc D cdp n ¢6 cdc thanh phan la a;. Voi moi
ief{l, 2,..., n}, tadéu co:

n
D = a”A”"" aiz\A,‘2+...+ ainAm: ZayAu .
Jj=1

Ta néi d6 1a cach khai trién dinh thirc theo dong thi i.

Chitng minh. 1) Truong hop 1 = n va cac a,; = 0 v61 moi j ¢ € {1,
2,...,n-1).

Khi do:
DPRNE: PPN PRV P
a8 By Agenee a,,
D = | FPE00a0Ba00E00Ea0000E00CHCa0EEaE = Z sgn(c)alc(l)azc(z)“.aic(i)."an_la(n—l)anc(n) .
VR VPIO: P a;, o8,
0 O 0..ucevn. a,,
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a néu o(n) = n,
nn
Nhung a,q,= . .
0 néuo(n)=n.

Do d6 trong tong nay chi con cac hang tir img véi nhitng phép thé o € S,
ma o(n) = n; nghia la:

D= Z S8N(0)a,5(1@55(2) - Ria(i)* “Bn1o(n-1)%nn

oeS,

=a,, Z s81(0)a,41)895(2)Rig (i) Bn_10(n-1) *
eS8,

Thu hep ctia mdi o 4y 1a mot phép thé trén tap X, = {1, 2,...,n- 1};
nguoc lai, mdi phép thé u € S,.; lai sinh ra mgt phép thé o trén tap X, =
{1, 2,...,n -1, n} x&c dinh bdi:

o(n)=n,c(i)=pn@l) voimoii e {1,2,..,n-1}.

Vi thé c6 thé viét D = a,, ngn(ugqua

HeS,

202 (i -ty -

Vi zsgn(ugn,w(lazmz...aiw(i...an_w(_,): Mnn, trong do M la dinh thuc

nes,

con bl ctia thanh phan ap, va Am = (-1)™" M= (-1)* M= M nén D
= a‘nnAnn'

2) Truong hop 1 # n, va trong dong thir 1 chi c6 mét a;; = 0, con moi
a;, = 0 voi s #1; tc la:

Ay Bgp  Byjeeenn a,
TR P P — a,,
D [
0 O.... : W 0

)
By Bpge By a.,

Ta d6i chd lién tiép n - i 1an hai dong lién nhau dé chuyén dong thir i
xuong vi tri dong thtr n va dugc:
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YR P a;,
By Bgperes Bgjreranens a,,

D'= i = (-1~D.
By ApgereByjeennennes a,,
0 O... - IR 0

Ti€p tuc doi cho lién ti€p n - 1 1an hai cot lién nhau dé chuyén ¢t thir
1 dén vi tri cua cot thir n, ta duoc:

Ay, By e a,, a;
Ay Ay Ay, 8y

D= | = (-1)™D".
A, A a,, a,
0 O... 0 a

D"= (-1)™D" = (~1)"7.¢-1)"'D = (-1)***D = (~1)*'D hay D = (-1)*D".
Mit khac, dit M;;1a dinh thirc con bu cia aj, thi theo chimg minh
trong truong hop 2), ta co:
D" =gy Mii.
Vay D = (-1)"D"= (-1 a; M = a,-1)" M= aA,.
3) Truong hop tong qudt.

Vi i ¢d dinh, ta coi a;j=0+.+0+a; +0+.+0,trongddécon- 1
sO 0 va a;; 1a s6 hang thir 1. Theo tinh chat 2 cta dinh thuc, ta c6 thé viét:

a)) BBy, 8y, BpgeecenByjeady,

D= fay agedyon] = [ 0 oeOurenO] ot
PSR B .
A1 BpgeeenByjeneyy 81 BggeeeneByjeenennByy

T S Y. PO S
anlanz ....... é m ............... z.i m anlanzam ............... z.‘ m

trong d6 mdi dinh thirc ¢ vé phai déu c6 dang dinh thire & trudng hop 2)
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Vay D =g, A+ 4+ a A+ + a Ay T
Chii y. Nho tinh chit 7 cua dinh thic, dinh i ciing dung néu ta thay
tir "dong" boi tir "cot"; tirc 1a:

D=ajA;+.. +a;A;+. . +a A= Zau i -

Hé qua. Cho dinh thirc D véi cdc thanh phan a; ta co:
ai;Ak, +...+ a,-jAkj+...+ a,»,,Ak,,= 0néu k =i.

(viét gon la: > a,A,; =0, néu k =i).
=1

Chuirng minh. Dat aj= a’y; thi aj;;A + ... + auAkJ vt aAGM =
QA T+ @A T @A 1a khai trién cua dinh thuc D’ thu
dugc tu D bang cach thay dong thir k boi dong thir i, con gitr nguyén moi
dong khéc; nghia 1a trong D’ ¢6 dong thtr k gidng dong thw i. Vay dinh
thae D* = 0. [

Dinh li trén dy cho phép dua viéc tinh dinh thirc cip n yé viéc tinh
nhitng dinh thirc cap thap hon va c6 thé tinh dugc dinh thure cap tuy y.

Vi du. Tinh dinh thic:

2 1
Lo o
1) b=}]1 3 8], 2) C=
0 4 -3 O
4 7 9
4 O 7 9

Gidi
1) Khai trién dinh thtic theo dong thir nhat ta co:
D = 2A,;+ 5Ap+ 1A
3 8 |

Taco: A,=(EDM 7 =3.9-78=27-566=-29 ,

A= (“DHZ

1 8
9 '=—(1.9—8.4)=—-(9—32)=23 ,
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A=) =1.7-34=7-12=-5

L

Vay D =2.(-29) + 523 + (- 5)=-58 + 115 -5=52.

2) Nhén thdy dong thir ba cua dinh thire chi ¢6 hai thanh phan khac 0
laas, =4 vaas; =-3, nQn ta khai trién dinh thic theo dong nay s€ gidm
nhe viéc tinh toan. Cu thé:

C = 4A32 + (- 3)A33.

2 5 1
TacoAyp=(1*? 1 3 8|=—52 (theo két qua phén 1)
4 7 9
211 211
A33 = (_1)3+3 1 O 8 = 1 O 8
4 0 9 4 0 9

bé tinh dinh thirc cap 3 cudi cung nay, ta lai khai trién theo cot thir
hai. Vi s6 1 nam & dong 1 cot 2 nén phan bu dai s6 cua no la:

1 8

_11+2
(-1 non

t=—(1.9—4.8) =93.Dod6 Ay =

== DN

11
0 8 [=1.23=23
09

Vay C - 4.(- 52) + (-3).23 =- 277.

4.3. Khai trién dinh thic theo r dong

DPinh li Laplace. Néu trong dinh thirc D da chon v dong co6 dinh iy, i,
o b My, M,,..., M la tdt ca cdc dinh thirc con cap r cua D chon trong r
dong nay va A;, A,,..., As la nhitng phan bu dai so twong vung thi

D=SMA,.
Jj=1

Ban doc chi can hiéu noi dung cua dinh 1i nay qua vi du va st dung
ching, khong can biét ching minh. Tuy nhién néu thich thu ban co6 thé
tim hiéu phép chirng minh sau phan vi dy.

Vi du. Tinh dinh thtec:
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03 5 O
6 1
D= 3 2 .
01-2 0
4 7 0 -5
Gidi

~ Chon dong thur nhat va dong thir ba. Hai dong nay cho ta 6 dinh thirc
cap hai. b€ cho don gian ta viét chung la:

0 3 0 b5 00 3 b
M1: ’ M2: 3 3 = 3 4= —_——11,
01 0 -2 00 1 -2
3 0 5 0
M, = . M, = .
10 -2 0

Goi Al, A,,..., Ag 1an luot 1a céac phén bu dai sb6 ctia M;, M,,..., Mg,
theo dinh li ta c6:

D = MA, + MoA, + ... + MA,.

Chi c6 My # 0 nén chi can tinh 4 V‘i 4 duoc tao thanh tir cac dong
1,3, caccot2, 3 nén Ay =(-1)"P?7|, _5 =38,

Vay D = MyA, = (-11)(38) = - 418.

Chitng minh dinh li. Pé chimg minh ta can ki hiéu cu thé hon. Theo
cac ki hiéu trong dinh nghia 4.1, ta phai chirng minh:

- iy A
D= 2 MIA.
18} <o €jy SN

Hién nhién diéu khang dinh 13 dung voi n = 1. Gia str n > 1 va diéu
khang dinh ding véi n - 1, ta chirng minh n6 dang voi n.
Trwong hop da chon r dong dau.
Vi Alvd = (-1t M2 ngn ta sé ching minh
T+ 4r+)y +ont, oy NSt oy — 2 s5+1
D = 2 (_1) : ] Mi,,.r] M-}...rj - Z(~1) aIles :

15j) <...<j, $n s=1
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Dé cho don gian ki hiéu M7= M Mi-h =N

TrongM"*, aj;, ding & dong 1 ¢t t. Khai trién M"" theo dong dau,
ta co:

M wde — Z (_I)Htalj‘ N]l,)';,

~ j]“"r

J .
trong do, Ny, 1a dinh thac con bu cua a; trong dinh thte M"". Nhu
vay:

Z (_1)1+A..+r+j| +ont)y M;‘:'MJI v

1<), <.-<j, $n

1<), <...<), <n

= ¥ (_1)1+--~*r+1‘. ety (:Zl (-)*a,, N)llhj YN

n -~ PR .
- Z (_1)1#;‘ aljl Z (_1)14.,.+r+], ol Fhog Fee HNilj;“]'MJ‘m]r .
k=l

1€)) <<y <hay <-<jp SN

Mit khac, khai trién dinh thirc D theo dong dau ta co:

D= 3(-1)"*a, M,

=1

trong do, M;, la dinh thirc con bu cta thanh phén a; trong D. Do do chi
can chirng minh rang:
Mlj‘ = Z (_1)“--'*”’11 +A..+]‘_l+j1+|+...+)r+le]‘j;..’r'M]|.‘.]'
1<) <ol <ha <<l €0

@

Vi Mlj, 1a dinh thtc cAp n - 1 nén theo gia thiét quy nap, diéu khang

dinh trong dinh 1i 13 ding. Chon r - 1 dong dau, (chung nam trong céc
dong thu 2, 3,..., r da chon trong D), ta co6:

T = _\l+esr-lthp+h phy b Phychy
W= Y D Pyt
1<h; <..<h_; £n-1
_hy.h, _hyuh,
trong do, Py

ho 1a dinh thirc con bu cua Py;, trong dinh thirc My;, .
. o by Jiode
Hién nhién moi Py, ho la mét Ny, nao do va nguoc lai vi chiing

1a nhitng dinh thirc con cip r - 1 nam trong cac dong tht 2, 3,..., r trong
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D sau khi di xo4 cot tht i, (Ban doc hidy tu v& ra dé giup minh d& hiéu).

Nhung Mljr thu duoc tir D bang cach xoa di dong 1 va cot j. Do d6 céac
thanh phén con lai & cac cot thr juq, i+ + 1,..., n trong D tré thanh cac

thanh phan & cot tht iw - 1, ju,... n - 1 trong My, . Vi thé, véi
hl = jl""’ ht—l = jtwl’ ht = j¢+1_ 1v-'-’ hrvl = jr_ 1 (3)

thi P~ chinh 1a N* con P™-"™ chinh 12 M*-* tuong ing. D&u cla sé hang
1 L 1k

ing véi Pitmla (- YR edn dfu dng vei NibRla (-

1) O s RS L S e § t6i (3), ta cb:
14 414§+ +j Fju o +j+t—(Q+.+r—1+h+. . +h, +h+..+h_)
=r+t+r—-t=72r
Do do cac tich bang nhau trong (1) va (2) ¢6 ciing mot dau. Vay diéu
khang dinh dugc chung minh.
Trieong hop téng qudt.

Chuyér} cho dong 1, 1én dong thir nhat, dong i, 1én dong thir hai, tiéE
tuc nhu thé cho dén khi chuyén dong i, 1én dong thir r; tirc la da do1 cho
hai dong lién ké (i; - 1 + 1, - 2 +... + 1, —r) lan, ta dugc dinh thuc D’ va

D= (_1) iy —1+..+i -1 D'. (4)

Chu ¥ rang sau khi thay d6i cac dong nhu vay thi cac dinh thirc con
i
cap r lay trong r dong dau van la cac dinh thirc con M; i, cta dinh thuc

da cho. Do do, theo chirng minh trén:

_ 14 4T +jg +..4] By --de AT - de
D'= Z (—1) "MpYMR Y,

185 <<y S0

Vii,—1+4 .. +i-r+1+..+r+j+..+j=i+..+i+j+..+]j nén thaybiéu

thitc D' vao (4) ta dudc:

D= Z (__l)i1+,__a-i,+j|+.,.+5> M::::M:L 0

1
1) <...<}, Sn
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§5. PHUONG PHAP TiNH PINH THUC

Bay gio nho cac tinh chat cia dinh thirc ta hdy tim nhitng phuong
phap tinh dinh thirc cap tuy y. Tuy nhién, di voi cac dinh thic cap hai
va cip ba ngoai nhitng phuong phap chung con c6 phuong phép tinh
riéng. Ta di biét quy tic tinh dinh thic cdp hai. Biy gid ta xét mot quy
tac tinh dinh thirc cap ba.

5.1. Tinh dinh thitc cap 3

Trong vi du & muc 4.2, ta da tinh dinh thirc cap ba bang cach khai
trien theo mdt dong. Tuy nhién, tir dinh nghia dinh thirc con c6 mot
phuong phap tinh riéng. Ta biét:

a11 aIZ a13
8y 8y 8y3| T A1dpagt 81988y T 8158985 — 81185385~ 1382083 — 819891833 .

a5 QAgy Ay

Nhén xét tong nay ta thiy co thé tinh dinh thirc cip ba theo so do sau:

Dé’u nyn Dé’u n_n

M&i hang tir ctia dinh thirc 13 mot tich ctia ba thanh phan ndi véi
nhau bo1 nhiing doan thang. Tich c¢6 dau "+" néu cac thanh phan dugc
noi bdi nét lién, c6 dau "-" néu cac thanh phan dugc noi bdi nét dut.

Quy tic nay do nha toan hoc tén 1a Sarus dé xudng, do d6 nd cé tén
1a quy tdc Sarus.

5 0 8
Vidul |-2 7 4{=5.7.0+0.4.3+8.(-2).6-5.4.6-0.(-2).0-8.7.3
3 6 0

= -96-120-168 =-384.
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Vidu 2.

N Y
~N W O

1
8§ | =54+160+7-12-45-112=52.
9

5.2. Ap dung phép Khai trién dinh thirc theo mét dong hoiic mot
cot

Ap dung dinh 1i 4.2, ta co thé tinh dinh thuc tuy y. Song dé phép tinh
dugc don gian ta nén khai trién theo dong (hodc cot) c6 nhi€u thanh phan
bang 0 hodc 1a nhitng s6 don gian.

3 -2 5 0
Vidu 1. Tinh dinh thie D = 0.6 3
0 0 10
-4 0 2 9
Giadi

Nhén thdy cot thir hai c¢6 nhiéu thanh phan bing 0. Khai trién dinh
thire theo cot nay ta khong can tinh phan bu dai s6 cua nhing thanh phan
bang 0. Nhu vay,

7 6 3
D=(-1)"*-2)|1 0 10=2[6.10(-4)+3.12—6.19—7.10.2]
-4 2 9

= 2(-240 + 6 - 54 - 140) = - 856.

3 -2 5 0
Vidu 2. Tinh dinh thic D = 7063 .
) 1 1 0 10
4 2 2 9
Gidi

Ta ciing c6 thé khai trién dinh thic nay theo dong hodc cot co thanh
phan biang 0. Tuy nhién nho tinh chét 6, ta co thé bién doi dinh thirc dé
trong mot dong hodc trong mot cot chi con nhiéu nhét 1a mot thanh phan
khac 0. Chang han, ta s& bién doi dong thur ba. Nhén cot the nhat véi 1
r0i cong vao cot thir hai, nhan cot thir nhat véi -10 1di cong vao cot thir
tu, ta duoc:
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0 3 -5 5 -30

5
7 0 6 3 7 -7 6 -67 o Uy
D= = R S ) ars TR I A 4
1 0 10 1 0 0 0
6 2 49

-4 2 2 9| |-4 6 2 49

Gilr nguyén cdt tha hai, cong cot thir hai vao cot thir nhét, nhan cot
thir hai v&i 6 161 cong vao cot thir 3 ta duoc:

05 0
-1 =31
D=|-1 6 -31 |=(-1)""?% s el = -5(~61 + 248) = -5.187 = -935.
8 2 6l

5.3. Pua dinh thirc vé dang tam giac

Dinh thirc dang tam giac dwoi la dinh thirc co dang:

a, O.... 0....... 0
a, Qy....0...... 0
> (o= 0néis i <j);
Ay Qoo By
anl anz ani ann

.....................................

, (a;=0 néu i>j).

.....................................

Khi d6, nho phép khai trién dinh thtrc theo mot dong hodc mdt cdt ta
co: D =ajja...a,,.

5 -7 9 7 0 O
Vidul. |0 6 9|=562=60, | -1 -3 0|=7.(3).2=-42
0 0 2 4 0 2

Ap dung tinh chat 3 va tinh chat 6 ta c6 thé dua moi dinh thic vé
dang tam giac.

44



Vi dy 2. Pua dinh thtrc vé dang tam giac rdi tinh dinh thic:

3 1 2 4
0 -1
D= 0 6
2 1 31
2 -2 31
Gidi

Trong cot thir nhat ta c6 thé giit nguyén sd 3, rdi triét tiéu cac sd 2.
A A 5 . A \ J A r.: 2 r 7 ~ Ja
Song muodn thé ta phai nhan dong thir nhat véi - 3 Phép tinh s€ phuc

tap. Dé tranh diéu d6 ta doi chd cot thir nhat va cot thir hai cho nhau, ta
duoc:

1 3 2 4
D=_ 0 0 -1 6
1 2 3 1
-2 2 3 1

Bay gio, trong cot thir nhat giit nguyén s 1 va triét tiéu cac thanh
phéan khéc thuan loi. Nhan dong thtr nhat 1an luot véi -1 va 2 r6i lan lugt
cong vao dong thir ba va thir tu ta dugc:

1 3 2 4
D=_ 0 0 -1 6 .
0 -1 1 -3

o 8 7 9

Péi chd dong thir hai va dong thir ba cho nhau:

1 3 2 4
D= 0 -1 1 -3
0 0 -1 6
0o 8 7 9

Nhén dong thir hai v6i 8 r0i cong vao dong thir tu:
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1 3 2 4
0 -1 1 -3
0 0 -1 6
0 0 15 -15
C6 thé tiép tuc nhan dong thtr ba voi 15 r6i cong vao dong thu tu,

song c6 thé 4p dung tinh chat tinh chét 3, dua thira s 15 ra ngoai dinh
thire :

1 3 2 4 1 3 2 4
0 -1 1 -3 0 -1 1 -3
D=15 =15 =15.1.(-1).(-1).5=175.
0 0 -1 6 0O 0 -1 6
0 0 1 -1 0O 0 0 b5

Hién nhién ta cling c6 thé bién doi cac cot hoac bién doi ca cdt lan
dong dé dua dinh thirc vé dang tam giac.

Vi dy 3. Pua dinh thtrc vé dang tam giac roi tinh:

3 -2 5 7
4 5 1 -1
D=
0 2 1 3
3 0 O 1
Giai
Nhan c¢ot thi tu véi - 3 rdi cong vao cot thir nhét, ta duoc:
-18 -2 5 7
7 5 1 -1
D=
-9 2 1 3
0 0 0 1

Nhan cot thi ba 1an luot véi 9 va - 2, r6i cong 1an lugt vao cot thi
nhat va cot thur hai:

27 -12 5 27 -4 5 7

16 3 1 -1 16 1 1 -1
D= =3

0 0 1 0 1 3

0 0 0 1 0O 0 0 1
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(dua thira s6 chung 3 & cot thr hai ra ngoai dinh thirc).

Tiép tuc nhan cot th hai ciia dinh thic cubi cung trén dy véi -16 roi
cong vao cot thir nhat, ta duoc:

91 -4 5
p=3 % ' 1 “li_g9111.1=297s

0 0 1

0 0 0 1

5.4. Ap dung cac tinh chit cia dinh thirc

Pé dua dinh thire vé dang tam giac ta d sir dung chi yéu tinh chét 6,
doi khi c6 str dung céc tinh chat khac. No61 chung, dé tinh dinh thuc ta co
thé ap dung moi tinh chat cua né.

Vidy 1. Tinh dinh thic:

2 1 1 -3
D = 3 5 -1 2
20 -41 87 125
10 12 0 -2

Gidi
Cong dong thtr nhét véi dong thir hai, ta duoc:
2 1 1 -3
5 6 0 -1

20 -41 87 125
10 12 0 -2

D =

Bay gid dinh thirc ¢6 hai dong thir hai va tht tu ti 18. Theo tinh chét
5,D=0.

Vi du 2. Tinh dinh thirc:

A b
— o W DD
DO N W
L N -

Giai
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Nhan thay tong cac thanh phan trong cac dong déu bang nhau. Do d6
néu cong vao mot cot tat ca cac cot khac, chang han, cong vao cot thu

nhit thi cac thanh phgln ctia cOt 4y déu bang nhau. Theo tinh chit 6, ta
dugc mot dinh thic bang dinh thic da cho

1+2+8+4 2 3 4 1 2 3 4
_|2+3+4+1 3 4 1 41 3 4 1)
3+4+1+2 4 1 2 1 4 1 2
4+1+2+3 1 2 3 1 1 2 3
Tiép tuc khai trién dinh thirc theo cot thir nhat.
12 3 4 1 1 -3 1 1 -3
p=10/ % ! ! “3_10| 2 -2 _2l-102]1 -1 -1
0 2 -2 -2 -1 -1 -1 -1 -1 -1
0 -1 -1 -1
1 2 -2
=20, 1 0 O =(—1)2+‘,2o}_§ :j=(—20).(—8)=160.
-1 -2 -2

Vi du 3. Tinh dinh thuec:

0 1 2 3 4

-1 0 1 2 3

D=| -2 -1 0 1 2

-6 -4 -2 0 2

-16 -12 -8 -4 O
Gidi

Nhan théy cac dong thu 4, 5 c6 thua ) chung lan luot 14 2, 4. Do d6:

0 1 2 3 4

-1 0o 1 2 3
D=24-2 -1 0 1 2 |=8D

-3 -2 -1 0 1

-4 -3 -2 -1 O

(D’ la dinh thirc vira tim dugc). Nhan mdi dong cuia D’ véi -1 ta dugc
D’ = - D’. Chuyén vi D’ ta lai dugc D’. Do do, theo tinh chat 1, D>’ =
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D’. Nhuvay, D’= D’ =-D’. SuyraD’=0. Vay D =0.
Vi du 4. Tinh dinh thuc

2 5 -4 1

21 24 15 20
D= .

1 7 0 1
5 -1 2 0
Gidi

Nhén thdy céc thanh phan ¢ dong thtr hai bang cac thanh phan tuong
ung cua dong thir nhat cong véi 19. Do do, ap dung tinh chat 1 ta co6:

2 ) -4 1 2 5 -4 1 2 5 -4 1
=2+19 5+19 -4+19 1+19 _ 2 5 -4 1 + 19 19 19 19
1 7 0 1 1 7 01 1 7 01
5 -1 2 0 5-1 2 0 5 -1 2 0

Dinh thirc thtr nhit & vé phai bang 0 vi ¢ hai dong giéng nhau. Pua
thira sO chung 19 cua dinh thac thir hai ra ngoai dinh thue, ta c6:

Vay:
2 5 -4 1 2 5 4 1 1 4 -5 0
19 19 19 19 1 1 1 1 1 1 1 1

D= =19 =19
1 7 0 1 1 7 0 1 0O 6 -1 0
5 -1 2 0 5 -1 2 0 5 -1 2 0
1 4 -5 1 4 -5

=190 6 -1 1|=19| 0 6 -1 =19.(162 — 21) = 2679.
5 -1 2 0 -21 27

5.5. Phwong phap quy nap va phuwong phap truy hoi

Ta da biét t phuong phap quy nap, con ndi dung ctia phuong phap truy
hdi 13 biéu dién dinh thirc cin tinh qua nhirng dinh thirc ¢6 cap thap hon
c6 dang xac dinh va theo mét cong thirc xac dinh. Tinh cac dinh thue cap
thap ta s& lan luot tinh dugc nhitng dinh thirc cip cao hon.

Vi du 1. Dung phuong phap quy nap, tinh dinh thuec:
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-a, a O 0 O
0 -a, a, .. 0 O
0 0 -a 0 O
D.5 3
0 0 0.. —a, a
1 1 1. 1
Giai

-a, a 0..0 0
-a, a O 0

0 -a, a,... 0 0
0 -a, a, 0

0 0 -a,... 0 O

D,=10 0 -a, 0 |-a,

0 ....... O ........ O_an 0 . 0 ..—a a.

1 1 1 1 1
=(-1"[]a -2,D,., -

Hay xét vai truong hop dé du doan két qua.

-a, a
Véin=1,D,=| ' '|=-2a,=(-1)2a,
1 1
Véin=2,
—él a, O
-a, a
D=\ 0 -a, a,l=aa,-a,| ' !l=aa,+2aa,=3aa,=(-1)3a3,
1 1 1

Tir d6 ta dy doan D, = (-1)"(n +1)[ ]a;; Ta thir ching minh cong
i=1
thirc nay. Hién nhién cong thirc ding v6in = 1, n - 2. By gio gia st n >
2 va cong thirc dung v6in - 1; tirc 1a :

Dy.1 = (-1)"'n ], Khi dé:

i=1
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D =" In] a,—a,D_, =(-1) ﬁ a, —a_(-1)"* nﬁ a,
=(-D" [ﬁai + nl—n—[ai} =(-1)"(n+ 1)121ai.

Vay D, = (-1)'(n+ 1) [,
i=l1

Gidi

Khai trién dinh thirc nay theo dong thir nhét:

4 5 0 O 2 5 0 0
4
D, = 4 2 5 0 _5 0 4 5 0
0 2 4 5 0 2 4 5
0 0 2 4 0 0 2 4
4 5 0 O
2 4 5 0 450
=4 0 2 4 5 -5.2{2 4 5
0 2 4
0 0 2 4

Ta thay hai dinh thtic cudi cting c6 ciing dang véi dinh thirc da cho.
bat chung 1a Dy, D3, ta c6:
D5 = 4D4 - 10D3

=6.

4 5
Tuong tu, D4 - 4D3 - 10D,, trong d6 D= ‘ ‘

2 4
Tinh duoc D5 s€ tinh duoc Dy; tiép tuc tinh duoc Ds.

4 50
25
TacoD;=2 4 5=4D2—5‘0 4‘=4D2—4O=24—40=—16
0 2 4

Vay Ds =4D, — 10D; = 4(4D5; — 10D,) — 10D5 = 6D; — 40D, = 6(-16)
—40.6 = - 336.

5.6. Tinh dinh thirc bang may tinh bé thi va may tinh dién tir
Ngay nay cong nghé thong tin phat trién, ngudi ta di tao ra nhiéu
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chuong trinh dé may tinh giai nhanh chong nhiéu phép toan. Vi c¢6 nhiéu
chuong trinh, ¢ cac may tinh co6 thé cai dat nhitng chuong trinh khac
nhau nén trong cudn sach nay chi néu 1én cach stir dung mot vai trong sO
nhitng chuong trinh 4y dé lam vi du. V& nguyén tic, khi mot may tinh
duoc cai dat mot chuong trinh nao thi trong chuong trinh a ay da c6 hudng
dan cu thé viéc sir dung no. Véi moi chuong trinh cling c6 thé c6i sach
huéng dan st dung kém theo. O day xin ldy mdy tinh bo tai "CASIO fx-
570MS" va chuong trinh cai dat vao may tinh dién tur “Mathematica 4.0”
lam vi du.

a) Tinh dinh thirc bang mdy tinh bé tiii CASIO fx-570MS.

Chu y rang may tinh CASIO fx-570MS chi ¢ thé tinh duoc dinh
thirc cdp n < 3.

2 -1 6
Vidu. Tinh dinh thic |5 0 1
3 2 4

Gidi.

Buoc 1. Tao ma tran ung voi dinh thue.

Thuc hién theo cac tao tac sau:

-Pua vé tép ma tran béng cach bAm cac nat theo thir ty:
MODE|[MODE| MODE|

Trén ctra s6 ctia may tinh hién thi chit MAT; nghia 1a may di mo tép
ma tran.

- Tao ma tran:
e Bim céc nﬁt.
Trén cira s6 xuét hién hai dong: DIM EDIT MAT
1 2 3
e Bam|1|dé xac dinh sb dong va s6 cot ciia ma tran.
Ctra sO xuat hién haidong: A B C
1 2 3
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e Bim niit | 1 | d¢ ki hiéu ma tran A.
¢ Bim E| E dé x4c dinh rang A 1a ma trin vudng cép 3.
e Nhép cac thanh phan ciia ma tran:

2][=] I L=1le] Ellsl =]l =] (=] 3= 2] B k=]
Nut dé khang dinh d4 1ap xong ma tran A.
Buwoc 2. Tinh dinh thirc cia ma tran A:

e SHIFT MAT)

Trén clra s6 xuét hién hai dong: Det Trn
1 2

e Bim dé chuyén sang viéc tinh dinh thtc.

e BAm [SHIFI] MAT]

Trén clra sO xuat hién hai dong: A B C Ans
1 2 3 4

Nhic lai réng 1 1a ki hi€u ma tran A.
e Bim E
Trén cira s6 xuét hién s6 73. D6 1a dinh thirc cia ma trin A.

b) Tinh dinh thirc bang mdy tinh dién tiv (theo chwong trinh
MATHEMATICA 4.0)

Vé&i chuong trinh "Mathematica 4.0", may tinh dién tir co thé tinh
dinh thure cap bat ki.

Vi dy. Tinh dinh thirc

2 5 -4 1
21 24 15 20
D = .
1 7 0 1
5 -1 2 0
Giai

M¢& "Mathematica 4.0".
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Trén man hinh ta chi viéc danh 1énh:
Det[{{2,5, -4,1},{21,24,15,20},{1,7,0,1},{5, -1, 2,0} } ]

rdi an phim Enter ¢ tin cting bén phai. Sau mot gidy man hinh xuét hién:
Output: 2679.

Néu mudn tinh dinh thirc ciia ma tran A d3 duoc tao lap trude, chéng
han:

A={{2,5,-4,1}, {21,24,15,0}, {1,7,0, 1}, {5,-1,2,0}}
thi chi viéc danh lénh:

Det[A] .

Quan diém vé vigc siv dung mdy tinh

May tinh rat thuan lgi cho viéc tinh toan vi né nhanh chéng cho ta
ket qua cua phép toan ma ta thyuc hién. N6 rat c6 loi cho nhitng nguoi chi
can sir dung két qua cua phép toan ma khong can biét phuwong phap hay
thuat giai bai toan iy. Chiing ta khong nhiing phai biét sir dung may tinh
ma con phai su dung thanh thao, vi d6 la thanh qua cua khoa hoc ki
thuat, 1a mot cong cu lao dong rat hién dai va ngay cang phd cap. Nhung
khi dung may tinh dé gidi mot bai toan thi ta chi 1a ngudi xem két qua
cua bai toan ma nguoi khac da giai. Song, 1a ngudi lam toan va day toan,
nhiém vu chinh cua ching ta khong phai chi la biét str dung may tinh dé
giang day ma la phai biét nhimng phuong phap giai toan, nhiing co so 1y
thuyét dé dwa vao d6 ma nguoi ta di dé xuat nhiing phuong phap giai va
tao ra nhitng chuong trinh cho may thuc hién. Vi thé ta phai nam viing
nhitng 1y thuyét toan hoc va rén luyén k¥ ning giai toan & trudng Pho
thong cing nhu ¢ Dai hoc bang tu duy va lap luan. Rét c6 thé trong sb
chung ta, nho sy ndm vimng 1y thuyét toan hoc va nhirng ki nang giai toan
ma s& c¢6 nhitng ngudi sang tao duoc nhimg phan mém toan hoc ¢ nhiéu
ung dung.
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§6. UNG DUNG - HE PHUONG TRINH CRAMER

Ung dung dau tién va quan trong cua dinh thie la giai hé phuong
trinh bac nhat n phuong trinh, n 4n.

6.1. Dinh nghia
1) Hé phwong trinh tuyén tinh n an la hé c6 dang:

QX+ A%y + o+ QX+ A X

=b,

@y Xy + Xy + o+ QX+ + 0y X, = by

n

(1)

...............................................................

@, %, + Q%+t X+ +amnxn =b,

i» bi thuoc truong so K, voi i € {1,
2,...m} jell 2.. n} a;dueoc goi la hé so cua dan x;, b; duoc goi la
hang tir ty do.

Trong do: x, x3,..., X, la cac an, a;

2) Mot nghiém cia hé (1) la mét bg n s6 (¢, cs,..., Cj... cn) thuoc
truong K sao cho khi thay x; = c; thi moi dang thire trong (1) déu la
nhitng dang thire ding.

3) Néu hé (1) c6 m = n va dinh thirc

@y pzeenernlyjunennnly,
D=la, ay....q;..... a, |=0.
PR T N 2

thi no dwoc goi la hé Cramer. Pinh thicc D duoc goi la dinh thirc cua hé
phuong trinh.

6.2. Cach giai
Cho hé Cramer
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8y X; +8pyXy + .ot 8y

a,X, +8,X, +... a8 X +...+a, X

In“n T M1
X;+..+8, X =b,

a,X, +a,,X, +...+a X +...+a, X =b

n

Véi mdi j, trong dinh thirc D ta thay cot thtr i boi cot gdm cac hang tir

tu do by, b,,..., bn) ta dugc dinh thiec:

a;, a,...h ... a,
D;=la;, ag....b....... a,,
a, dg......b a_

(cot thur j)

Vi bi =ax;+..+ AjiX; + LT apX, nén

Ap BpgeeecniBypeenees a,
o P,
By BBy,

8;; BpgeeeeBpgeeeenns a,,
o
By gy i

8y 8y (@ X FoFAGX F o F A X )8y,
=la;, 8 (2, %, +otaX; +o 8, X )8y |
Ay Bpge (@ X Fota X bt A X ) ay,

8y, BpgeeeeeBpjenendyy
By BgeerereBereenene a,,
IS N : W B
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binh thirc ¢ hang tir thtr j chinh la D, con cac dinh thirc khac ¢ vé
phai déu bang 0 (vi c6 hai ¢4t giong nhau). Do d6 D; = x;D. Suy ra

D, . ..
Xj = B,VO‘IH’I(_)IJ e {1,2,..n}

Viy hé phuong trinh Cramer c6 nghiém duy nhat.

Nha toan hoc Thuy si tén 1a Cramer (1704-1752) da dung dinh thuc
dé trinh bay 1oi giai cia mot hé phuong trinh tuyén tinh ma sau nay
nguoi ta ldy tén ong dit cho hé phuong trinh dang d6. Tuy nhién ong
khong phai 1a nguoi ching minh cong thic Cramer ma nguoi chung
minh cong thire nay lai 12 Vandermonde, mdt nha toan hoc Phap.

Vi du. Giai hé phuong trinh:

3X, — 2x, =3
X, + 3%, +5%x, =0
X, +4%, + X, =-1
-2%, - X, —4x,=0
Giai

Ta phai tinh D, va cac D;.
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3 0 -2 0 0 -9 -2 -15
1 3 0 5/ |1 3 0 5 -2 -5
D= = =(-D*'i1 4 1|=-26.
0 1 4 1 0 1 4 1
-2 -1 -4
0 -2 -1 -4 0 -2 -1 -4
3 0 -2 0 3 3-2 0
0 3 0 5 1 O 0 5)
Dlz ="26 D2= = 52,
-1 1 4 1 0 -1 4 1
0 -2 -1 -4 0 0 -1 -4
3 0 3 0 3 0-2 3
1 3 0 b5 1 3 0
D3: =O, D4= ——26.
0 1 -1 1 0 1 4 -1
0 -2 0 -4 0 -2 -1 0
D1 -26 __D2 52 _D3 0 _D4 -26
1——:—————: , X2_—=-—-——:—- 7X3__=-_:0’X4——=—=
D -26 D -26 D -26 D -26

Vay hé c¢6 nghiém duy nhat: (1, -2, 0, 1).

6.3. Giai hé Cramer bing may tinh bé tiii va may tinh dién tir

a) Gidi bang may tinh bé tiii

May tinh bo tai CASIO-570MS chi c6 thé giai duoc hé Cramer v6i n
<3.

Vi du. Giai hé phuong trinh

3x—- y+z= 5
4x+2y+5z= 0
Xx+3y-6z=-5
Gidi
Dé dua vé chuong trinh "giai phuong trinh" ta bAm
MODE| MODE MODE|
Cira s6 xuét hién hai dong unknowns? (4n)

2 3 (2 hay 3 4n)
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Bam |3 | (dé khing dinh s6 4n 14 3).
Cira sO xuét hién a,? (c6 nghia 13 bao ta nhap hé s a,).
Bam [3][= | (dé nhap hé sb a, = 3).

Tiép tuc nhap cac h¢ s6 bang cach bam lién ti€p:

@BBE]EJEE@B =1(3] El H4

Lap ttrc ctra s6 xuat hién x - 1
Bim @ tim dugc y = - 2.

Bim & tim dugc z = 0.

Vay h¢ c6 nghiém (1, - 2, 0).
b) Giai bcing mady tinh dién tir

May tinh dién tir c6 thé giai hé Cramer n 4n véi n 13 s6 nguyén
duong tuy y.

Vi du. Giai hé phuong trinh trong vi du ctia muc 6.2:

3x, - 2x, = 3
X, +3X, +0x,= 0
X, +4%; +x, =-1
-2x,- x,-4x, = 0

Gidi
e Tao ma tran cda h¢ phuong trinh béng cach danh:
A={{3,0,-2,0},{1,3,0,5},{0, 1,4, 1},{0, -2, -1, -4} }
(Chut y phai dung phim enter ¢ tan cung bén phai).
e Giai hé phuong trinh bing cach danh 1énh:
LinearSolve[A,{3, 0, -1, 0}] .
Man hinh xuat hién :

Out[] =(1, -2, 0, 1). P6 1a nghi€ém ctia hé¢ phuong trinh.
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TOM TAT

Ta da dung phép thé dé mo ta khai niém dinh thirc. Mot phép thé trén
tap X, = {1, 2,..., n;} 12 mot song anh.

o: X, = X,, n6 dugc viét nhu sau:

- 1 2 n
o) o®@ ... om))

Mot cip (o(i), o(j)) dugc goi 1a mot nghich thé cia o néu i < j nhung
c(1) > o(j).

Phép t’hé 6 duoc goi la phép thé chin (1¢) néu n6 c6 mot sé chin (1&)
nghich the.

Dau cua phép thé o ki hiéu boi sgn(c) duoc xac dinh bai:

1, néu o 1a phép thé chan
sgn(c) = A
- 1, néu o 1a phép the 1¢
a;, 8.8,
binh thac cua ma trn vuong A = | a,; a,..a;.a, [tOng
ar11 a1’12"'anj ann

2sgn (6)315(1) e A26(2) -+ Ais(i) -+ Ano(n) ki hléu béi

ceS,
hay |A| hay det(A).

Binh thre ¢6 7 tinh chat (xem §3). Dung cac tinh chat nay ta ching
minh dugc dinh li v€ sy khai trién dinh thirc theo mot dong:

D = aja; + apAp + ...+ apA, vol moii € {1, 2,..., n},
trong do Aj 1a phan bu dai sé ctia thanh phan ajj (xem dinh nghia 4.1).
Ta cling co:
AnAg + apAi + .. F A, =0 néui=k.
Tinh chit 7 noi rang:
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‘Al = A

suy ra rang moi tinh chét cua dinh thtrc phat biéu ddi véi dong déu dung
ddi véi cot

Ap dung céc tinh chét cta dinh thirc ta c6 thé tinh duoc dinh thtr cap
tuy y. C6 nhiéu phuong phap tinh dinh thirc, trong d6 hai phuong phap
thudng dung nhat 13 phuong phap khai trién dinh thic theo mot dong
hodc mot cot va phuong phap dua vé dang tam giac. Tuy nhiét ciing can
biét cac phuong phap khac dé viéc tinh toan dugc linh hoat. Hé phuong
trinh Cramer 1a mot tng dung dau tién cua dinh thae Do 14 hé phuong
trinh c6 dang:

a,X; +2,X, +..+a,X, +...+8,X, =b

By X, +8y,X, +. 8y X+ F By X =b,

(1)

8, X, +8,,X, tota X Fta, X =

Trong dd xi, X,.. X, la cac an, aj bie K voiie {1, 2,.,n},j € {1,
2,...,m}; aj; dugc goi la h¢ sd cua an Xj, bj duoc goi la hang tu tu do va

Dinh thirc nay dugc goi 1a dinh thirc ctia hé phuong trinh (1).

Ki hiéu Dj l1a dinh thirc thu duoc tir D bang cach thay cot thi i cia D
bo1 cdt cac hé tur tu do, ta c6 cong thurc nghiém cua hé Cramer, dugc goi
la cong thirc Cramer:

D, .. ..
Xj = B,VO‘IH’I(_)IJ e {1,2,.,n}.
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BAI TAP

§1. PHEP THE
1. Tim tit ca cic phép thé ctia mdi tap sau:
Xo={1,2},X5={1,2,3}, X4 =1{1,2, 3, 4}.
Xéc dinh ddu cia mdi phép thé.

2. V6i mbi phép thé sau hdy xac dinh dau ciia n6, tim phép thé
nghich ddo va dau cua phép thé nghich déo:

1 23 456 1 2 3 4 5 6
6 5 4 3 2 1 4 1 3 6 5 2

0 (1 2 3 ... n
B n n-1 n-2..1)

Xéc dinh cac tich op, po.

§3. DINH NGHIA VA TINH CHAT CUA PINH THUC
3. Cho ma tran A = (a;)) cap 4.
a) Trong céc tich sau, tich nao c6 mat trong dinh nghia dinh thirc cua
A:
a13224431a33, 12d24433d41, 1422831443, a11d23431d42.
b) Xéac dinh ddu cua nhitng tich néi trén néu né c6 mit trong dinh
nghia dinh thurc ciia ma tran A.

4. Chon cac sb j, k sao cho moi tich sau c6 mit trong dinh nghia dinh
thirc ciia ma tran A = (a;)) cap 5:

a11a22a3;A4kA54, A12a2jA33A4kaA55.

nn

5. Cho ma tran cép ba: A = (ay). Viét céc tich c¢6 dau chtra a;3 co

mat trong dinh nghia cua dinh thirc cua A.

6. Cho ma tran A = (aj;) cap n. Xéac dinh diu cia tich cac thanh phan
nam trén moi dudng chéo (c6 mat trong dinh nghia ctua dinh thirc ctia A).

7. Biét rang 121, 253, 495 chia hét cho 11. Ching minh rang dinh
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thuce :

1 2 1
2 5 3| chiahétcho 11.
4 9 5
8. Ching minh ring:
b+c c¢c+a a+b a b ¢

b, +¢, ¢, +a, a,+b|=2]a, b ¢

b, +c, ¢, +a, a,+b, a, b, ¢,

9. Khong tinh, ding tinh chat cta dinh thirc chimg t6 rang cac dinh
thirc sau bang 0:

41 7 -3
3 -1 6
2 0 -5 4
a7 2 10/|; b)
. 5 53 8 -7
-1 2 6 -8

§4. KHAI TRIEN PINH THUC
10. Tinh cac dinh thurc bfmg cach khai trién theo dong hodc cot:

5 -2 4 -1 2 7 10 -4
3 6 -3 1 1 3 5 3
a) ; b) ;
8 12 1 0 0 3 -1 6
11 -6 0 O 1 2 5 10
-1 4 2 5 3 1 2 4
1 -4 3 6 0 -~
c) ; d) 0-16 ;
1 2-5 0 2 1 31
0 2 5 -6 2-2 31
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0 0 5 00 1 -2 14 10
0 2 0 -2 0 1 3 25 3
el 318 -62 |; Hlo 5 37 9l
4 17 9 -15 2 0 0 23 7
192024 3 5 0 0 0 3 15

11. Dung dinh ti Laplace dé tinh dinh thuc:

J J v v v

120 0

511 0 3 -4 0 0 O©

a) b |7 12 1 5 0

021 1

002 1 1 2 -1 -6 12
1815 0 1 5

§5. PHUONG PHAP TINH PINH THUC
12. Tinh cac dinh thirc bang quy tic Sarus:

-3 5 1 9 7 -4
a)|4 6 O0|; bpj1 5 5
210 7 3 -2 8

13. Tinh dinh thirc bang cach dwa vé dang tam giac:

2 -3 1 4 0
1 5
0 3-1 5 186 1 3 . .
a) |0 0-4 10 8|;b)|-1-2 ;)
2 10
0 0 0 -7 5 2 7
-3 -15
0O 0 0 0 -8
11111 1 2 3 .. n
1 2345 -1 0 3 .. n
d|[1 1 3 4 5{; e)-1 -2 0 .. nf;
1 1 1 4 5B s
1 1115 -1 -2 -3 0

-2
7
-1
-6

13
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-1 1-a, a, O 0 0
H 0 -1 1-a, a, 0 0
0 0 0 0 1-a,, a,
0 0 0 0.. -1 1-a

14. Dung phuong phap quy nap tinh cac dinh thtrc:
1 2 3 4 .. n-

1
23000 1 0 0 0 (r)1
123 00 _0 ’; 5 -

af0 12 3 0f; bl 7 :
00 1 2 3 o .
000 1 2 X

0 0 0 0 -
1 1 L. 11
a, 8, Az a,, a,
9D, = al a;  al..... al, a’
al”? ay? aj”.... ar? ar’
al” a)? alt..... a"l a'!

(dinh thitc Vandermonde).

§6. UNG DUNG-HE PHUONG TRINH CRAMER
15. Giai hé phuong trinh Cramer:

2x, + X, =-1 X, ~X, +3%, =6
a) {X, +4x, +2x, =7 b) 4x, - bx, =-13;
5%, + X, =5 3x,  -2x;=1
X, +4X, - X, = 2 X, -3x,+ x,=5
0 2x2—3x3—5x4:—8; a 2x, - x, + x,=0 ;
2x, - X4 =5 2x, —5x, +2x, =13
X, —2x, -3x,=0 3x, ~-X,=4
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X, +3X, — X, +2x, =6
2x, -6x, + X, - 2x, =-9
X, +7x, + x,=15

X, +90x, =2

16. Giai h¢ phuong trinh:

X, + X +..4+ x =1

a,X, + a,x, +..+ a,Xx, =b

nn
Jajx, + ayx, +..+ alx,=b*  trong do cac a; d6i mot khac nhau.

17. (Bai tap tong hop)

Ban hay tim trong cuon sach giao khoa nay, hodc trong cac sach giao
khoa khac vé dai sb tuyén tinh, nhiing vi du vé cac phuong phap tinh
dinh thirc (mdi phuong phap c6 mot hodc hai vi dy). Noi riéng, d6i voi
phan "4p dung céc tinh chét ctia dinh thic" thi mdi tinh chét co it nhat
mot vi du.

Cac dinh thirc 1ay 1am vi dy phai c6 cap n > 3. Hon nita cac vi du cua
ban khong dugc trung véi vi du trong sach gido khoa nay.
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VAINET LICH SU

Ngay nay khi dinh nghia dinh thirc bao gio
ta cling no6i: "dinh thic cia mdt ma tran nao
d6". Vi thé, mot cach tuy nhién, ai cling nghi
rang khai niém dinh thirc phai ra doi sau khai
niém ma tran. Nhung thuc té, khai niém dinh
thirc ra doi trudc khai niém ma tran 150 nam.
Nguoi dau tién dua ra khai niém dinh thic 1a
Leibnitz, nha toan hoc Puc,(1646- 1716) va nha
toan hoc Seki Kova, ngudi Nhat ban. N6 cling
da duoc xuét hién trong cong trinh cia mot nha
toan hoc Nhat ban khac, tén la Takakazu (1642-
1708).

Leibnitz d3 khong cong bd phat kién ctia minh ¢ lién quan dén dinh
thirc. ong chi n6i dén né trong mot birc thu giri nha todn hoc L'Hopital dé
ban vé viéc giai hé phuong trinh tuyén tinh. O d6, 6ng di noéi dén khai
niém nay va hét 161 ca ngoi né. Mii t6i nim
1850 (tirc 12 sau gan 200 nam), khi thu tir cua
ong duoc cong bd ngudi ta moi biét rang 6ng
da phat hién ra khai ni€ém dinh thirc. Leibmtz
da nhan manh ich loi cua viéc danh sé bai hai
chi s6 dé ki hiéu cac hé sd trong hé phuong
trinh.

Seki dd cham dén khai niém dinh thire khi
tim nghiém chung cuta hai da thuce f(x) va g(x)
(v6i bac thap). Nhung ong di gitr bi mat
phuong phdp cua minh va chi tin vao nhitng  ( Chén dung Cauchy)
hoc trd than cén nhat. Nam 1674 phat kién
ctia Se ki duoc cong bd, va khi d6 phuong phap ciia ng duge trinh bay
r0 rang hon.

(Chén dung Leibnitz)

O chau Au, Newton, Bezout va Euler, khi nghién ctru viéc tim tap
nghiém chung cia cac phuong trinh dai s6 da gan chat viéc nghién ciru
cua minh véi dinh thirc. Vao nam 1750, nha toan hoc Thuy si Cramer da
cong bd cong trinh twong ddi tong quét lién quan dén dinh thirc. ong da
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dua ra mot biéu dién dinh thire cho 1oi giai cua bai toan tim mdt duong
conic di qua 5 diém cho trudce. Tuy nhién Cramer lai khong phai 1a nguoi
ching minh cong thirc Cramer ma chiing ta thuong dung.

Nguoi dau tién dinh nghia va nghién ctru dinh thtc 14 nha todn hoc
Phép tén 1a Vandermonde. Ong di cong bd nhitng cong trinh nay vao
nam 1771. Ong dd ching minh quy tic Cramer va tim dugc mot sb tinh
chit cta dinh thirc. Nhung o6ng méi chi tinh duoc dinh thuc
Vandermonde cap 3. Nam 1772, Laplace (1749-1827) da phat hién cong
thae khai trién dinh thirc theo mot dong hay mot cot.

T4t ca cac nha toan hoc noi trén da phat hién, nghién ctru dinh thuec,
nhung van chua co tén goi ciia dinh thirc. Tén goi cua dinh thirc lan dau
tién xudt hién trong mot bai bao ctua Gauss nim 1801. Hai nha toan hoc
Phap la Cauchy (1789-1857) va Jacobi (1804-1851) da trinh bay li thuyet
dinh thirc mot cach hé théng. Tir d6 khai niém dinh thirc tré nén phd cép
hon.
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Chuwong 11
KHONG GIAN VECTO

MO DAU

Trong chuong I ta di thiy, nho dinh thic ta dd giai duoc hé phuong
trinh Cramer. Song néu chi dung dinh thirc dé nghién ciru viéc giai hé
phuong trinh tuyén tinh téng quat (khi m # n hodc khi m = n nhung dinh
thitc cta hé phuong trinh bang 0) thi s& c6 nhiéu kho khan, phirc tap.
Khong gian vecto s€ giup ta vuot qua nhiing kho khan a ay va ciing giup ta
trinh bay 1i thuyét hé phuong trinh tuyén tinh mot cach sang sta. O
truong Pho thong trung hoc ta da dung vecto dé nghién ctru hinh hoc.
Vecto con dugc ding dé nghién ctru nhidu nganh toan hoc khac va ca
nhitng mén khoa hoc khac nhu Co hoc, Vat i, Hoa hoc, Dia li, va nhiéu
nganh ki thuat.

Néu xét tap hop V céc vecto co chung diém géc O ma ta di hoc ¢
truong Pho thong thi ta thay tap V cung voi phép cong hai vecto va phép
nhan mot vecto véi mot s6 thoa mén nhitng diéu kién sau:

D@ +P)+7=a+(+7)
2 a+p=Pp+a;

3) ¢6 vecto khong 0 thoa man didu kién: @ + 0 = a;

4) mbi o c6 mot vecto dbi -a thoa méin diéu kién: o + (-a) = 0;
5 r(o + B)=ro +rp;

6)(r+s)&=r& +sa;

7) (1s) a =r(s&);

8) 1. o= a, trong dor, s, 1 1a nhiing s6 thuc.
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Trong toan hoc va nhiéu khoa hoc khac con ¢6 nhing tap hop ma cac
phan tir ctia chung khong phai 1a nhitng vecto hinh hoc nhu ta vira noi,
nhung ciing c6 hai phép toan thoa man 8 diéu kién néu trén. Chung duoc
goi la nhiing khong gian vecto.

Muc ti€u cua chuong nay 1a trinh bay dinh nghia khong gian vecto,
cac tinh chat cta nd va ciu tao cuia mot khong gian vecto, chuan bj cho
viéc ap dung no vao li thuyét hé phuong trinh tuyen tinh va viéc nghién
clru n6 siu sic hon trong nhitng chuong sau dé co thé ap dung nod nhiéu

hon vao nhitng bd mon toan hoc khac cting nhu nhirng linh vuc khoa hoc
khac.

Vi thé ta can:

- Nam virng dinh nghia va cac tinh chat cua khong gian vecto, khong
gian con:

- Hiéu rd rang mdi khong gian vecto dugc tao thanh tir mot ho “tdi
thi€u” nhimg vecto cia khong gian ma ta goi la co s0; biét cach tim co
s& va sb chiéu ctia mot khong gian vecto;

- Biét duoc mdi lién hé gifra toa do cuia cung mdt vecto trong hai co
s& khac nhau.

Trong gido trinh nay ta chi xét cac khong gian vecto trén cac truong
sO Tuy nhién nhiing di€u trinh bay sau day déu ding trong moi truong
tuy y.
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§1. PINH NGHIA VA CAC TINH CHAT PON GIAN

1.1. Dinh nghia

Pinh nghia. Gid sit V la mét tdp hop ma cdc phdn tir dwoc ki hiéu
béi o, B, v,.... K la mot truong so. Trén V co mot phép toan goi la phép
cong hai phd‘n tr cua V (ki hiéu "+") va phép toan thir hai goi la phép
nhédn mét phan tir ciia V véi mét s6 thuéc truong K (ki hiéu ".").

Tdp hop V cung voi hai phép todn ndy dwoc goi la mot khong gian
vecto trén truong K (hay mot K-khong gian vecto) nén cdc diéu kién sau

duoc thod mén doi véi moi o, B v, e Vvamoir, s, 1 ek

— -

3) co métphdn tr 0 € V thod man diéu kien: a + 0 = a

4) v6i méi a € V c6 mot phan tir, ki hiéu boi - a, ciing thugc V thod
man diéu kién: o + (-0) = 0;

5)r(& +B) =ra +ra

6)(r+s)a =ra +sa;

7) (rs)a =r(sa) ;

8 1o =a.

0e V duwoc goi la mot vecto, 6dw_0’c goi la vecto khong, - a dwoc goi
la vecto doi cia a.

Ban doc co thé dung dinh nghia ciia khong gian vecto dé kiém chimg

rang cac tap hop cho trong cac vi du dudi day la nhimg khong gian
vecto.

Vi du 1. Tap hop V cac vectoOA, OB,OC?... chung gbc O trong
khong gian (ma ta hoc ¢ trudng phd thong) cung voi phép cong hai vecto
va phép nhan mot vecto véi mot s thuc 1a mot khong gian vecto. No
dugc goi la khong gian vecto hinh hoc.
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Vi du 2. Mbi truong K 13 mot khong gian vecto trén K ddi véi phép
cong va phép nhan trén K.

Vi du 3. Truong s6 thyc R 13 mot khong gian vecto trén trudng sb
hitu ti Q.

Vi du 4. Trudong sb phire C 1a mot khong gian vecto trén trudng sb
thuc R va cling 1a mdt khong gian vecto trén truong Q.

Vi du 5. Gia st K 12 mot truong sd, tap hop K[x] cac da thirc cua an
x vo1 hé s6 trong K, cung véi phép cong hai da thic va phép nhan da
thirc vd1 mot so, 1a mot K-khong gian vecto.

Vidy 6. Kn =K x K x... x K 1 tich d& cac cua n phién ban K. Trén
Kn xdc dinh phép cong hai phan tir va phép nhan mot phén tir cua K" v6i
mot sO thuoc K nhu sau:

Vé6i o= (aj, a,..., ay), p = (b1, ba,..., by) thuoc K" vasdr e K,

(a1, ag,..., ay) + (by, by,..., by) =(a;, + by, a; + by, a,..., by),

r(ay, a, ..., ay) = (ray, ray, ..., ra,).

K" 1a mot K-khong gian vecto.

Tir day tré di, mdi khi noéi dén khong gian K" ta hiéu rang hai phép
todn trong do da dugc dinh nghia nhu trén.

Tir dinh nghia khong gian vecto ta suy ra ngay mot sé tinh chat don
gian cua no.

1.2. Mt s6 tinh chét don giin

Gia su V la mot K-khong gian vecto.

1) V chi ¢6 mét vecto khéng 0 duy nhdt.

2) Voi moéi a € V. vecto doi - a duy nhat.

) Véiméia €V, -(-a) = a.

4) Voi a eVvar ek, p& = 0 khiva chi khir = 0 hoac a=20.

5)Véia eVvir ek, taco: (-pa =-(pa) = pla).

Chirng minh.

1) Gia st 0 va 0' 1a nhitng vecto khong cia V. Theo diéu kién 3)
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trong dinh nghia, vi 0 14 vecto khong nén 0 + 0' = 0'. Twong tw, vi 0' 1
vecto khongnén 0 + 0'=0.Vay 0 = 0'.
2)Giast o € Vo nhitng phan tir dbi 1a -a va o' . Theo diéu kién 4)
trong dinh nghia, o+ (-&) =0=a+ a.Do do, ap dung céc diéu kién
l)va2),taco:
a=a+0=a+[a+(Ca)]=(d +a)+(-0)=0 +(-a)=-a.
3) Vi-(-a) va o déu la vecto dbi cua -a nén tir 2) suy ra -(-0.) = a.
4) “”
e Néu r = 0 thi theo diéu kién 6), ta co:
0a=(0+0)a=0a +0a.
Cong -00 vao vé dau va vé cubi ta duoc: 0=0aq.
e Néu o = 0 thi theo diéu kién 5), ta co:
r0 =1(0 + 0)=r0 +r0.
Cong -r0 vao vé dau va vé cubi ta duge 0 =10.

—” Giasirra = 0. Néu r # 0 thi theo diéu kién 7) va 8), ta co:

-

o =1la=(Lna —(— ro)=10=0
T T
5) Vi «(ra) la vecto di cia ra nén nho tinh chat 2), ta chi cAn ching
minh (-r)a var(-a) déu la vecto doi cuara.
Ta co: (—r)& +r&=(—r+r)&=0&=6 ;
r(-a) +ra =r(-o + a)=10 = 0.
Piéu d6 ching t6 rang (-1)a var(-a) déu la vecto ddi ciara. Vay
(1)o =-(ra)=r(-a). ]

1.3. Hiéu cua hai vecto
Dinh nghia. a + (- B) duoc goi la hiéu cua a va B, ki hiéu béi o -

B va docla a trir 5.
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Tt dinh nghia ndy va tinh chit cua khong gian vecto ta suy ra: Hé
qua.

Dp(a-p)=pa-ch.

2) (p-oa =pa - oa.

Chirng minh. Xin danh cho ban doc.

§2. KHONG GIAN CON

2.1. Dinh nghia

binh nghia. Gia su W la mét tdp con cua khong gian vecto' V. Néu w
ciing la mot khong gian vecto doi voi hai phép todan da cho trong V thi W
dwoc goi la mot khong gian con cua V.

Nhu vdy mudn chimg minh tdp con W 1a mot khong gian con cua
khong gian vecto V ta phai chiing to rang cac phép da cho trong V ciing
1a cac phép toan trong W va phai kiém tra rang 8 diéu kién néu trong
dinh nghia khong gian vecto déu dugc thoa man. Song ta s& thay rang chi
can kiém tra mot s6 it diéu kién hon.

2.2. Tinh chét diic trung

Dinh li. Gia su' V la mot khong gian vecto trén truong K. W la mot
tdp con cua V. Cac ménh dé sau twong duwong:

(i) W la mot khong gian con cua V.
(ii) W = Dva voi moi a, ﬁ thuoc W, moi r thuoc truong K, ta co P
+ ﬁ e W, pa eW.

(iii) W = va voi moi &, E thuoc W, moi r, s thuoc truong K, ta co
ra + Gﬁ ew.

Chirng minh.

"(i) = (ii)": Néu W 1a mot khong gian con ctia khong gian vecto V

thi W phai chira mét vecto 0 ctia n6. Do d6 W # @. Cac diéu kién con
lai cua (i1) hién nhién dugc thoa man.

"(i) = (iii)": Hién nhién.
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"(iii) = (i)": Gia st cac diéu kién cua (iii) duoc thoa man. Khi do,

véi o, p thuocWvar=s=1eK, o +p=1a +1p € W;

véia e W,re K, taco:ra =ra +0a € W ;
nghia la cac phep toan trong W cling 1a hai phép toan trong V. Ta phai
kiém tra rang 8 diu ki¢n trong dinh nghia cua khong gian vecto déu
duogc thoa man. Hién nhién cac di€u kién 1), 2), 5), 6), 7), 8) dugc thoa
man vi hai phép toan trong W chinh Ia hai phép toan da cho trong V. Chi
con can kiém tra cac diéu kién 3) va 4). Vi W = & nén c6 mot o € W.
Theo tinh chit cta khong gian vecto, 0=0a + O&, mat khac, theo gia
thiét 0o + 0o € W.Dodd 0 € W. Tuong tu, véi mdi o € W ta déu co
-0 =(-1)a +0a € W. Vay W 1a mot khong gian vecto trén truong K va
do d6 W la mot khong gian con cia V. [

Ban doc hiy dung dinh li 2.2 d¢ chimg minh nhiing diéu khang dinh
trong cac vi du dudi day:

Vi du 1. Véi mbi khong gian vecto V, ban than V va tap {0} 1a
nhirng khong gian con cua V.

Chung duoc goi 1a nhitng khéng gian con tam thwong cta V.

Vi dy 2. Tap P, gom da thirc 0 va cic da thirc c6 bac bé hon hay bang
n cua K[x], (xem vi du 5, muc 1.1) Ia mdt khong gian con cua khong
gian vecto K[x].

Vi du 3. Theo vi du 6), muc 1.1, voi n = 4 va K = R 1a trudong )
thuc, thi R* 1a mot R-khong gian vecto. Tap W = {(aj, a5, 0, 0}]a; € R) 1a
mot khong gian con cua khong gian R*,

That vay, ta chimg minh cho vi du 3.

R rang W = @ vi (0, 0, 0, 0) € W. Bay gid v6i o = (ay, a, 0, 0), B
= (by, by, 0, 0) thuoc W var € R, ta co:

a + B =(aj, a0,0) + (b, by, 0,0)=(a; + b, 2 + by, 0,0) € W,

ro = r(a;, ap, 0, 0) = (ra;, ra, 0, 0) € W.

W thoa mién diéu kién (ii) trong dinh 1i 2.2. Vay W 1a mot khong
gian con cua R4.

C6 nhiéu cach tao thanh nhiing khong gian con ciia mot khong gian
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vecto V.

2.3. Tong ciia nhirng khong gian con

Ménh dé va dinh nghia. Gid sit W;, W,,... W,, la nhitng khéng gian
vecto con cua K-khong gian vecto V. Khi do:

Taphop W={a,+ a>+ ..+ a, a; e Wy {1, 2,..., m }} la mét
khong gian con cua V.

Khéng gian nay dugc goi 1a téng ciia m khéng gian con W; dé cho va

dwoc ki hiéu boi W; + W, +... + W, hay Z w..

i=1

Chung minh. Vi 0 e W, véi moii e {1, 2,.., m} nén 0=0+0 +
..+ 0 € W;nghiala W= .

&=&1+&2+..+ameW, B 261+B2+...+BmeWVéreK,

tacd:a+P=oa;tartBitPatotPm=(o1+p)+ (a2t po)t..

Vi a;, B; € W; va W, la khong gian con ciia khong gian vecto V nén
&i + Ei € Wi, I'&i S Wi, Vo1 m011 S {1, 2,..., m} Do d6
o+ B eW, roaeW.
Theo dinh 1i 2.2, W 1a mot khong gian con cua V. [

2.4. Giao cua nhirng khong gian con

Ménh dé va dinh nghia. Gid sit W, Ws,..., W,, la nhitng khéng gian
vecto con cua K-khong gian vecto' V.

Tdp hop U = (W, la mot khong gian con cua V va duoc goi la giao
p hop i

i=l

cua m khong gian con W,
Churng minh. Xin danh cho ban doc.

Tir mot hé (mdt sb hay mot ho) vecto cua khong gian V ciing c6 thé
tao thanh mot khong gian con cua V.
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2.5. Khong gian sinh béi mot h¢ vecto
Pinh li. Gid sit o = {01, 02,..., Am} ld mot hé vecto ciia K-khong
gian vecto V. Khi do tap hop

W={ra,+ par+ ..+ pa,l €K véimoiic {1, 2,., m}} la
mot khong gian con cua V.

W dwoc goi la khong gian sinh boi hé vecto o con o dwoc goi la hé
sinh cua W.

Chirng minh. R rang W = @ vi 0 = a;+ 0o, + ..+ 0o € W.

Gia st o, ﬁ e Wvate K, chrflng han:

A=T0, +1,0, +..+1, & , P=50, +8,0, +...+8, 0.

Tir cac diéu kién trong dinh nghia cta khong gian vecto, ta suy ra:

a+PB=r0 +1,0, +...+ 1,0, +80, +8,0, +...+5 0

It

(r, +8,)0, +(r, +8,)0, +...+(r, +s, )0, €W,

ta=t(ra, +rna, +..+r,0,) =)o, +(tr)a, +...+(tr_)o_eW.

Theo dinh 1i 2.2, W 1a mot khong gian con cta V. [

Chii y. Khong gian sinh bdi mot vecto thudng duoc ki hiéu boi K.

Néu W 1a khong gian sinh boi h¢ vecto {a;, as..., apm} thi W =
> Ko .
i=l

Khong gian W trén day sinh bdi mot h¢ hiru han vecto. Nguoi ta goi
no6 1a khong gian hitu han sinh.

C6 nhiing khong gian vecto c6 h¢ sinh v6 han nhung khong c6 hé
sinh hiru han nao. Trong gido trinh nay ta chi xét cac khong gian vecto
c0O hé sinh hiru han

Vidu 1.

1) Gia st V la khong gian vecto hinh hoc trong khong gian (xem vi
du li trong muc 1.2). Ol l1a mét vecto ¢d dinh.

Néu O =1thitdp U= {rOI |r € R} chi chira vecto0, 1a mot khong
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gian con tam thudng ciia V.

Néu O=1thitap U= {r6i |t € R} gbm céc vecto gbc O, nam trén
duong thang OI.

0)
A

e Gia sit OJ 1a vecto khéng cung phuong v6i OI. Khi d6, tap
W= {rlai +r26j |r1 € R,I'z S R)

1a mot khong gian con ctia V gdm céc vecto,,... nam trong mat phang
(o).

1

O/ ~ B

A

Gia sit OK khong ddng phing v6i OI, OJ. Thé thi {OI, OJ, OK } la
mdt hé sinh cua V. That vay, nhu ta di biét mdi vecto OA trong khong
gian déu co dang: OA = rl(TI + r20_j + r3O—K.

(I'lai =rlO—A;, I'zai = OA2 +r3ﬁ( = Oz@3

Ky
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Vi du 2. Xét khong gian vecto R* va khong gian con W trong vi du 3,
muc 2.2. Hé hai vecto ¢, = (1, 0, 0, 0), &, = (0, 1, 0, 0), caa R* 1a mot hé
sinh cua W.

Pé chimg minh didu nay ta phai chimg t6 rang méi o € W duoc biéu
dién dudi dang o =r& + 1 52 . Biét ring mdi vecto trong W ¢6 dang «
= (ay, a, 0, 0) € W. Theo phép cong va phép nhan voi mot sb trong RY,
ta co:

a = (aj, a, 0,0) = (aj, 0, 0, 0) + (0, ay, 0, 0)

=a,(1,0,0,0) + a0, 1,0,0)=a& + aye,.

Vay {&i, ¢, } 1a hé sinh ciia W.

Ta hiy thir thém vecto & (2, 3, 0, 0) vao hé vecto {&, &,} va xét
khong gian con W' sinh bé1 hé vecto {51 , 52, 8}. Mbdi o = a & + azgz
+ad € W’ déu co thé viét thanh:

a=a,(1,0,0,0) + ay0, 1,0, 0) +a,?2, 3,0, 0)

=a,(1, 0,0, 0) + a,0, 1, 0, 0) + a,[(2, 0, 0, 0) + (0, 3, 0, 0)]

= al(la 0; 0’ 0) + 3.2(0, 1: 09 0) + 23.3(1, O> O> O) + 333(0> 1> 07 0)
= (al+ 233)(1, 0’ 0, O) + (a2+ 333)(0, 1» 09 O)

= (a,+ 2ay) €,+ (a,+ 3a,) € ,.

Do 1a mot vecto trong W. Nhu vay, W < W.

Nguoc lai, mdi vecto B =bje + bye, € W déu c6 thé viét dudi dang
B =be + by 52 +35.Pola mot vecto thudéc W’.

Vay W’ = W; nghia 1a hai h¢ {g, ¢,, 5} va {g, &, 6} déula hé sinh
cua khong gian vecto W.

Mot cau hoi dat ra 1a trong mot hé sinh ciia mgt khong gian vecto cé
thé c6 mot sd tdi thiéu vecto sinh ra khong gian 4y hay khong? Tra 10i
ctia cAu hoi nay lién quan dén mot khai niém goi 1a hé vecto doc 1ap
tuyén tinh.
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§3. SUPQC LAP TUYEN TiINH - SU PHU THUQC TUYEN TiNH

3.1. Dinh nghia

Gia su A= {01, 0oy Opg, Ot (1)
la mot hé vecto cua K- khong gian vecto V, (m > 0).
Pinh nghia 1. Néu o = r,&; + rgag + ...+ rm_,&',,,_J + rlam thi ta

néi o la mét 16 hop tuyén tinh cia hé vecto o hay a biéu thi tuyén tinh
qua m vecto da cho.

Dinh nghla 2. He¢ vecto of duoc goi la phu thugc tuyen tinh néu cé m
SO, Fayery Frogy Py thUGC truong K, khong dong thoi bang 0, sao cho
POt gt et Py Qg T Ty =0

Dinh nghia 3. H¢ vecto of duoc goi la doc lap tuyén tinh néu né
khéng phu thudc tuyén tinh; néi cdch khdc, néu

-

I"]Ol] + 7”20{2 + ...+ rm_lam_l + rmam =0.
thir,=ry=...=r,;=r,=0.

Vi du 1. Trong khong gian vecto, mdi vecto khac 0 déu lap thanh
mot hé vecto doc lap tuyén tinh. That vay, gia st a la mét vecto khac 0
trong K-khong gian vecto V. Tir ra = 0 v6i r ~ K, nho tinh chét 4), &
muc 1.2, suy rar = 0; nghia la h¢ vecto {a } doc lap tuyén tinh.

Vi du 2. Moi hé vecto chia 0 déu 1a phu thudc tuyén tinh. That vay,
gia st {o, 0,..., 0y, 0} 1a mOt h¢ vecto bat ki cua khong gian vecto V.
Chonri=r=..=1,=0, 1y = 1, ta co:

Oa;+0as+...+H0a,+1.0=0.

Diéu nay chimg t6 hé di cho phu thudc tuyén tinh.

Vi du 3. Trong khong gian vecto hinh hoc V, (xem vi du 1, myc 1.1),
bgt vecto lap thanh mét’hé phu thudc tuyén tinh khi va chj khi ghﬁng
dong phang; ddc lap tuyén tinh khi va chi khi ching khong dong phang.

That vy, OI, OJ, OA phu thudc tuyén tinh khi va chi khi ton tai ba
sb thuc 1y, 1, 13 khong déng thot béng 0 sao cho 1y Ol + r26j + Qﬁ =
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0 ; chang han, r; # 0. Khi d6 OA = - 501 - 2 oK. pidu nay ching to
L I

ba vecto dong phang.

Vidu 4. Xét k}léng gian vecto R*. Hé gém ba Vec,tor & =(1,0,0,0),

) = (Oi 1,*(), O),aa = (2,: 5,#0, 0) 1a phu t’huc}c tuyén tinh, con cac hé

vecto {&i, €}, {&1, o}, {&, a}ddc lap tuyén tinh.

That vy, a =(2,-5,0,0)=(2,0,0,0) + (0, -5, 0, 0)

=2(1,0,0,0)—(5,1,0,0)

=2¢ - 56

hay 2¢ - 582 +(-1) a =0; nghla 1a hé {e, €, a} 1a phu thudc
tuyén tinh va a biéu thi tuyén tinh qua &, €.

Bay gid ta xét hé vecto {&, o }. Giasitr & + r,a = 0, nghia la

r(1,0,0,0) +x(2,-5,0,0)-(0,0,0,0)
hay (11, 0, 0, 0) + (213, - 515, 0, 0) = (r; + 21y, - 515, 0, 0) = (0, 0, 0, 0).
Suy ra:
{rl +2r,=0
51, =0
H¢ phuong trinh hai anry, r nay c6 nghiém duy nhatlar,=0,r,=0.
Vay hé hai vecto {1, a} doc 1ap tuyén tinh.
} Bfm doc hay tu kiém tra sy doc lap tuyén tinh cua hai hé {51 . £ },

{e2, a}.

Tir dinh nghia suy ra cac tinh chat sau.

3.2. Cac tinh chit

Theo dinh nghia, hai khai niém phu thuc tuyén tinh va doc lap tuyén
tinh cia h¢ vecto 1a hai khai niém phu dinh lan nhau. Vi the, khai niém
nay c6 mat tinh chat gi thi 1ap tirc suy ra mét tinh chat twong ing cua
khai niém kia.

Tinh chat 1.

1) Néu thém p vecto vao mot hé vecto phu thuoc tuyén tinh thi dwoc
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mot hé phu thugc tuyén tinh.

2) Néu bét di p vecto cua mot hé vecto doc lap Zuyén tinh thi duoc
mot hé doc lap tuyén tinh.

Chirng minh. 1) Gia st hé vecto o = {a,, 02,..., A1, O} phu
thudc tuyén tinh. Khi d6 ton tai m so sy,..., s, khong dong thoi bang 0,
chang han s; # 0, sao cho:

8,G, +...+8,0, +...+s a0 =0.

Thé thi:

s,d, +..+s0, +...+s_a_ +0a

m+l

+.+0a,,,=0.

—

Theo dinh nghia, hé vecto {& 1,...,&i_1 &i, &iﬂ,...,&m,...,amﬂ,...,
O meps phu thudc tuyén tinh.

2) Gia sir tir hé vecto doc lap tuyén tinh £ b6t di p vecto ta duge hé
vecto B. Néu B phu thudc tuyén tinh thi theo 1), thém p vecto noi trén
vao B lai dugc hé o phu thudc tuyén tinh; trai voi gid thiét. Vay 8 doc
12p tuyén tinh. [

Tinh chit 2.

1) Mét hé gom m vecto (m > 1) la phu thudc tuyén tinh khi va chi khi
co mot vecto cua hé duoc biéu thi qua cdc vecto con lai.

2) Mot hé gém m vecto (m > 1) la doc lap tuyén tinh khi va chi khi
khong co mot vecto nao cua hé dwoc biéu thi qua cdc vecto con lqi.

Chirng minh.

1) "=" Gid str hé vecto

A= {Gy,.ny Oy, G, Gy Gy ) (1)

Cua K-khong gian vecto V 1a phu thudc tuyén tinh. Theo dinh nghia,
tdntaimsor € K, i e {1, 2,..., m) khong déng thoi bﬁng 0, chrflng han, ;
# 0, sao cho:

rjo;+ ... trgaig o ... +rmam=0 .
Khi d6 ro;=-170q ... tij0i] — i1 Oitg - .on - I'mO .
Vir; # 0 nén tr dang thue nay suy ra
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,1

I, r, - P
=~ 1 = i+l
a,=-2a, -.-—=ta, , —*o, -2

T, r, I, : r,

oa
nghia 1a o; dugc biéu thi tuyén tinh qua cac vecto con lai.
<" Gia su trong hé vecto (1) c6 vecto a;; thod man dang thirc:

O, =8,0, +...+85, & , +8

i+l 1+1

+..+8,0,

+..+s a_ =0.

i+1 ul m m

Thé thi s,a, +...+s; @, , +(-1)&; +s;

Vi cé s; = -1 = 0 nén ding thic nay chimg t6 hé (1) phu thudc tuyén
tinh.

2) Truc tiép suy ra tir 1). [

Tinh chit 3.

_1) Mot hé gom m vecto (m > 0) la doc lap z‘uyen tinh khi va chi khi
moi t6 hop tuyén tinh cia hé déu chi c6 mét cach biéu thi tuyén tinh duy
nhdt qua hé dé.

2) Mot h¢ gom m vecto (m > () cua khong gian vecto V la phy thuoc
tuyén tinh khi va chi khi c6 mét vecto ciia V biéu thi tuyén tinh dwoc qua
hé do theo hai cach khac nhau.

Chirng minh. 1) “=” Gia stt hé vecto {a,, 0,..., am} doc 14p tuyén
tinh va

B=b,d, +b,d, +...+b_d,

Néu B con c6 cach biéu thi tuyén tinh
B=b', &, +b',&, +..+b"_&_
thi (b; —=b’1)a; +(ba-b%)as+ .. + (by— b’ )am =0

Vi h¢ vecto ga cho doc lap tuyén tinh nén theo dinh nghia, b; — b’| =
bz- b'z = .= bm — b’m =0.

Suy ra: by =b’, by = b’ ,..., b, = b’p; nghia 1a cach biéu thi tuyén
tinh cia B qua hé vecto da cho 1a duy nhat.

"e=": Néu mdi td hop tuyén tinh cua hé vecto {a,, as,..., am} déu
chi ¢6 mot cach biéu thi tuyén tinh duy nhit thi 0 = 0a, + Oa, + ... +
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0a, ciing la cach biéu thi tuyén tinh duy nhét cta 0. Do d6, néu 0 =10
+ r2a2 + ..+ rmam thi bét budc r; =r1; ... =1, = 0. Vay hé vecto da cho
doc 1ap tuyén tinh.

2)Suyratul). [

Tinh chit 4.

1) Néu thém vao mét hé doc ldp tuyén tinh mot vecto khong biéu thi
tuyén tinh dwoc qua hé ay thi dwoc mot hé doc lap tuyen tinh.

2) Néu bét di & mot hé phu thuoc tuyén tinh mot vecto khong biéu thi
tuyen tinh dwoc qua cdc vecto con lai thi duoc mot hé phu thudc tuyén
tinh.

Chirng ninh. 1) Gia sit A= {01, as,..., Cm.1, 0.m}1& MmOt hé vecto doc
lap tuyén tinh cua K-khong gian vecto V. B € V 1a mét vecto khong
biéu thi tuyén tinh duoc qua hé 2. Ta phai chimg minh hé vecto B =
{&1, a,..., &m_l, &m , B } doc lap tuyén tinh. G1a st

na, +..+r,0a_ +rf=0.

Néu r = 0 thi

-~ T r
_ 1 5 = .
B ...._al._.____'l‘_am’
r r

trai v6i gia thiét vé p. Do dor=0var=a; +..+ rmam = 0 vi hé o doc
lap tuyén tinh. Suy rar; = ... =1, = 0. Vay 8 1a h¢ vecto doc lap tuyén
tinh.

2) Suy ra ngay tu 1). [

Sau khi c6 khai niém vé hé sinh ciia mot khong gian vecto va h¢
vecto dgc 1ap tuyén tinh ta nghién ctru cau tao cta khong gian vecto.
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§4. CO SO CUA KHONG GIAN VECTO

Ta nhac lai rang, trong gido trinh nay ta chi xét cac khong gian vecto
c6 h¢ sinh hiru han (hiru han sinh) trén truong so.

4.1. Pinh nghia

M6t hé sinh djc ldp tuyén tinh ciia mét khéng gian vecto khac {0}
dwoc goi la mot co so cua no.

Khong gian vecto {6 } khong c6 co sd; hay co thé noi, sb vecto trong
co s& cua khong gian {0} bang 0.

Vi du 1. Trong khong gian vecto Pn goém da thirc 0 va cac da thic
thudc K[x] v6i bac bé hon hay bang n, hé vecto {1, x, x%..., x") 1a mot co
SO.

That vay, mdi da thirc f(x) € P, déu ¢ dang f(x) = ap+ a;x + ax”+...

+ax", a € K, véimoii € {0, 1, 2...., n). Piéu d6 ching to {1, x,
x%,..., X") 1a mot hé sinh cua P,. Mit khac, néu ay + a;x + ax” +... + ax"
= 0 thi tir dinh nghia da thirc suy raay=a; =a, = ... =a, = 0; nghia la {1,
X, X,..., X") 1a hé vecto doc 1ap tuyén tinh. Vay né 1a mot co so cia P,.

Vi du 2. Trong khong gian vecto R’, hé ba vecto & = (1,0, 0), g) =
(0, 1, 0), &5 = (0, 0, 1) 1a mot co so; ngudi ta goi d6 13 co s¢ chinh tdc.
Ban doc c6 thé chung té di¢u do.

Hé ba vecto £, =(1,1,0), E,=(0, 1, 1), E5 (1, 0, 1) cing 1a mot co
sO.

Pé khing dinh diu nay ta s& chimg minh hé vecto {&,, &,, £} 1a
mot hé sinh cia R? va doc lap tuyén tinh. Gia st o = (aj, 2, a3) 1a mot
vecto bat ki thudc R®. Ta tim ba sb i, I, 13 € R sao cho o= I El + rzgz

+ r3§3 hay sao cho:
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(ah a21 a3) = r](17 1’ 0) + r2(Oa 1; 1) + r3(15 O’ 1)
=(ry, 1y, 0) + (0, rg, 1) + (3, 0, rp) = (r;+ 15, 1+ 1y, T+ 1),
I + I'3 = al
Muén vay, I, +T, =a,.

r,+ r,=a,

Giai hé phuong trinh 3 anry, 1, I3 nay ta dugc nghiém duy nhét

. a, +a, —a, . a,+a, —a, = a,+a, —a,
3 Y
2 2 2
. . _a +a,—a, z a,+a,—a, = a;+a, —a, -
Nhuvay, 6 = 22220 g 4 2etRe hg o Bt g

Diédu nay ching t6 {&;, £,, &5} 1a mot hé sinh cua R®. Mit khac, vi

ba sb 1y, s, 13 duoc xac dinh duy nhét nén mdi o déu co cach biéu thi
tuyén tinh duy nhat qua h¢ sinh nay. Theo tinh chat 3, muc 3.2, hé sinh
nay doc lap tuyén tinh. Vay né 1a mét co sé cua R’

Mot cau hoi dit ra 1a mdi khong gian vecto déu c6 co s& hay khong?
Deé tra 161 cau hdi nay ta hy xét moi lién quan gitra hé sinh va co so.

4.2. Su ton tai ciia co s¢

Trude hét ta xét bd d€ sau vé moi lién quan gitra h¢ sinh va co s¢

Bo dé. Neu khong gian vecto co mot hé sinh gom m vecto thi sovecto
cua moi hé vecto doc lap tuyén tinh cua no khong vuot qud m.

Chirng minh. Gia sit K-khong gian vecto V ¢c6 mét h¢ sinh £ = { a1,
0oy A}, @ # 0 VOIimMoOii € {1,2,..., m)vaés={gy, €y,.., £€,} [a mQt

hé vecto doc 1ap tuyén tinh cua V véi n > m. Vi o 1a mét hé sinh nén

Im™~"m *

g€ =4a,0, +a,0, +..+a,0

€ # 0 nén c6 mot a;; khac 0, chéng han a;; # 0. Do d6

1 a a
o = 12 = Im 2
A =——€ ——=0y —...——a
a11

m*

a a

11 11

Thay a, trong hé o# bdi ¢, ta dugc hé oty = {&1, 0 ,...,00m}. Gid st
BeVp=ba +byas+...+buam Thé thi
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= 1. a,.- a,., - . .
B =b(—¢ -—2a,-..——2a, )+ b,a,+...+b a,_

11 a'll

Al =

LS N1 Y . Py

all 11 11

m’?’

Nhu vay mdi E e V déu biéu thi tuyén tinh dugc qua hé «#,; do do

A, 1a mot hé sinh cua V. Noi riéng, €, cd dang:
€y =8y, + 8,0, +...+8, O, .

Néu tat ca cac hé sd cta cac o; déu béng Othi e,=ay;€,. Suyrahé &
phu thudc tuyén tinh; trai vé1 gia thiét. Vi thé c6 mot ay; # 0, Voij = 1.
Néu cén ta danh s6 lai cac o;dé gia thiét ré“mg ay, # 0. Khi do

- a, - 1 . a, . a, -
a, =~—2g +—¢, -2Baq,-.-—mg

2 1 2 3
Ao A9 Ay 8y

Thay &2 trong 4, boi 52 ta duoc hé o, = {E 1 52,..., &m +. Lap luan
nhu trén, o4, 1a mot hé sinh ciia V. Cur ti€p tuc nhu thé, ta 1an lugt thay m
vecto cia hé o boi m vecto dau tién ctia hé & va duogc hé sinh o, = {E 1
52,..., Em} cua v. Theo gia thiét, n > m nén gm+l ¢ oAy Nhung ofm 1a hé
sinh cua V nén Emﬂ duge biéu thi myén tinh qua h¢ vecto nay; trai voi
gia thiét doc 1ap tuyen tinh cia hé £&. Vay n <m. []

Hé qua. S6 vecto trong hai co sé ciia mét khéng gian vecto bang
nhau.

Chirng minh. Suy ra ngay tur dinh Ii trén. [

Bay gio ta trd 101 cho cau hoi dat ra trudc muc 4.2.

Pinh li 1. Méi K - khéng gian vecto' V # {0} déu cé co s6.

Chirng minh. Gia su g 1 # 0 1a mét vecto thudc V. Theo vi du 1, muc
3.1, hé {&,} doc lap tuyén tinh. Néu moi vecto ciia V déu biéu thi tuyén
tinh qua hé nay thi d6 1a mot co s ciia V. Néu trai lai, trong V ¢6 £s
khong biéu thi tuyén duogc qua ¢1. Theo tinh chét 4, muc 3.2, hé vecto
{1, £,} doc lap tuyén tinh. Néu hé nay khong phai 1a mot co so thi
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trong V c6 mot €3 khong biéu thi tuyén tinh duoc qua hé {1, €,}. Lai
theo tinh chit 4, muc 3.2, hé vecto {;: 1 e 2, 53} doc lap tuyén tinh. Tiép
tuc, bo sung nhu thé ta dugc nhitng hé vecto dc lap tuyén tinh ctia V. Vi
V c6 mot h¢ sinh gobm m vecto nao do (co6 thé ta khong bi€t h¢ sinh ay)
nén theo bd dé, qua trinh nay phai két thuc & vecto £, N30 d6 voin < m.
Luc do6 ta dugc hé vecto

&= {813 €2, €3,... Sn}
ma moi vecto cua v déu biéu thi tuyén tinh dugc qua hé¢ &. Vay & = {5 1
£, 53 yeues En} la mdt co sé cua V. [

Hé qua. Trong khéng gian vecto, méi hé vecto déc Idp tuyén tinh bdt
ki déu co the bo sung thanh mot co so.

Y nghia cta dinh 1i trén ddy 1a du cho khong biét trude hé sinh cia
khong gian vecto ta van cé thé dung dugc mot co so ciia nd. Song khi da
biet mot h¢ sinh cua khong gian vecto thi dinh li sau day cho thay c6 thé
chon mdt co so trong hé sinh nay. D6 1a tra 161 cho cau hoi dit ra trude

§3.

Pinh li 2. Tir mét hé sinh cia mét khong gian vecto khac {0} ¢6 thé
chon ra mot co so.

Chirng minh. Cach chung minh dinh li nay gidng nhu cach chimg
minh dinh 1i trén; chi khac & cho 1a dang 1€ ta chon céac vecto €; trong V
thi & day ta phai chon ching trong h¢ sinh da cho. [

88



§5. SO CHIEU CUA KHONG GIAN VECTO

H¢ qua cua b6 dé, muc 4.2, cho théiy sb vecto trong hai co sé khac
nhau ctia mot khong gian vecto thi bang nhau. Biéu dé cho phép ta dinh
nghia:

5.1. Dinh nghia

S6 vecto trong mét co sé cia K-khong gian vecto V dwoc goi la sé
chiéu cua V. Ki hiéu: dimgV.

Néu khéng can chi 6 trieong K cu thé, ta c6 viét don gidan la dimV.

Vidu 1. Khong gian P, gdm da thire 0 va céc da thirc bac bé hon hay
bang n ¢6 s6 chiéu bang n + 1; tic 1a dimgP, =n + 1.

(Xem vidu 1, muc 4.1).
Vidu 2. dimgR’ - 3.

Vi du 3. Khong gian V cac vecto hinh hoc trong khoéng gian co
dimgV = 3.

HE¢ qua. Trong khong gian vecto n chiéu moi hé vecto doc ldp tuyén
tinh gom n vecto déu la co s6.

Chirng minh. Gia st dimgV =n va o = {01, da,..., @y} 1a mot hé
vecto doc lap tuyén tinh ctia V. Theo h¢ qua cua dinh 1i 1, muc 4.2, c6
thé b6 sung vao oA dé duoc mot co so cua V. Vi dimV = n, moi co s&
gdm n vecto cho nén khong can bd sung vecto nao vao of nita. Vay of 1a
mot hé sinh doc 1ap tuyén tinh, do d6 1a mot co so cta V. [

Ta hay tim hiéu méi lién hé giira s6 chiéu ciia mot khong gian vecto
v6i s6 chidu cua cac khong gian con ctia no.
5.2. So chiéu cia khong gian con

Dinh li 1. Gia sur W la mét khong gian con cua K-khong gian vecto
V. Thé thi:

1) dimgW <dimgV.
2) dimgW = dimgV khi va chi khi W = V.
Chirng minh.
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1) Néu W = {0} thi dimkw = 0 < dimV.

Bay gio gia st dimgV =n, dimgW = m > 0. Khi d6 W c6 mot co s6,
chang han, (¢) gdm m vecto. Vi (¢) 1a h¢ vecto doc 1ap tuyén tinh trong
W va W < V nén (g) ciing 1a doc lap tuyén tinh trong V. Theo bd dé,
muc 4.2, dimgW m < n = dimgV.

2) Suy ra tir h¢ qua, muc 5.1. [

Pinh li 2. Néu U, W la nhitng khéng gian con ciia K-khong gian
vecto V thi:

dim(U + W) =dimU + dimW - dim(U~ W).
Chirng minh.
Gia sir dim U = p, dimW = q, dim(U " W) =rva {&,, £,...&,} (1) 1a
mot co s&é cua U N W. Vi co s& nay 1a mot hé vecto doc 1ap tuyén tinh

trong U va trong W nén, theo hé qua dinh li 1, muc 4.2, c6 thé bo sung
thanh co sé:

{E1rees p s Epyeves £, 1 2)

cua U va thanh co s&

(€ &, 81,y Baie ) (3)

cia W. Ta sé& chirg minh rang
{51,.,., ép-,-) E_m---,gr,sl,---,sq-r} (4)

12 mot co s& ciia U + W. Mudn thé, truée hét, ta hdy chimg minh d6 1a
mot hé sinh ciia U + W. Vi {&1,..., Eprs Epyerry &r} C U VA {150, Squ} ©
W nén hé (4) nim trong U + W. Gia st o = B + v, v6i
B Lt +aprp_r+bé’;1 +brEreU,
¥ = §+ +c§+d81+ +d, 8q—r€W.
Thé thi
a=ag +..+a,,&,  +(b +c1)g1 +..+ (b, +cr)li,r +0151 +ot Cq_qu-r;
nghia 1a h¢ (4) 1a mdt hé sinh cia U + W.

Hon nita, hé (4) doc lap tuyén tinh. That vay, gia st
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X8+t X, €+ V& ot Y E + 2,01 ot zq_,sq_r =0. (5)

ThEthi x,8, +...+ X, &, , + V.6 +.. +V,E, ==2,01 —...—2__ Bqr € UNW,

Vi vé trai 13 mot vecto trong U gbn vé phai 1a mot vecto trong W. Co
so cua UNW 14 hé (1) nén c6 thé vict

2,61 —...—2,8q =t;§ +... + L&, .
hay tlél+...+tr§r+z181+...+zq_,5q_,=6.
Vi hé (3) doc 1ap tuyén tinh nén tir dang thirc nay suy ra
ti=..=t=2=..=24,=0; (6)
Thay cac gi tri nay ctia z; vao dang thirc (5) ta dugc

X € +...+x, & +y,§ +..+y.E =0.

Vi hé (2) doc 1ap tuyén tinh nén
X| ==X =y =.. =y, =0 (7)
Tt (6) va (7) suy ra hé (4) doc lap tuyén tinh. Do d6 nd 1a mét co s
ua U+W. Vay
dim(u +W)=p-r+r+q-r:p+q-r
=dimU + dimW - dim(U N W). [J
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§6. TOA PO CUA MOQT VECTO

Vi co s 1a mot hé sinh doc 1ap tuyén tinh cta khong gian vecto nén
thoi vecto cua khong gian déu c6 cach biéu thi tuyén tinh duy nhat qua

co sO do.

6.1. Dinh nghia
Gid sir (€) = {€,, €..., €4} ld mot co 56 ciia K-khéng gian vecto' V,
a € V ¢é cdch biéu dién duy nhdt dwdi dang

a=a,& +a,8, +..+a,E ,a0,e K vdimoi ietl, 2, ..., n}.

Bé n s6 s6 (a;, a,..., a,) dwoc goi la cdc toa do cua o déi véi co sé
(¢).

Thay cho loi noi o ¢ cdc toa do la (a;, a,,..., a,) ta Viét: o (a,,
as,..., ay).

Vi dy. Trong vi du 2, muc 4, 1 ta dd biét hé (§) = {E,, &,, E3), trong
do £,=(1,1,0), £,=(0, 1, 1), §3(1 0, 1) 1a mot co s¢ caa R’. Vecto o
=3¢, -5, + £5¢0 toa do dbi voi cosd () 1a (3,- 5, 1).

Cung nhu d6i véi cac vecto hinh hoc di biét ¢ truong trung hoc, co
mot moi lién quan gitra toa d va cac phép toan trén cac vecto.

Pinh li. Néu k € K, o va B ¢ toa dé lan luot la (ay, as,..., a,) va (by,

b,) thi:
1) Toa @6 cia a + B la (a; + by, as + by,..., a, + by);

2) Toa d@é cia k o la (kay, kas,..., ka,).

Chirng minh. Xin danh cho ban doc. [

Bay gio ta thu tim toa do cua o= 3%1 - 5%2 + 83 trong vi du trén
day dbi v6i co 56 chinh téc tirc 1a co s6 () = {€, €, €,/ trong d6 &, =
(1,0,0), €,=(0, 1,0), 5= (0, 0, 1). Ta co:
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3%1_5524- &‘3 = 3(11 19 O)_5(0’ 15 1) +(1’ O’ 1)
B3+1,3-5,-5+1)=(4,-2,-4)
4(1,0,0)—2(0,1,0)—4(0,0,1) =4€ , — 2€,— 4¢€,.

a

Vay toa do cua a dbi v coso () 1a (4, - 2, - 4).
biéu nay chung to khi ddi co s thi toa dd ctia mét vecto thay doi.

Ta hay xem toa do cua cung mdt vecto trong hai co s& khac nhau co
quan hé véi nhau nhu thé nao. Trude hét, moi lién quan gitra hai co s¢
duoc dién dat boi dinh nghia sau.

6.2. Ma trin chuyén

Pinh nghia. Gid sir (g) = {€, €..., €4} VA {E1, En..., E3) 1a hai co
so cua K-khong gian vecto' V,

..................................

En=tinE 4+ ton€at...t t €,

(vi méi vecto E; déu biéu thi tuyén tinh qua co sé ().

Ta goi ma tran vuong cdp n

Ery Eigeerersnenns th
T t,
Ey bigereeesnnnnen t,,

la ma trdn chuyén tir co sé (&) sang co s6 (&),

Vi du. Xét khong gian vecto R véi hai co sé

(6)={e, €2 &, trongdd &, (1,0,0), £,=(0, 1,0), £5=(0, 0, 1),
va {&;, &5 &35} trong d6 & =(1,1,0), &,=(0,1,1), &5 =(1,0, 1),
(Xem vi du muc 6.1).

a) Tim ma tran chuyén tir co s () sang co s (&)
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b) Tim ma tran chuyén tir co s& (&) sang co s6 (g).
Gidi
a) Ta co:
£,=(1,0,0)+(0,1,0) = & +&,
£,=(0,1,0)+ (0,0, 1) = §,+E,
E5=(1,0,0)+(0,0,1) = §,+ &,
Vay ma tran chuyén tir co s (g) sang co s6 (&) 1a
1 0 1
T={1 1 0
01 1
b) Ta phai biéu dién cac vecto &; qua co s6 (€). Cu thé, ta viét:

(1,0,0)=g,=by; & +by &+ by &3

(0,1,0) = §,= b+ by o+ by & )
(0,0,1) = §3=by3&  + byy 5+ by & 3
Déng thire (1) cho ta
(1,0,0)=by (1, 1,0) + byy(0, 1, 1) + b3 (1,0, 1)
= (b1 + by, by + bay, by + bay).

Suy ra:
b,, + b,, =1
b,, +b,, =0
b, + b, =0
Giai hé nay ta tim dugc:
by = % by, = -%, by = %

Ping thirc (2) cho ta mot hé phuong trinh; giai n6 ta tim dugc:
1 1

blZi '2‘ = by, by = "5;

Tuong tu, nho dang thic (3) ta tim dugc:
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1 1
b,y = “2” by, = E = by

Vay ma tran chuyén tir co s& (£) sang co s (g) 1a

!
[
|

S el R
D= DN po )

Bay gio ta s€ tim ra cong thuc lién hé gitra cac toa d0 cia cung mat
vecto trong hai co s& khéac nhau.

6.3. Lién hé giira cac toa dd ciia mot vecto ddi voi hai co sé khac
nhau

Pinh li. Gid sit (§) = {€1, €2,..., €x) va (&) = {E}, E,..., E,) ld hai co
so cua K-khong gian vecto V, T = (t;) la ma trdn chuyén tir co s6 ()

sang co 6 (&), (X1, Xaess Xo) (V1 Yooy lan ot la toa d¢ ciia vecto o
doi voi co so (g) va co so (&). Thé thi:

x;=Y .y, véimoii e{l, 2,..., n}.
Jj=1
Chirng minh. Theo gia thiét ta co:
X €+ Xp€pt. + X, €= G =Y1%1+Y2%2+--- +Yngn
=yt €ty a1, € )

+ya(tp€ 1+t +E,E )

+ yn(tln_é 1+ t2n§2+"'+ t;nn—én)
=ty t+ byt £y, €

+ by + toaYo +o ot to,Y,) €

...........................

+ (tnIYI + t"n2§72+ 500 L t"nnYn) E n:

Tir su biéu thi tuyén tinh duy nhit cia o qua co sé (¢) suy ra:
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X= by Tty o

Xo= Loyt tooVa t .. T by,

..............................

Téng quat: X; = tjy; ttipys ... Ftyn = Ztijyj , Véimoii e {1, 2,...,
=
n}. [

Vi du. Xét khong gian R’ v6i hai co sd () va (&) trong vi du & muc

6.2. Cho B =(- 5,0, 1) e R’. Hay tim toa do cua vecto p e R’ dbi voi
co s ().

Gidi

Tt vi du muc 6.2, ta biét réng ma tran chuyén ttr co s& (§) sang co sO
(e) la:

1 1 1
2 2 2
r={-1 L1 1
2 2 2

1 1 1

L2 2 2

Goi toa d0 cua B dbi vdi co s6 (&) 1a (xy, X2, X3). Theo gia thiét toa do

cua B d6i véicosé () lay, =-5,y, =0, y3 = 1. Theo cong thirc ddi toa
do ta co:

1 1 1
= Z(-5)+=.0+(-=).1=-3
X 2( )+2 ( 2)

o (—é)(—5)+%.0+%.1=3

1 1. 1
=2 (=5)+(-=).0+=.1=-2.
X3 2( )+ ( 2) >
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§7. HANG CUA HE VECTO- HANG CUA MA TRAN

Pé nghién ciru cac chuong sau ta can biét cach tim co so cua nhiing
khong gian con sinh bdi mot hé vecto ciia mot khong gian vecto. Tuy vé
phuong dién li thuyét, dinh 1i 4.6 cho théiy tir mgt hé sinh ciia mgt khong
gian vecto ¢6 thé tim duoc mot co s& ciia nd. Song kho c6 thé dung nod
vao thuc hanh. Trong muc nay ta s€ xét mot ki thuat tim co s¢ nhu thé.
Trudce hét ta hiy dinh nghia mot khai niém dé tién dién dat. D6 13 hang
ctia hé vecto. Khai niém nay ciing c6 ing dung trong nhiéu van dé khac.

7.1. Hang cia hé vecto

Pinh nghia. S6 chiéu ciia khéng gian vecto sinh béi hé vecto o# duwoc
goi la hang cua hé o Ki hi¢u hang (cA).

H¢ qua. Hé go”‘m m vecto' la doc ldp tuyén tinh khi va chi khi hang
(ct) = m.

Chirng minh. Xin danh cho ban doc. []

Vi du. Xét vi du 2, muc 2.5. HE vecto ot = {5 1 52} doc lap tuyén
tinh nén nd 1a co s& cua khong gian vecto W sinh bdi 2. Theo dinh

nghia 7.1, hang (c#) = dimW = 2. Hé B = {1, €2 8} ciing sinh ra khong
gian vecto W. Do d6 hang(8) = dimW = 2.
G0 thé giai thich vi sao ma hang = hang hay khong? Hiy xem ménh
de dudi day.
Ménh dé. Néu thém vao mot hé vecto mét t6 hop tuyén tinh cua hé

thi hang cua hé moi bcfng hang cua hé da cho.

Chirng minh. Gia st A = {01, aa,... 0., }, hang(c#) = n. Thém vao
o vecto

B=bd, +b,d, +..+b_&_,
ta dugc hé B ={a,,0,,...,a_,B}.

Goi W, W’ lan luot 1a nhitng khong gian sinh boi hé o2 va hé 8. Vi
oA c Bnén W < W'. Nguoc lai, gia st W'. Khi d6 a 12 mot t& hop tuyén
tinh cua hé 3, chéng han,
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G =18+ o F TGt TP = 1,6+ F I+ (D&, +b,8, + ...+ DG )
=(r;+rb)a,+..+ (r,+trb,) &, W.

Do do W < W. Vay W’ = W. Suy ra hang (B) = dim(W") - dim(W) -
hang(A). [

7.2. Hang ctia ma tran

Pinh nghia. 1) Cho ma trdn

Qyy Qppeneenn. a,
o T J a
21 220" 2,
A= i )
(o S S a,.,

Coi cac thanh phan trong mot dong cua ma trgn A nhw cdc toa do
cua mot vecto trong khong gian vecto V (n chiéu) doi voi mot co so nao
do. Ta goi hé vecto A gom :

&' 1 (aII’ App5eees a]n)
a3 (@2 Qo2seees Qgn)
............................ 2)
& m (am]x am2’---; Amn
la hé vecto dong cua ma trdn A.

Hé vecto cot cua ma tran A dwoc dinh nghia twong tu.

Nguoc lai, ma tran A dwoc goi la ma trdn cdc toa do cua hé vecto oA
(doi voi co so da cho).

2) Ta goi hang cua hé vecto dong cua ma trdn A la hang cua ma trgn
A. Ki hiéu hang(A).
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Vi dy 1. Ma tran kiéu (m, n): O = ¢6 hang(0) =0

0 0.....0
Vi du 2. Cho c4 t‘A—(102)‘B—10—2
l u . 0O cac ma ran - = va = 6 0 ~12’
5
Cc=| o|.
)

hang (A) = 1 vi hé gdm mét vecto o = (1, 0, - 2) = 0 doc lap tuyén tinh.

Vi dong thir hai cua B la t6 hop tuyén tinh ctia dong thtr nhét nét theo
ménh dé muc 7.1, hang(B) = hang(A) = 1.

D61 voi ma tran C ta thay hé vecto dong cua n6 gom ba vecto:

, A + R . A ’ - - 2 -
Chung déu biéu thi tuyén tinh duoc qua a; : a2 = Oal, a3 =-=01.

Do d6 khéng gian sinh béi ba vecto ndy ¢6 co s& 1a {a;}. Vay hang(C) =
1.

Theo dinh nghia hang cua ma tran thi tim hang cia ma tran cling 1a
tim hang cta hé vecto dong tuong tmg va do d6 biét hang ctia ma tran s&
suy ra co so va sd chiéu cua khong gian vecto sinh boi hé vecto dong cta
ma trin Ay.

Voima tran A = (ay) kiéu (m, n), néu chon r dong, r cot thi cdc thanh
phan nam & giao cia r dong r cot ay ldp thanh mét dinh thire cdp r. Ta
goi no la dinh thikc con cap r cua A.

Pinh li. Hang ciia ma trdn A bang cdp cao nhdt cia cdc dinh thire
con khac 0 cua A.
Chirng minh. Gia st ma trdn A = (aj)inn) va cap cao nhét cia cac

dinh thirc con khac 0 cua né bang r. Co6 thé gia thiét ring c6 mot dinh
thirc con khac 0, cap r nam & r dong dau, chang han:
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all a12 alr
By Agpeeinn a
e ¢ 2
D - 21 22 r % 0 ,
8, A a_,

(That vdy, ta ¢6 thé doi chd cac dong dé dat dugc diéu do va phép doi
cho nhu thé khong lam thay doi hang cta hé vecto dong). Ta s& chimng
minh rang h¢ gdm r vecto dong dau

f& 1= (a1, gy «v 5 Agn)

&2: (3211 Qggy .oy a2n)

.............................. , (2)

a’r: (arh ar2) 000D am)

la co so& cua khong gian vecto sinh bdi m vecto dong cua ma tran A.
Trudc hét, h¢ vecto (2) doc 1ap tuyén tinh. That vay, gia su

X1&1+ X2&.2+...+ Xr&‘r:O

hay x@n, iz .., A1) + Xo(8g1, Aggeees o) .ot X (@, Big5e-., @) = (0, 0,..., 0).

Ap dung cac phép toan trong khong gian vecto K", ta duoc:
(xa;+ X8, ...t X8, X120+ Xp8, +...t XA, ...,
X8, 1 Xa,, +...+ x,8,,) = (0, 0,..., 0).
Suy ra:
a; X, +a,X, +...+a,X, =0
81pX; T ApX, +..+a,X, =0

..........................................

R4 rang (0, 0,..., 0) 1a mét nghém cia h¢ nay. Vi
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- W VO a, B, Bpgereeeeenen a,,
C: DI PN a : VS O a
12 22 r2 - 21 22 2r " O
C: WY PR a 8, B a,

n@n day 1a mgt hé¢ Cramer. Do do (0, 0,..., 0) 1a nghiém duy nhat; nghia la
bat budc x; =x, =...=x;=0.

Piéu nay ching to hé (2) doc 1ap tuyén tinh. Bay gio ta chirmg minh
rang moi vecto dong con lai clia ma trgn A biéu thi tuyén tinh duoc qua
hé (2); tic 14 phai chimg minh rang véi mdi

G,ie {r+1,r+2,.., m}déu ton tai r sdky, k,,..., k, thudc K sao cho

a, =k,a,+k,a,+...+ka, 3

(Ai1yeees Rijreens Ai) = Ky(@10500y @gpeen, A1) + Ko(ag),-.0,80,000, 8g) + 0
+k (@, gy ey 81)
= (k,apt keay +...+ kiay .., kjag; + keag +
+k.a,,..., kja,,+.. .t keag, ...t k).
Mudn vay, phai ching minh rang:
a; = kjaj;+ kpag +...+ ka,;, véi moi ) €{1, 2,..., n}. (4)

Gia str i ¢o dinh. D61 v6i a;; ta xét dinh thire

: PO a, a,
: PR a, 8,
D= |
: U a, a;
U a, a;

Pay 1a mot dinh thirc con cip r + 1 ciia ma trdn A nén theo gia thiét
n6 bang 0. Khai trién no6 theo cdt cuoi ta duogc:

ajA;+azA+. .+ aA +a;D =0,

trong do A la phén bu dai sb cta thanh phén ai trong dinh thirc Dj;, v6i
mois € {1,2,..,r}. ViD # 0 nén

A, A, A

a;= —3a1j—6—a2j—...—- D 2

101



Khi i ¢b dinh, j thay d6i, ma tran

: PR a,

- VORI a,,

e a,
a

khong ddi nén cac A, khong d6i vi chung 1a nhitng dinh thirc con cép r
cua ma tran nay. Vi thé dat k, = - %, voimoi s € {1, 2,..., r}, voi i cd
dinh da chon, ta duoc
a; = kia;;+ keag + ... + k,a,;, v6l moi je{l, 2,..., n}.
Do d6 dang thire (3) duoc ching minh.

Vay h¢ vecto (2) 12 mot co s¢ ciia khong gian vecto sinh bdi m vecto
dong ctia ma tran A. Suy ra hang(A) =r. [

Chui y. Trong phép chimg minh dinh i trén ta thay néu dinh thic con
cap cao nhit khac 0 ctia ma trdn A nam & r dong ndo thi r vecto dong 4y
la co s& cua khong gian vecto sinh bo1 m vecto dong ciia ma tran A.

Vi dy: Tim co sé cua khong gian vecto sinh boi hé vecto gdm cac
vecto trong R’:

=(1,5,-3), d4,=(4,20,-12), @;=(2,-1, 5).

Gidi
Goi A 1a ma tran ma céc vecto dong la cac vecto da cho:
1 5 -3
A=|4 20 -12
2 -1 5
1 5 -3
Nhan thay #0va |4 20 -12|=0.
- 2 -1 5
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Nhu vay 1a dinh thtrc con cip cao nhat khac 0 ctia ma tran A.

1
2 -1

N6 ndm ¢ dong thir nhat va thur ba ciia ma tran A. Vay hé vecto {a 1, a3}
la co sé can tim.

Hé qua 1. Hé m vecto la djc 1ap tuyén tinh khi va chi khi ma trdn
cdc toa do cua chung co mot dinh thirc con khac 0, cap m.

NG6i riéng, trong khéng gian vecto n chiéu, hé n vecto la déc lip
tuyén tinh khi va chi khi dinh thic cua ma tran cdc toa do cua chung
khac 0.

Chirng minh. Xin danh cho ban doc.
H¢ qua 2. Hang cua ma tran bcing hang cua hé vecto cot cua no.

Chirng minh. Gia st A = (a;) 1a ma trdn kiéu (m, n). Xét ma tran
chuyén vi t A. Hé vecto dong ctia ‘A 13 hé vecto cot ctia A. Theo dinh 1i
trén, hang('A) bang cap cia dinh thirc con cdp cao nhat khac 0 cia ‘A.
Nhung mdi dinh thtrc con cta ‘A lai 1a chuyén vi cua mot dinh thirc con
cua A va nguogc lai. Mat khac dinh thtrc ctia hai ma tran chuyén vi lan
nhau bang nhau. Do d6, |B| 1a mét dinh thiic con cép cao nhat khac 0 cia
‘A khi va chi khi [B’| 1a mot dinh thirc con cap cao nhat khac 0 ciia A.

Vay hang (A) = hang (‘A) = hang (hé vecto dong cta ‘A) = hang (hé
vecto cOt cua A).

7.3. Cach tim hang ciia ma tran

Muon tim hang ctia h¢ vecto ta tim hang cua ma tran céc toa do cua
hé vecto ay.

Muon tim hang cua ma tran ta tim dinh thirc con cap cao nhat khac 0
cua ma tran ay.

Pé tim dinh thirc con cap cao nhat khac 0 ctia ma tran A, khong can
xét tt ca cac dinh thic con cliia né ma chi can xuét phat tr mot dinh thirc
conD;#0 cép s da biét rdi xét céc dinh thirc con cép s + 1 chira D,. Néu
tat ca cac dinh thirc con nay déu bang 0 thi D, 1a mot dinh thirc con cap
cao nhat khéac 0; do d6 hang(A) = s. Néu c6 mdt dinh thire D, # 0, cép S
+ 1 thi tiép tuc xét cac dinh thic cdp s + 2 chtra D,. Cir nhu thé cho t6i
khi tim duoc mét dinh thirc D # 0, cip r ma moi dinh thirc cdp r + 1 bao
quanh n6 déu bang 0. Suy ra D 1a mét dinh thirc con cip cao nhit khac 0
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cua ma tran A. That vay, vi D nam & r dong nao d6 va moi dinh thurc con
cAp r + 1 bao quanh D déu bang 0 nén véi 1ap luén nhu chimg minh cta
dinh li, h¢ r vecto nay la co sé cua khong gian vecto W sinh bdi hé vecto
dong cia ma tran A. Do d6 dim(W) = r. V61 moi dinh thitc con D’ # 0,
cap t, va Di ndm trong t dong nao d6 cta A, thi hé gdm t vecto dong nay
doc 1ap tuyén tinh trong W. Vay t < dim(W) =r.

Ap dung. Cho hé vecto o# gdbm:

(6,=(1,2 3, 4)
,=(1,3,0,1)
,=(2,4, 1, 8)
=(1,7,6,9)
5= (0, 10, 1, 10)

A
QI Ri

QU

QU

\
a) Tim hang(c#).

b) Tim co s& cuia khong gian vecto sinh boi 4.
Gidi

a) Pé tim hang cua hé vecto, ta phai tim hang ciia ma tran

1 2 3 4

-1 3 0 1

A= 2 4 1 8
1 7 6 9

010 1 10

Theo dinh li, ta phai tim dinh thitc con cdp cao nhit khac 0 cia A.
Xuét phat tr mot dinh thirc con khac 0 bat ki, chéng han

1 2

D,= #
2l -1 03

0.

Ta xét cac dinh thirc cip 3 chtra D,.
1 2 3 -5 -10 O
D,= |-1 8 0|l=[1 3 0]|=-25=0.
2 4 1 2 4 1
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Xét tiép cac dinh thic con cap 4 chira D;. Chi con hai dinh thirc nhu
the, do la:

1 2 3 4| |5 -10 3 4
-1 30 1{]0 0 01 .
- =0 (vicot 1 va cot 2 t116);
2 4 1 8 {10-20 1 8
7 6 9| |10-20 6 9
1 2 3 4| |5 -10 3 4
-1 3 0 1 B 0 0 0 1_0
2 4 1 8 |10-20 1 8|
0 10 1 10 10 -20 1 9

Vay hang(A) = 3.

b) Vi D; nam & ba dong dau nén hé vecto {a |, a,, a3} 1a mdt co s&
can tim.

Ciing c6 thé co dinh thire cap 3 khac chtra D, va khéc 0, chang han,

1 2 3 1-28 0
D=i-1 3 0 |={-1 3 01(=-25=#0.
0 10 1 0 10 1

Vay hang(A) = 3.

Vi D’ ndm & ba dong: thtr nhét, tht hai va tht ndm nén hé vecto {& 1
&2, &3} cling 1a moét co so.

7.4. Tim hang ciia ma trin bing cic phép bién ddi so cap

Ta cling c6 thé dung mot s6 phép bién ddi trén ma tran dé tim hang
cla ma tran.

_ Pinh nghia. Cdc phép bién déi sau ddy dwoc goi la cdc phép bién

doi so cdp trén cac ma tran:

1) Déi ché hai dong (hai ¢dt) cho nhau;

2) Nhédn méi thanh phdn trong mét dong (cét) véi ciing mot sé khdc
0.

3) Nhdn méi thanh phan trong mét dong (cét) voi cing mdt s6 roi
cong vao thanh phan cung cot (dong) trong mot dong (cot) khac.
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Pinh li. Néu thuc hién cdc phép bién doi so cap trén mot ma tran thi
hang cua ma tran thu duwoc bang hang cua ma tran da cho.

Lam dung ngdn ngit c6 thé néi: Cac phép bién déi so cap khong lam
thay do1 hang cua mdt ma tran.

Churng minh. Xin danh cho ban doc nhu mot bai tap.

Vi du. Tim hang ctia ma tran

1 0 3 7
Giai

e Doi chd dong thir nhat va dong thir tu cho nhau:

1 0 3 7
-1 0 5 -8
4 -2 2 0
-3 2 -7 8
e Cong dong thir nhat vao dong thtr hai; nhan dong th&r nhét véi - 4,

rdi cong vao dong thir ba; nhan dong thir nhat véi - 3, 161 cong vao dong
thur tu. ta duoc:

1 0 3 7
0 0 g8 -1
0 -2 -10 -28
0 2 2 29

e Doi chd dong thir hai va dong thir tw cho nhau:

1 0 3 7
0 2 2 29
0 -2 -10 -28
0 0 8 -1

e Cong dong thtr hai vao dong thur ba:
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1 0 3 7
0 2 2 29
0 0 -8 1
0 O 8 -1

e Cong dong thir ba vao dong thir tu ta dugc ma tréan:

1 0 3 7

0 2 2 29
B =

0O 0 -8 1

0 O 0 0

Ma trén cudi cung c6 dinh thirc cap ba:

1 0 3
D={0 2 2!=-16=%0
0 0 -8

Do la dinh thirc con gép cao nhét khac 0 cua B. Vay hang(B) = 3. Vi
cac phép bién doi so cap khong lam thay doi hang ctia ma trdn nén
hang(A) = hang(B) = 3.

Néu dung phép bién ddi so cap dé tim co so ctia khong gian sinh boi
mot hé vecto thi ta gdp mot khé khan nho trong viéc xac dinh nhiing
vecto ndao cua hé 1ap nén co so, vi qua trinh bién ddi ta da d6i chd cac
dong, cac cdt. Ban doc hay thir tim cach khic phuc kho khan éy.

7.5. Tim co s6, s6 chiéu ciia khong gian sinh béi mot hé vecto
bang may tinh dién tir

Mubn tim co s& va sd chiéu ctia khong gian W sinh boi mot hé vecto
ot ta chi can tim dinh thirc con cép cao nhat khac 0 ciia ma tran A thiét
1ap boi h¢ vecto dé cho. dimW = hang(A) va dinh thirc con cip cao nhat
khac 0 ndm & nhing dong nao thi nhiing vecto dong a ay lap thanh mot co
s0. Nho cac phép bién doi S0 cap trén ma tran, may tinh dién tir c6 thé
thuc hién cac phép bién doi 4 ay dé bién mot ma tran da cho thanh mot ma
tran cung hang ma ta c6 thé nhén ra ngay dinh thirc cip cao nhat khéc 0.
Tu do suy ra hang cua ma trdn, cling la hang cua h¢ vecto, va s6 chiéu
can tim.

Vi dy 1. Tim s chiéu cta khong gian W sinh bdi hé vecto
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A= {d,=(1,-1,2,0,-1), G,=(-2,2,0,0,—2), &,=(2,-1,-1,0,1),
0,=-1,-1,1,2,2), a,=(1,-2,2,-2, 0)}.
Gidi
Dé tao ma tran danh 1énh:
A={-1,-1,2,0,-1},{2,2,0,0,-2}, {2,-1,-1, 0, 1},
~1,-1,1,2,2,,{1,-1,-1,0, 1}}
Trén man hinh xuét hién:
Out[1]: = {{11-1,2,0,-1},{-2,2,0,0, -2}, {2,-1,-1, 0, 1},
{-1,-1,1,2,2},{1,-1,-1,0, 1}
pé 1ap ma tran thu gon déanh tiép l1énh:
RowReduce[A]//MatrixForm
Man hinh xuét hién:
Out[2]:=MatrixForm

100 -220
010 -20
001-220
000 01
000 OO

Trong ma tran nay ta thiy ngay dinh thirc con cap cao nhat khac 0 1a:

1000

Vay hang cta ma tran bang 4. Nhung cac phép bién d6i ma may thuc
hién cho ta mot ma tran cung hang v6i ma tran A nén hang = hang(c4) =
4 = dimW.

Pé tim co s& ctia khong gian ta can chi y rang khi bién d6i ma tran,
theo chuong trinh Mathematica 4.0, may tinh c6 thé d6i cho cac dong, do
dé thtr ty cac dong bi thay doi. Vi thé nhin vao ma tran thu dugc trén
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man hinh ta khong biét duoc co s& gdm nhiing vecto nao trong cic vecto
dd cho. Tuy nhién may tinh khong thay d6i cot. Vi vy, ta hiy ldy céac
vecto dé cho 1ap thanh ma tran cot. Song, may tinh lai khong tao ma tran
cot. De tranh phai 1dp mot ma tran cft & gidy nhap, ta van 1ap ma tran
dong r6i 1dy ma tran chuyén vi.

Vi du 2. Tim co s¢ cua khong gian W sinh bdi hé vecto:
A={a;=(2,4,2,5), a,=(3,1,0,7), a3=(-1,9,4,17),
a(1,0,2, }.

Gidi
Danh Iénh tao ma tran:
A=1{{-2,4,2,5},1{3,1,0,7},{-1,9,4,17}, {1,0,2, 1} }
Man hinh xuét hién:
Out[1]1={{-2,4,2,5} {3,1,0,7},{-1,9,4, 17}, {1,0,2, 1}}.
bpé 12p ma tran chuyén vi, danh 1énh:
tA = Transpose[A]
Man hinh xut hién:
Out[2]={{-2,3,-1,1},{4,1,9,0),{2,0,4, 2},{5,7, 17, 1} }
Pé tim ma tran thu gon, danh 1€nh:
RowReduce[tA]//1MatnxForm.J
Man hinh xuét hién:
Out[3]=MatrixForm

1020
0110
0001
0 00O

Ma trén nay cho ta dinh thttc con cip cao nhat khac 0 la:

1 00
010
0 01
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Vay hang ciia ma tran nay bang 3: hang(‘A) = hang(A) = hang(c#).

Dinh thtrc con cép cao nhat khac 0 ndm & céac cot thir nhat, tha hai,
thir tu, do do cac vecto ¢t a, a,, a4 lap thanh mot co so.
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TOM TAT

Chuong 11, trinh bay khai niém khong gian vecto trén mot truong K.
D6 1a mot tap hop V ma mdi phan tir goi 1a mot vecto, trén d6 c6 phép
ong hai vecto va phép nhan mot vecto voi mot sé thuoe K thoa man 8
tiéu kién da néu ¢ dinh nghia 1.1.

Mot tap con W cua V dugc goi 1a mdt khong gian con ciia V néu ban
than W ciing 14 mot khong gian ddi v6i hai phép toan da cho trong V.
Mubn chirmg minh W 1a khong gian con ciia V chi can ching minh rang:

)W, v6i o, p thuoc Wvare K, taco o + B € W,ra € W;
hodc 2) W = &, véi a, B thuoc Wvar, s e K, tacora +s[§ e W. Téng

cua m khong gian con W, W,,..., W, cua khong gian vecto V lai 1a mot

khong gian con W = {Z&i e W,i=1, 2,...m}.

i=1

Néu ot = {&1, 0y, &m} 1a mét h¢ vecto cua K-khdong gian vecto V
thi

W= Yka |6 et keK i=12,., m

r

1
-

1

la mot khong gian con cua V va dugce goi la khong gian con sinh bdi hé
vecto ot
r r 2 m —_ -
H¢ ot dugc goi 1a doc 1ap tuyén tinh néu tir dang thirc Zkiai =0 suy
i=1
ra k1 = k2 =..= km =0.

Mbi khong gian vecto déu co mot hé sinh doc 1ap tuyén tinh, goi 1a
co sO cia nd. Néu (¢) = {&1, €7,..., €4} 1a mOt co s& cua K- khong gian
vecto V thi méi a € V déu c6 cach biéu dién duy nhat dudi dang

o0 =a et ae,t...tae,.

Céc s0 a; dugce goi la toa do cia a doi voi co so (g).

Mot khong gian vecto ¢6 thé ¢6 nhi€u co s¢ khac nhau. Toa do cua
mdt vecto trong co s¢ nay khac véi toa d§ cua nd doi véi co sé kia. Biét
toa do cia a doi vdi co so (§) co thé tim dugc toa d cua nd doi voi co
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sO (¢) néu biét ma tran T chuyén tir co sO (g) sang co sO (£). P 1a ma
tran duogc thiét 1ap nhu sau:

Gid st E;=t; §,+ty E,+.+ ty €4, € {1,2,.., n}.

Thé thi
n b tin
T_ t21 t22 ............ t2n
b e £

Khi d6, néu (X1, Xa,..., Xy) V& (Y1, Yas..., Ya) 1an luot 13 toa d6 cta o dbi
v6i co s6 (€) va co so (§) thi

X; = i tyy; .
i=1

Khai ni¢m hang cia mdt h¢ vecto cling nhu hang cia ma tran rat can
thiét cho cac chuong sau. Ta dinh nghia hang cia mdt hé vecto la so
chiéu cua khong gian sinh boi hé vecto do.

Véi A la mOt ma tran, ta c6: hang(A) = hang(hé vecto dong) =
hang(hé vecto cot).
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BAI TAP

§1. PINH NGHIA VA TINH CHAT PON GIAN
1. Dung dinh nghia cta khéng gian vecto dé chimg t6 rang:

a) Tap sd thuc R cing véi phép cong hai sb thyc, phép nhan mot sb
thuc véi mot s6 hiru ti 1a mot Q-khong gian vecto;

b) Tap sd phitc C cung voi phép cong hai s6 phirc va phép nhan mot
s0 phurc vo1 mot s6 thuc 1a mdt R-khong gian vecto;

¢) Tap Q[x] cac da thic cia 4n x trén truong sd hiru ti Q 12 mot Q-
khong gian vecto;

d) Vo1 Q la tap sO hitu ti, R 1a tap s6 thuc, V = Q x R, cling véi phep
cong hai phan tir trong V va phép nhan mot phan tir cia V v6i mot sd
hiru ti xac dinh nhu sau:

(a,b) +(c,d) = (,a + ¢, b + d), r(a, b) = (ra, rb), a, ¢, r 1a nhitng )
hitru ti b, d 1a nhitng s6 thuc,la mdt Q-khong gian vecto.

¢) Tap Q (+2) = {a + bv/2| a, b € Q}, v6i phép cong va phép nhan
vO1 s0 hiru ti xac dinh nhu sau:

(a+by2)+(c+d2)=(a+c)+(b+d) V2,

ra+by2)=ra+rv/2,reQ

1a mot Q- khong gian vecto.

2. Cac tap sau c6 phai 1a R-khong gian vecto khong?

a) Tap Q voi phep cong hai s6 hiru ti va phép nhan mét sé hiru ti véi
mot soO thuc;

b) Tap s6 phirc C cling v6i phép cong hai sb phirc va phép nhan mot
sO phtrc voi mét so thuc;

c) Tap s6 nguyén Z cung véi phép cong hai s6 nguyén va phép nhan
mot sO nguyén vdi mot so thuc;

d) Tap V noi trong bai tap 1d) cung voi phep cong va phép nhén voi
mot sO thuc cling xac dinh nhu the,

e) Tap D céc da thirc bac n voi hé s6 thuc.
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3. Cho G 1a tap hop cac ham s6 xac dinh trén tap sd thuc R c6 dang
f(x) = ax + b, trong d6 a, b € R, vo1 phép cong va phép nhan véi mdt so
hiru ti xac dinh nhu sau:

véif, g € G, va f(x) =ax + b, g(x) = cx + d thi f + g 13 mot ham s
xac dinh bdi

(f+g)(x)=(a+c)x + (b +d),

véife Gvar e R, va f(x) = ax + b thi rf 1a mot ham sb xac dinh boi
(rf)(x) = rax + rb.

Chimng minh rang G 1a mot R- khong gian vecto.

4. Cho F 1a tap cac ham sb cua bién sd x xac dinh trén R (va lay cac
gia tri trong R) véi phép cong va phép nhan vd1 mot s6 thuc xac dinh
nhu sau:

véi f, g € F, f + g 1a mot ham sb xac dinh bdi (f + g)(x) = f(x) +
g(x);

voif € Fvar e R, rf 1a mot ham s6 xac dinh béi (rf)(x) = r.f(x).
Chtrng minh rang F 1a m¢t R-khong gian vecto.

5. Cho A va B la hai K-khong gian vecto. Trén V = AxB, xac dinh
phép cong va phép nhan vdi mét s6 thudc truong K nhu sau:

((_X:I,BI) + (&2,62) = (&1 +a2,[§1 +Bz), Vo1 m01 (_1:1, &2 S A, B], Bz S B,
k(a,B)=(ka,kB),véimoik € K, moi « € A, moi p € B.
Chung minh rang V 1a mot K-khong gian vecto.

6. Trén tip A = {a} xac dinh phép cong va phép nhan véi mot sb
thuc nhu sau:

ata=a,ra=a,voimoir € R.

Chtng minh rang A 1a mot R-khong gian vecto...

§2. KHONG GIAN CON
7. chimg minh rang:
a) Q 1a mot khong gian con cua Q-khong gian vecto R;

b) R 12 mot khong gian con cia Q- khong gian vecto C (C 1a tap sd
phtrc);
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¢) Q 2 1a mot khong gian con cua Q-khong gian vecto R, (xem bai
tap 2f, §1) ;

d) R- khong gian vecto G la khong gian con ciia R-khong gian vecto
F, (v61 G va F 1a nhiing khong gian trong cac bai tap 3 va 4, §1).

_¢)Tap D, g(f)m da thtc 0 va cac da thuc cua Q[x] c6 bac bé hon hay
bang n, (n 1a s6 ty nhién), 1a khong gian con cua Q-khdng gian vecto

Q[x].

8. Céc tap hop sau cd phai 1a nhitng khong gian con cua khong gian
vecto R® khong?

a) E={(a;, ap,a3]a, € R,1=1, 3};

b)F={(a;, a3, -2a;)|a; € R,1=1,2};
c)B={(a;,aa1a) |a e R, i=1,2};
d)G={(aj,aa;+a)|aeR 1-1,2};

e) C={(a;,a a) |a; e R,i=1,2};
DH={(aj,a,a3)|aytay+taz=0a e R, i=1,2,3};

9. Tap hop cac sb nguyén c6 phai 1a mot khong gian con cua khong
gian vecto R trén truong Q hay khong?

10. Tap hop cac da thic bac chin thudc R[x] c6 phai 1a mot khong
gian con cua R [x] khong?

11. Gia sit W 1a mot khong gian con cua khong gian vecto RY, (a;, as,
4, a4) € W. Ching minh ring v&i mdir € R c6 mdt (b, by, 1, by) € W.

12. Gia st U va W 1a hai khong gian con cua K-khong gian vecto V
thoa man diéu kién V = U U W. Ching minh ring V = U hodc V=W.

13. Gia st Wy, W,,..., Wy, 1a nhitng khong gian vecto con cua K-
khong gian vecto V. Ching minh rang U = ﬂ W, 1a mot khong gian

i=1
con cua V.

14. Cho V 1a mot R-khong gian vecto, o € V. Chirng minh rang tip
Ro = {ra | r € R} 12 mot khong gian con ctia V. Ro dugc goi 1a khong
gian sinh boi vecto a.

15. Gia str U va W 1a hai khong gian con cua R-khong gian vecto V.
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Chtng minh rang U + W 1a giao cta tit ca cac khong gian con ciia V
chtaUuU W.

§3. SUPOQC LAP TUYEN TINH-SU PHU THUQC TUYEN TIiNH

16. Cho ba vecto a1 = (2, 0, 3), a3 = (0,2, -1), a3=(1, 2, 3) thuoc
R’. Hiy biéu thi tuyén tinh vecto B = (5, - 2, 1) qua ba vecto da cho.

17. Cho ba vecto oy =x - 1, 0, =1, a3 = x> + 1 thuoc R[x]. Hiy
biéu thi tuyén tinh vecto B = x> - x + 2 qua ba vecto di cho.

18. Xét xem céc hé vecto sau trong R® hé nao doc 1ap tuyén tinh?

a) a;=04,0,1), a,=(2,0,1), a5=(1,2, 1);

b) a1 =(1,2,3), a,=(4,5,6), a3=(5,7,9);

¢) a1=(1,2,3), an=(4,5,6), a;=(9,8,7);

d) a;=(1,2,3), a2=(4,5,6), a3=(2, -1, 0).

19. Xét xem cac hé vecto sau trong R[x] hé nao doc lap tuyén tinh:

a)a; =1, 0,=X, 03=X

D) a;=1,a,=x+1, 03=x+1, as=2x"+x + 3.

20. Cho l}ai vecto a = 3,a+b,5), B =(a+1,b-2,10) trong Q3.
Tim a va b dé€ hai vecto nay phu thudc tuyén tinh.

21. Cho ba vecto o, a,, a3 cua K-khong gian vecto V, doc lap
tuyén tinh.

a) Chﬁngminhréngbavecto El = &1, Bzz &:1 + &2 , 632 &:1 + &:2
a3 doc 1ap tuyén tinh.

bl Chl'rng minh I'ELII'Ig ba vecto B 1= &1 + &2, Ez = &2 + a3, 63 = &3+
a doc lap tuyén tinh.

- — — -

C) Ba vecto B = o] T aj, Bzz o + as, B4= o3 - O co déC lép
tuyén tinh khong?

22. Chirng minh rang;
Néu hai vecto o, o, ctia khong gian vecto V 1a ddc lap tuyén tinh va
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Ra 1 Ra2 la nhu’ng khong gian con ciia V lan luot sinh boi ocl, a2 thi
R(Xl M R(lz =

§4. CO SO CUA KHONG GIAN VECTO

23. Cho {51,..., 51,..., En} la mdt co s& cua khong gian vecto V.
Chiing minh rang:
a) Néu thay ¢; bdi re; (v6ir # 0) thi hé vecto thu duoc ciing 1a mot

coso cua V;

b) Néu ta cdng vao &¢; mot to hop tuyén tinh cia cac vecto con lai thi
duoc mot co sé moi cua V.

24. Ching minh riang cac hé vecto sau 1a nhiing co s¢ cua khong gian
vecto R’:

a) €,=(0,0,1),€,=(0,1,1), €;=(1, 1, 1);

b) £,=(4,2,-1),8,=(0,2,-1), £,=(-2,0,1)

25. Cac hé vecto sau cO phai 13 co so cua khong gian vecto R*
khong:

a) 4,=(1,0,30), a,=(2,5,-1,7), a3=(0,6,-1,2), a;=(1,4,-2,5);

b)B1 @ 1,0, 3), [32 0, 21,- 4)[33(1201)[33 5, 3,-1).

26. chiing minh rang néu ba vecto & 1 £, s 3 lap thanh mot co s cua
K-khong gian vecto V thi ba vecto 2;1 = 81 + &5, éz =g,+ 83, <§3 83+

¢ ciing lap thanh mot co so cta V.

27. Goi P 1a khong gian vecto gom da thirc 0 va cac da thirc f(x) €
R[x] c6 bic f(x) < 3. Chimg minh ring hai hé vecto:

- 2 8 3
1—182 X83 X, 847X,

E1=1,&=x-1,&=(x-17 &=(x-1)
la hai co so cua P53
28. Chung minh réng néu {51,..., 52,..., En} la mot co sé cua R-

khong gian vecto Vthi V=>" Re;vaRe;n > Re;=0, voimoii e

i=1 j#l
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{1, 2,..., n}, trong do Z REj la téng cua cac REj, (chéng han, Re; M

j#l
(Re;+ Re,+ Rey+..+ Re,) = {0}. Nguoi ta néi rang V 1a téng truc
tiép cua cac khong gian con Re;, i € {1, 2,..., n}.

§5. SO CHIEU CUA KHONG GIAN VECTO
29. Tim sd chiéu cta khong gian vecto V sinh béi cac hé vecto sau:
a) a,;=(3,-2,0),0,=(4,0,-5), 6;=(-2,4,-5);
b) Bi=(4,-2,1), B,=(0,6,5), Bs=(1,5-17)
¢ ¥:1=(B,-52), 7.=(14,0), 7;=(2, -1, 2).

30. Gid st U, W 1a hai khong gian con ctuia khong gian vecto V va V
= U + W. Ching minh rang dimV = dimU + dimW khi va chi khi U N
W={0}

31. Gia st U, W 1a hai khong gian con thuc su ctia khong gian vecto
V,U=W.

a) Néu dimV = 3, dimU = dimW = 2 thi dim(U N W) bang bao
nhiéu?

b) néu dimV = 6, dimU = dimW = 4 thi dim(U n W) c¢6 thé bing bao
nhiéu?

32. Trong R4, khong gian con U sinh béi hai vecto &1 =(-1,1,1,1),
as>=(1,2, 1, 0), khong gian con W sinh béi hai vecto B, = (2, -1, 0, 1),
B>=(0, -5, 6,0). Tim dim(U + W) va dim(U N W).

33. Cho hé vecto {a 1 a 2, &3, a4} la moét co s¢ cua khong gian vecto
V. U la khong gian con sinh bdi {a1, a,, o3,}, W 12 khong gian con sinh
boi {as, a3, as).

a) chimg minh rang {a,, a3} 1a mot co sé cia U N W.

b) Tim co s& va s6 chiéu cua U + W.

§6. TOA PQ CUA VECTO
34. Tim toa do cua cac vecto sau ddi véi co s {E L €2, 53, 54}:
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o =3€,—BE,+TES+2E B——981 4€ 43— HE
?‘:1252_8_8—3'*_ 54; S=5§3.
35. Tim toa do cﬁavect0&=(5,-2, 4,1) ddi vai co so:
a) £,=(,0,0,0), €,=(0,1,0,0), €,=(0,0,1,0), €,=(0,0,0, 1);
b) £,=(0,0,0,1), &,= 0,0,1,0), £,=(0,1,0,0), £,=(1,0,0, 0).

36. Biét toa d0 cua cac vecto d6i véi mot co sé (€) nao d6 nhu sau:
a(0,-5,4,1), B (2,7,0,9), y(4,0,1,2).

Tim toa d§ ctia cac vecto sau do1 véi co so (¢):

A=8G-B+57, A=—G +4Pp+27 , i = 4a — TP +67.

37. Goi P; 1a khong gian vecto gdm da thirc 0 va cac da thic f(x) €
R[x] c6 bac f(x) < 3.

a) Ching minh rang: () : &,=1, §,=x, §,= x% §,= x°va

©: Ei=1 E,=x-1,8= &x-D% &= x-1)

1a hai co s& cua khong gian Ps.

b) Tim ma tran chuyén tir co s& (g) sang co so (£).

¢) Tim toa dd cua cac vecto f(x) = 2x’ - x + 5 ddi v6i co so (&).

§5. SO CHIEU CUA KHONG GIAN VECTO
29. Tim s6 chiéu cua khong gian vecto V sinh béi cac hé vecto sau:
a) a,=@3,-2,0), a,=(4,0,-5), a,=(-2,4,-5);
b) B.=(4,-2,1), B,=(0,6,5), By=(1,5,-7)
¢) 7:=(,-5,2), 7,=(-1,4,0), y,=(2,-1, 2).

30. Gia st U, W 1a hai khong gian con ctua khong gian vecto V va V
= U + W. Chimg minh rang dimV = dimU + dimW khi va chi khi U N
W={0}.

31. Gid st U, W 1a hai khong gian con thuc su ciia khong gian vect(
V,U =W.
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a) Néu dimV = 3, dimU = dimW = 2 thi dim(UnW) bang bao nhiéu?

b) Néu dimV = 6, dimU = dimW = 4 thi dim(UNW) c6 thé bang bao
nhiéu?

32. Trong R*, khong gian con U sinh boi hai vecto o = (1, 1, 1, 1)
0, = (1, 2, 1, 0), khong gian con W sinh béi hai vecto B 1(2,-1,0, 1) Bz
=(0,-5,6,0). Tim dim(U + W) va dim(U — W).

33. Cho hé vecto {& L 0o, 03, &4} 1a mdt co so cua khong gian vecto
V U la khong gian con sinh béi {a, a,, a3}, W 12 khong gian con sau
boi {as, a3, a4l

a) Ching minh rang {a,, a3} 1a mot co s& caa U N W.

b) Tim co s& va sb chiéu cia U + W.

A a,=(0,1,0,2),a,=(,1,0,1), aa5=(1,2,0,1), a,=-1,0,2, 1);
B: B,=(1,0,2,-1), B.=(0,3,0,2), B,=(0, 1,3, 1), B,=(0,-1,0, 1).

a) Dung hang ciia hé vecto dé ching t6 rang hai hé vecto nay 13 hai
co so ciia R,

b) Tim ma tran chuyén tir co s& o# sang co s& B.

¢) Tim toa do cia a = (2, 0, 4, 0) ddi vé6i co s& 3.

d) Dung cong thurc ddi toa do dé tinh toa d6 cua o d6i voi co so.

42. a) Ching minh rang cac phép bién ddi so cap khong lam thay do6i
hang cua ma tran.

b) Ban hay tu tim mot hé vecto trong khong gian R va dung cac
phép bién d6i so cap dé ching to rang hé vecto ay doc lap tuyén tinh.

¢) Ban hdy tu chon hai h¢, moi hé gom 4 vecto, 10i dung cac phép
bién doi so cap ching to rang mot hé c6 hang 3, mdt hé co6 hang 2 va chi
ra co s& khong gian sinh béi moi hé vecto da cho.
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VAINET LICH SU

Khai niém khong gian vecto xuat hién mudn hon nhiéu so voi khai
niém dinh thirc. Leibnitz 12 nguoi du tién phat hién ra khai niém dinh
thirc va cing chinh 6ng la nguoi co cong lao dang ké trong viéc de
xudng khai ni¢ém khong gian vecto. Bit nguén tr y twong muon dung dai
sO dé nghién ctru hinh hoc, cy thé, mudn ding dai sé dé miéu ta khong
chi nhitng luong khac nhau ctia hinh hoc ma miéu ta ca vi tri cua cac
diém va hudng cua dudng thang trong hinh hoc, Leibnitz di quan tam
dén cac cap diém (tuy nhién, 6ng van chua phan biét tht ty cta hai
diém).

Hon 100 nam sau khi Leibnitz qua doi, tirc 1a vao nam 1833, cac
cong trinh cua 6ng vé van dé ndy méi duoc cong bd va nguoi ta di treo
giai thuong cho nhitng ai phat trién duoc y twong cia Leibnitz trong
nhitng cong trinh nay. Nam 1835, dugc Maobius thong bdo tin nay,
Grassmann, mot gido vién thé duc ciia mot g
truong hoc & thanh phd Stetin thudc nudc
Duc, véi long ham mé toan hoc, sau gﬁn mot
nam lam viéc, da trinh bay cong trinh vé mot
cau trac twong ty khong gian vecto. Tl nim
1832 Grassmann da tim dugc cac dang vecto
cua cac luat trong co hoc. 6ng da chu y to1
tinh giao hoan, két hop ctia phép cong cac
vecto. Cong trinh cia 6ng qua tong quat nén
dén nam 1840 cac nha toan hoc van khéng
hiéu dugc ¥ tudng cua ong. Vi thé nd ¢ it
anh huong. Grassmann di giri quyén sach dau tién ctia minh cho Gauss
va cho Mobius, nhung Mobius khong doc hét vi khong hiéu duoc
tuong cua Grassmann. Nam 1844, cung mot lic voi Hamilton,
Grassmann da dua ra khai niém khéng gian gian nd tuyen tinh, (tirc 1a
khong gian vecto n chiéu ngay nay) cing voi cac tinh chat ctia n6. Ong
cling da dinh nghia dai lwong gian no nhu la to hop tuyén tinh, di dinh
nghia khong gian con va khai niém doc lap tuyen tinh cua hé vecto va ca
khai niém ma ngdy nay goi 1a co s, s chiéu, tich vo huéng. Vai lan,
Grassmann xin dugc 1am viéc & truong Pai hoc nhung khong thanh, 1an
cudi ciing ma 6ng bi tir chdi 13 do Kummer di nhan xét rang cac bai bao
ctia Ong trinh bay khéng duoc rd rang sang sua. Cho dén luc chét ong

Chadn dung Grassmann
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van 1a gido vién thé duc ¢ thanh phd Stettin, qué huong ong.

Viéc bi€u dién hinh hoc cua s6 phirc 1a mét budce tién trong qua trinh

hinh thanh khong gian vecto. Nam 1837,
Hamilton d3 coéng bd cong trinh trong do sb
phtc dugc biéu dién boi cip sb thuc. Pén
nim 1841, éng quan tdm dén cac bd n sb thuc
vi mubn c6 nhimng két qua twong ty nhu d6i
v6i cac s6 phuc (tic 1a nhitng cip s6). Chinh
day 1a mot tiép can voi khong gian vecto. Sy
quan tam dén cac bo ba s thuc da dan 6ng toi
khai niém quaternion va 6ng da dung khai
niém nay dé nghién ctru toan li. Sau d6 nha
vat 1i nguoi Anh J. C. Maxwell (1831-1879)
va nha vat li nguoi My J. W. Gibbs da phat
trién thanh khong gian vecto. Cac thudt ngir

Chdn dung Hamilton

vecto va v hudng 1a do Maxwell dé xudéng. Hamilton ciing da dinh

nghia khai ni€m tich vecto.

William Rowan Hamilton c6 mot tiéu sir sang choéi. Khi con nho 6ng
ndi tiéng 1a mot than ddng toan hoc; 13 tudi ong hoc duoc la thir t:éng.
Sau khi tot nghiép DPai hoc Tnnity & Dublin, 6ng duoc cir lam gido su
thién van hoc ¢ truong Pai hoc téng hop. Nam 1837 6ng 1a chu tich Vién

han lam khoa hoc Ailen.
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Chuwong ITT
ANH XA TUYEN TINH

MO DAU

Ta da biét cac tap hop lién hé véi nhau béi cac anh xa. Gia sir A va B
13 hai tp hop khong réng, mot anh xa tir A dén B 13 mot quy tic nao do
cho tmg v&i phan tir a € A mot phan tir duy nhat f(a) € B; f(a) duoc goi
13 anh cua a. Anh xa tir tdp A dén tdp B duoc ki hiéu 1a f: A — B. Anh xa
f duoc xac dinh néu biét anh ciia moi acA. Cac anh xa duoc phan loai
thanh don anh, toan anh, song anh.

Néu X c A thi tap hop
f(x) = {beB | b = f(x) v&1 mdt x nao d6 thudc X}
duoc goi 1a anh cua X.
Néu Y c B thi tap hop
f'(y) = {acA | fla)e Y}
duoc goi 1a anh nguoc (hay tao anh) cua Y; v.v...

Bay gid, ddi voi cac khong gian vecto, ching tao thanh khong chi
bo1 nhitng phan tir, ma con ca nhitng phép toan. Vi thé méi lién h¢ gitra
chung cling phai dugc thé hién bdi nhitng anh xa cé lién quan dén cac
phép todn ay. D6 1a anh xa tuyén tinh.

Chuong nay danh cho viéc nghién ciru anh xa tuyén tinh, gém:

- Khai niém anh xa tuyén tinh hay cac dong cau khong gian vecto,
céc dang anh xa tuyén tinh nhu : don cau, toan cau, dang cau.

- Su x4c dinh mot anh xa tuyén tinh (& d6 ta s& thiy rang mudn xac
dinh mot anh xa tuyén tinh chi can biét anh cua cac vecto trong mot co
s0).

- Khai niém anh va hat nhan, mdi lién quan gitra anh, hat nhan voi
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don cu, toan cau va dang cdu, mbi lién hé vé chidu cua khong gian
ngudn voi s chiéu ctia anh va cua hat nhan.

Trén tip cac anh xa tuyén tinh tir khong gian V dén khong gian W
cling c6 thé xac dinh phép cong hai anh xa va phép nhan mot anh xa véi
mot s6 1am cho tip cac anh xa ndy trd thanh mot khong gian vecto. Do
ciing 12 nhimg diéu ma ban doc can nim viing dé co thé hiéu duoc cac
khéi niém gid tri riéng va vecto riéng cua mot tu d@)ng cau, s& duogc
nghién ctru tiép & chuong V.

Anh xa tuyén tinh con dugc nghién ctru tiép & nhitng chuwong sau. N6
con dugc mé rong thanh cac khai niém anh xa ntra tuyén tinh, da tuyén
tinh, da tuyén tinh thay phién. Song gido trinh nay chua thé trinh bay moi
dang anh xa nhu thé. Mot dang dac biét cua anh xa da tuyén tinh s€ duoc
trinh bay & chuong VI. P6 1a dang song tuyén tinh.

Pé hiéu dugc nhimng diéu trinh bay trong chuong ndy, ban doc can
nam viing nhirng tir thirc da hoc vé khong gian vecto.

§1. PINH NGHIA ANH XA TUYEN TINH - SU'XAC PINH
MOT ANH XA TUYEN TiNH

1.1. Cac dinh nghia
Pinh nghia 1. Gia su V va Wla hai K-khong gian vecto. Anh xaf: Vv

— W duoc goi la mét dnh xa tuyén tinh hay mét dong cau néu:
f@+B)=f@-+fB)
f(ra)=rf(a)

VOi moi 5,?, thuoc Vvamoir € K.
fla) goi la anh ciia o .
Néu W =V thi énh xa tuyén tinh f dwoc goi la mot tw d(;ng cau.

Vi dy 1. Gia st V 1a mot K-khong gian vecto. Anhxa 1, =V —» V
xac dinh boi

1(a)=o,véimoi o € V
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12 mot anh xa tuyén tinh. N6 duoc goi 1a dong cdu dong nhdt trén V.
Vidy 2. Gia st U la mdt khong gian con cua K-khong gian vecto V,
anh xa j : U —» V xéc dinh bdi
j(a)= 0o, v6imoi a €U
1a mot anh xa tuyén tinh. N6 dwoc goi 1a phép nhiing chinh tdc.
Vidy 3. Gia st V va W 1a hai K-khong gian vecto. anh xaf. V> W
xac dinh béi
F(a)=0,véimoi a € V
1a mot anh xa tuyén tinh. N6 dwoc goi 1a dong cdu khéng.

Ban doc c6 thé dung dinh nghia 4nh xa tuyén tinh dé tu kiém tra réng
ba anh xa noi trén 1a nhitng anh xa tuyén tinh.

Vi du 4. Anh xa f: R® — R? x4c dinh bai

f((a1, a, a3)) = (aj, &), v6i moi o= (a1, ay, a3) € R’ 1a mot anh xa
tuyén tinh.

That vay, chi can kiém tra cac diéu kién trong dinh nghia; véi o (a,
a,, a3), B= (by, by, bs) thude R’ vamoir € R, ta co:

f(G + B) = f((a,, a5 a;) + (by, by, by)) = f((a, + by, a3+ by, a5+ by) =
(a,+ by, ap+ by) = (ay, a) + (by, by) = f{(ay, ay, a3)) + £(by, by, b)= (&) + £(B),

f(ro) = f(r(ay, a,, ay) = f{(ray, ra, ray) = (ray, ray = r(a;, ay = rf(a ).

Vi du 5. Gia stt P, va P,; 1an luot 1a cép R-khong gian vecto gém da
thirc 0 va cac da thirc thu¢c R[x] v6i bac lan lugt khong qué n va khong
qua n - 1, d: P, — py.y 14 phép lay dao ham: d(f(x)) = f'(x). Thé thi d 1a
mot anh xa tuyén tinh.

That vay, voi hai da thic a = f(x), B = g(x)vamoir € R, ta co:

d(@+P) = df(x) + g®) = £'(x) + g'() = d(E®) + d(g®) = d(&)+d(B);
d(ra) = d{rf(x)) = rf'(x) = rd(f(x)) = rd(a ).
Vidu6. Gia st oA = {& 1 &2,..., &n} la mot h¢ vecto trong khong gian
R"™. Anh xa (ciing ki hiéu bdi #)

A : R" > R™ x4c dinh nhu sau:
125



V6i mdi v = (¢, Cayerny €) € R, A(Y) = Craq + Cron +.ot Cuoiy €
R"™, 1a mot anh xa tuyén tinh.
That vay, voi q? = (C1, C2s-+v5 Cn), 5 = (dy, dy,..., dy) € R, va véi moi r
€ R, ta co:
? +5= (c;+di, o+ dy,..,cntdy) r? = (rcy, ICy,..., ICp).
Theo dinh nghia ctia dnh xa 4, ta co:
AF+3) = (+d) Gt (et d)Bnt o+ (Cat dy) Gy
=¢, 0ty t...tec,d,+da +dya,+...+d,a,
=cA(7) + A(3),
Ary)=rc,q,+rc,dy+...Fre, 0, =r(c;d,;+ cy0 ot F )

=r. oY)

Vay of 1a mot anh xa tuyén tinh.

H¢ qua.

1) Anh xa f- V — W la mét dnh xa tuyén tinh khi va chi khi:

flra +sp)=rf(a) + sf(B), véi moi «, B thudc V va moi r, s thude
K.

2) Néu f: V. — W la mét anh xa tuyén tinh thif(6 J= 0y &diy0,
va 0, lan luot la vecto khong trong V va W.

Chirng minh. 1) Xin danh cho ban doc.

2) Vi 0o = ()V, va fla mot anh xa tuyén tinh nén

f(0,)=(00)=0f(a)=04. [

Anh xa gitra cac tip hop duoc phan ra thanh don anh, toan anh, song

anh. Tuong Gng véi chiing, cdc anh xa tuyén tinh cling dugc phan thanh
don cau, toan cau va dang cau.

Dinh nghia 2. Mot anh xa tuyén tinh dvwoc goi la:
a) don cau nén né la mot don anh;
b) toan cau nén né la mot toan anh,
¢) dang cdu nén né dong thoi la don cdu va toan cdu.
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Khi c6 mot dang cau f tir khéng gian vecto' V den khéng gian vecto W

thi ta viet:
fV=w
va néi rang V va W ddng cau véi nhau.

Vi dy 7. Anh xa dong nhat 12 mot dang cau.

Vi du 8. Phép nhing chinh tic 1a mot don cau.

Vidu 9. Anh xa tuyén tinh f: R® > R? trong vi du 4, muc 1.1, 1a mdt
toan cAu. That vay v6i moi 5 = (a;, ay) € R’ déu tOn tai vecto &(al, a,, 0)
e R’ ma

f(a) = f((a1, 2, 0) = (a1, ) = 5.

Diédu niy ching to anh xa tuyén tinh f 1a mot toan anh. Vay f 1a mot
toan cau.

Ménh d@. Anh xa tuyén tinh f: V — W la mét dang cdu khi va chi khi
ton tai mot dnh xa tuyén tinh f': W — Vsao cho f'f=1,, ff'= 1,.

Chitng minh. “=" Gia sir ha mot dang cau. Khi d6 ba mot song anh.
Do @6 ton tai anh xa nguoc ' sao cho f'f- 1,, ff' = 1. Ta chi con phai
chimg minh f' 1a mot anh xa tuyén tinh; nghia 1a phai chtig minh ring;

fl(ra +sB)=rf'(a)+sf-1(B), voi moi a,p thudc W va moir, seK.
Vi ff! = I, nén:
flira +sB) = F1eff(a ) +sfF(B) = £IRENE ) + sfEB)) (1)

Theo gia thiét, f 13 mot anh xa tuyén tinh. Do d6:

rf(f(a ) + sf(E1(B)) = fxef (&) + sf'(B)). @
(2) Tir (1) va (2) suy ra:
f(ra +sp)) = £(EC(G) +sE(BY) = FHxf (@) + st(B))
=rf(@) + sfY(B)
Vay f ' 12 mot anh xa tuyén tinh.
“=” Néu f'f = 1,, ff' = 1,, thi (nhu da biét trong phan tap hop) f 12

mot song anh. Theo dinh nghia 1, muc 1.1, ha mot dflng cau. [

127



Ta di thay tur K-khong gian vecto V bat ki den mot K-khong gian W
tuy ¥ ludn ludn co ddng ciu khong. Ngoai ddng cdu khong con c6 dong
c4u nao khac va c6 cach nao dé xac dinh ching?

1.2. Su xac dinh mdt anh xa tuyén tinh

Pinh li. Gid sit V, W la hai K-khéng gian uecto, (€) ={¢ 1., &y,
En} la mot co so cua V va 31, 52 5,, la n vecto tuy y cua W. Khi do
ton tai duy nhat mét dnh xa tuyén tinh f- V — W sao cho f(¢;) = &, véi
moii €{l, 2,..., n}l

Chwng minh. Trude hét ta xac dinh anh xa f: V. — W nhu sau: véi
mdi o =r(&; +Tyey ... FiE, € V, ta dat

flo)=1p+rPr+..+r,fpe W

D6 thuc su 1a mot anh xa vi (€) 1a co s& clia v nén voi a, n sb r; duge
xac dinh duy nhat; do dé f(a) duoc xac dinh duy nhét. Ta phai kiém tra
ré’mg fla mot anh xa tuyén tinh. V&i o =116, + ey +...+ in;,n) B= S1€
+ 86y +.. FSE, € Vvamoik € K, ta co:

GHB = (8B, + (at 8)Ea+ o + (1 ¥ 8)E,,
ko =kr;€,+krg, +...+kr €.

Theo dinh nghia cua f thi:

f(d +B) = (r,+ 88, + (s +8) 85+ ... + (1, +5,)3,
=18, 1Bt F Ty, 45,8, F 850, +.. 45,6, = f(a)+ £(P)
fka) =krd,+kryd,r.+kr,d, =k(r,8,+1,0,+.+1,6,) = kf(&).
Hon ntra, voi £ ta c6 thé viét:
§,=08,+..4 0, ,+ €,+ 084, +...4 0F _.

Do d6 f(€)=08,+...4+ 08+ 6,4+ 08,4, +..4+05,= 5.,

Gia sir ¢6 anh xa tuyén tinh f: V — W thoa man diéu kién f (s )=
61, VO'l moii e {I,2,..,n}. Vif la mdt anh xa tuyen tinh nén v&i mdi «
—I'181 +I'282 +...+ 1n8n € V, ta co:
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ffa)=1f'"(r;€,+ €+ ... +r,8,) =r,f'(€,) +r,f'(Ey + ... + r f'(E)
=18, 108, 4. 1,6, = £(3).

Vay f = f, tirc 1a f xac dinh nhu trén 13 duy nhét. [0

Y nghia cua dinh li:

1) Mudn xé4c dinh mét anh xa tuyén tinh chi can xac dinh anh cua cac
vecto co so.

2) Mbi hé n vecto cia W x4c dinh mot 4nh xa tuyén tinh tr V dén W
Nhu vay, c6 thé c6 vo sb anh xa tuyén tinh tr V dén W néu W =0.

Vi dy. Co s6 (g) cua R? gdm €, = (1 0,0), £,= (0, 1, O) £53= (0,0,
1) va ba vecto &, = (0, 2), 5, =(1, -1), &5 = (3, 0) thudoc R* xac dinh duy
nhét anh xa tuyén tinh f: R> = R? sao cho f(gi) =5.,1=1,2, 3. Khido,
v&i moi o = (aj, ap, a3) € R’,

hay: a=a,(1, 0, 0) + a,(0, 1, 0) + a5(0, 0, 1) = a,€ ;+ a,€,+ a3€ 5,

f(a) = 316 + a26 + 3383 a,(0, 2) + ay(1, —1) + a,4(3, 0)

= (0, 2a,) + (az, — ay) + (323, 0) = (a,+ 3a3, 2a,— ay).

Khi xét cac anh xa gitra hai tap hop ta da dinh nghia khai ni¢m anh
va anh nguoc. Chang han, f: X — Y 1a mot anh xa, Ac X, BC Y,

Tap hop f(A) = {f(a) € Y |a € A} dugc goi la anh ctia A,

Tap hop £ '(B) = {x E x | f(x) € B} duoc goi 1a anh nguoc cua B.

Noi chung, chung khong ¢6 dic diém gi. Song, cac khong gian vecto
1a nhtng tap hop co phép toan va anh xa tuyén tinh bi rang budc bdi cac
phép toan 4y nén chic han anh va anh nguoc ciing c6 nhimg dic diém
riéng.

§2. ANH VA HAT NHAN CUA ANH XA TUYEN TiNH

2.1. Pinh nghia va tinh chat

Dinh nghia. Gid su V, W la hai K-khong gian vecto, f: V — W la
mot anh xa tuyén tinh, AcV,Bc W.

Tdp hop f(A) = {B € W | = f(a), vdi moi d thudc A} dwoc goi la
129



anh cua A.

Tdp hop £'(B) = {a € V| f(a) € B} duoc goi la anh nguoe (hay tao
anh+ cua B.

Noi rieng, V) duoc goi la anh cua V hay anh cua f va ki hiéu la Imf
f’(a w) dwoc goi la hat nhan cua fva ki hiéu la Kerf.

Vidu I. Cho anh xa f: R* - R* xéc dinh boi:

f(a,, a, a,, a,) = (a,, a5, 0).

D@ thay f1a mot anh xa tuyén tinh.
Imf={(a,, a,0) | aeR,i=1,2},
Kerf ={(a,, a, a3, a,) | (a,, a,, 0) = f(a,, 2y, a5, a,) = (0, 0, 0) }.

Tu do6 suy ra:

Kerf ={0,0,a5,a) | 0eR, a,e R,1=3,4}={0}x{0}xR%

Vi du 2. Anh xa g: R* - R’ x4c dinh béi:

f(ay, a,, a3, a4) (ay, ay, a3).

g 12 mot 4nh xa tuyén tinh.
Img={(aj,a,a3)|a R, i=123}=R’,
Kerg = { (a,, a5, 84, a,) | (a;, a5, 25) = g(ay, 8y, a5, a,) = (0, 0, 0) }.
Tt d6 suy ra
Kerg=1(0,0,0,a) | 0c R, a,e R} ={0}x{0}x {0} xR.

Vi du 3. Cho anh xa h: R2 ~ R3 xac dinh boi

f(a), &) = (a1, a, aj- ay).
Ban hay tu kiém tra rang h 1a mgt anh xa tuyén tinh.

Imh = {(a,, a,, a,— ay) | a €R,1=1,2},

Kerh = { (a,, a,) | (a,, a3, a;— ay) = f(a;, a,) = (0, 0, 0) }.

Twr do6 suy ra:
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Kerh = {(a,, a,) | a,=0,a,=0}=(0,0) = 0cR2
Vidu 4. Xét anh xa c#: R" — R"™ trong vi du 6, muc 1.1.

ImcA ={B e R™ |B=cl(F)=cyG,+ CcyBot ... +C,G,, véi
¥ =(cy, Cyy ... , ) €R” }hayImoi={[§ =¢a,tcay,t...te,a, ]l e R L

Piéu niy c6 nghia 1a Im~1 1a khong gian sinh béi hé vecto

V6i B e R™, A (B) =17 =y Cpv &) € R i@y o8, + . + 0,0, = B

KercA = {y = (¢, Cy..., ) € R |c1&1+ Col,t ...+ C 0,= 6 3.

Pinh li. Gia su V, W la hai K-khong gian vecto, f. V— W la mot anh
xa tuyen tinh, A la mot khong gian con cua V, B la mot khong gian con
cua W. Khi do:

1) f{A) 1a mot khéng gian con ciia W. Hon nita néu hé vecto {71
¥ m} 1d mot hé sinh cia A thi hé vecto {fy 1),..., f{ym)} la mot hé sinh
cua f(A);

2) £'(B) la m¢t khéng gian con ciia V.

Chirng minh. 1) Vi 0, € A nén 0,, = f(0,) € f(A); tirc 1a f(A) = .
Gia stt B, P, thudc f(A) var, s thudc K. Theo dinh nghia cua f(A) t6n
tai o, o, thudc A sao cho B, =f(a,), B> = f(a,). Vi f 1a mot anh xa
myén tinh nén

rB+sBy,=rf(a,) + sf(G,) =frd,) + f(sd,) =f(rd ,+sd,
= f(rél ,+ @ ,).

Vi A 1a mdt khong gian con ctia V nén ra , + s&z e A. Do d6

B+ sPr=1f(ra; +say) € f(A).

Theo dinh 1i 2.2, Ch.II, f(A) 12 mdt khong gian con cua W.

Bay gid gid st {7 1,..., vm} 1a mot hé sinh ciia A. Khi d6 f(v;) € f(A)
v6imoiie {1,..,m}. V6imdi B e f(A), ton tai mdt o € A sao cho p =

f(o). Nhung o 1a mot t hop tuyén tinh cia hé vecto {v1,..., ym} ching
han,

& =X ¥t T XY o
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Do do

B=f(a) =171+ .. +Xu¥w) =xf(¥)+ . +x.8(¥ )
Vay f(A) sinh boi hé vecto {(fy 1),..., f(y m)}

2) Vif(0,)= 0, € Bnén 0, e f(B); nghia la f (B) # &. Gia st
a1, o, thude 'B) var, s thuéc K. Theo dinh nghia cia anh nguoc,
f(&}), f(&z) thudc B. Vi B 1a mgt khong gian con ciia W, f 1a mdt anh xa
tuyén tinh nén

f(ra,+sa, =rf(a, +sf(a,) € B.

Do do

rd., +sé,e f1(B).

Lai theo dinh 1i 2.2, Ch.II, £ 1(B) la mgt khong gian con cua V. [

Twr do6 ta c6 h¢ qua 1 sau day.

Hé qua 1. Gid sit f- V— W la mdt anh xa tuyén tinh.

Khi do:

1) Imf'la mot khong gian con cua W.

2) Kerf'la mot khong gian con cua V.

Hé qua 2. Gid sit f- V — W la mdt anh xa tuyén tinh.

1) f'1a mét toan cdu khi va chi khi Imf = W.

2) fla mét don cdu khi va chi khi Kerf = 0,.

Chirng minh.

1) Hién nhién.

2) “=” Gia st f 14 mot don cdu va o e Kerf. Khi d6 f(a) = 0w =
f(0y). Vifla don caunén a = 0,. Suy ra Kerf = {v}.

“=” Gia sitr Kerf = {0,}. Dé chimg minh f 1a mot don ciu ta phai
chimg minh rdng néu f(a ;) = f(a,) thi a; = a,. Nhung khi f(a ) = f(a,)
ta co

f(a,— dy) = f(6,) —f(d,) = Oy
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Diéu nay cd nghia la &1 - &2 e Kerf. Suy ra &1 - &2 = 6V vi Kerf =
{6V}. Do do &1 = q 2. Vay fla mot don cAu. [

Vidu 5. Anh xa tuyén tinh g: R' > R’ trong vi du 2, 1a mot toan ciu
vi Img =R’

Vi du 6. Anh xa tuyén tinh h: R> > R® trong vi du 3, 12 mot don ciu
vi Kerh={0}.

Khi f: V — W 1a mét anh xa tuyén tinh thi Kerf 12 mot khong gian
con cta V con Imf 1a mdt khong gian con cua W. Tuy nhién so chi€u ctua
chung c6 moi lién quan chét ché vdi so chiéu cua khong gian nguon V.

2.2. Lién h¢ giira so chiéu ctia anh, hat nhin va khong gian ngudn

Pinh . Gid sit . V — W la mdt anh xa tuyén tinh. Khi @6, dimV =
dimImf + dimKerf-

Chirng thinh. Gia sit Imf c6 co sd (&) = {&1, E,,..., Em}. Vi mdi E;
ta chon mot &; ¢ dinh thugc V sao cho f(e;) = &;. Khi d6 {&,..., £2,...,

Em} 1a mot hé vecto doc lap tuyén tinh cua V.

That vay, néu r, € ,+r,e,+ ...+ r,€,=0y
thi Ow=1f(r,e,+r,e,+...+r,€,)=rf(€,) +rf(g,) +..+rf(g)

n n.

= rlc.>1+ r2g2+“‘+ rmém 0

Vi hé vecto (§) doc 1ap tuyén tinh nén r; =r,... = r,, = 0.

Goi U la khong gian con ctia V sinh boi h¢ vecto {5 Lyees E2mes Em}
ta s& chimg minh rang V = Kerf + U. Véi a € V, ta c6 f(a) € Imf. Vi
(§) 1a co s¢ cua Imf nén

fla) = Z sjg,, voi s, e K jedl, 2,..., m}

j1
Do do

m m m

f(6) =358 = Y sfE) = sg) voi Ysg eU.
)1 121 j=1 =1

m

Suy ra f(d)—f(isjéj)= 0 hay (o~ Zsiéj): 0.
31 j1
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—_— m -
Diéu ndy c6 nghia 1a o - ) s¢; € Kerf.
)

Dat a- Zsjé):B e Kerf. tacé a = B +Zsj§j e Kerf + U. Vay
il i1
V = Kerf +U.
Hon nita U N Kerf= 0. That vay, néu o € U N Kerf thi, chéng han,
o= X, €, FXE,F L+ X E
va
0 =f(G)=f(X,€ ,+ XoE,+ ... + X, € )

= xf(€) + Xf(€0) + . + X f(€,) = X 81+ Xy Eutot X

Vi (€) 1a mot co sd cua Imfnén x; =x, =... =x,=0; suyra o = 0.
Do d6 U n Kerf = 0. Theo dinh 1i 2, myc 5.2, Ch.IL
dimV = dimU + dimKerf - dim(U n Kerf).
Nhung dim(U m Kerf) =0 va dimU = m = dimImf.
Vay dimV = dimImf + dimKerf. [
Vi du. Cho anh xa tuyén tinh f: R* —» R x4c dinh béi:
f(ar, a, a3, a4) = (a; - ay, a3).

Tim so chiu cua Imf va ctua Kerf.

Gidi
Goi (¢) la co so chinh tic ctia R*. Theo dinh 1i , muc 2.1, Imf sinh béi

hé vecto f(e) = {f(¢ ), f(¢>), f(e3), f(€4)}. Do d6 chi can tim hang ctia hé
vecto (f(g). Theo dinh nghia cta anh xa f, ta c6:

f(e)=1(1,0,0,00=(1-0,0=(,0)
f(€,)=10,1,0,00=(0-1,0=(1,0)
f(€4) =1£(0,0,1,00=(0-0,1)=(0, 1)
f(€,) =1£(0,0,0,1)=(0-0,0) = (0, 0).

Hang(f(e)) bang hang ciia ma trin
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|
—
O = O O

D@ thdy hang ctia ma trdn nay bang 2. Do d6 dimImf = 2. Theo dinh
li trén, ta co:

dimKerf = dimR* - dimImf=4 -2 =2,
~ Nho dinh li trén, ta ¢ duge moi lién hé giira hai khong gian vecto
dang cau.
2.3. Sw diing ciu giira hai khong gian cung s6 chiéu

Dinh li. Hai K-khong gian vecto dang cdu khi va chi khi ching cé
cung mot so chiéu.
Chitng minh. “=" Gia st f. V = W 1a mot dang cau. Khi d6 f dong

thoi 1a mot don céu va mot toan cdu. Do d6 Kerf = 0 va Imf=W. Theo
dinh 11 2.2,

dimV = dimW + dimKerf.

Vi dimKerf = 0 nén
dimV = dimW.
“=” Gia st dimV = dimW - n, (€) = {€1...., £2,..., £} 12 MmOt CO G

cua v, con (&) = {%1, Ez £,} 12 mot co so cua w. Theo dinh 1i & muc
1.2, ¢6 anh xa tuyén tinh

f: V>W s ao cho f(Ei) = Ei, voimoi i€ {l,2,..,n}.

Theo dinh li 2.2, Imf cling sinh boi hé co 8¢ (€). Do d6 Imf = W;
nghia la f'la mot toan cau. Theo dinh li 2.2,

dimKerf = dimV - dimImf = dimV - dimW = 0.

Theo hé qua 2, muc 2.1, f 1a mot don cau.

Vay f:VW. [

Hé qua. Gid sir V va W la hai K-khéng gian vecto. Anh xa tuyén tinh
f:V — W la mot dang cau khi va chi khi no bien mot co so cua V thanh
mot co so cua W.
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Chiurng minh. Xin danh cho ban doc. [

Theo dinh li trén day, moi R-khong gian vecto n chiéu déu dang cau
vGi khong gian R". Vi the mudn nghién ctru cac tinh chat chung cta R-
khong gian vecto, chi can nghién ciru trén khong gian R". Didu nay cho
thiy tAm quan trong ctia khong gian R".

§3. CAC PHEP TOAN TREN TAP CAC
ANH XA TUYEN TiNH - HOMK(V, W)

Ki hiéu tap hop cac anh xa tuyén tinh tir K-khong gian vecto V dén
K-khong gian vecto W bdi HomK(V, W). Ta s€ xac dinh cac phép toan
trén HomK(V, W).

3.1. Phép cong hai anh xa tuyén tinh

Ménh dé va dinh nghia. Véi hai dnh xa tuyén tinh bat ki f g €
HomK((V, W), anh xa f + g: V — W xac dinh boi:
f+gHa)=f(a)+gla) véi moi aeV,
la mot anh xa tuyén tinh.
[+ g dwoc goi la tong cia hai dnh xa tuyén tinh fva g.

Chirng minh. That vay, véi a, B € Vvavoir,s € k, ta co:

(+g)@d +sB)=fwd+sp) +grd+sP) =rf(d) +sf(B) +rg(a) +sg(B)
=r(f(c) +g(a)) + s(f(B) + g(B)) = r(f + g)( &) +s(f+ &) B).
Vay f + g 1a mot anh xa tuyén tinh. [
Vi du. Cho f, g € Homg(R*, R?), xac dinh boi:
f(a,, a,, a,, a,) = (2, — ag), g(a,, a,, a4, a,) = (a,, ag+ ay).
Xéc dinh f + g. Tim Im(f + g) va Ker(f + gi.
Gidi

Theo dinh nghia, voi o= (ay, ay, a3, a4) tuy y thudc R4, ta co:
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(f+g)a;, as as, a9 =+ g)(a)=1f(a)+g(a)=1(a, a, as ay) +

g(ay, 2y, a3, 2, = (a,, — ay) +(a,, a3+ a,) = (2a,, ay).

TR 2 X 1 \ \
Nhu vay véi moi (xy, x;) € R, néu chon a; = Exl va az = X,, thi

1 1
(f+ g)( ‘2‘X1, O> 07 XZ) = (2 EXI’ X2) = (xl, X2);

nghia 1a f + g 12 mot toan cdu. Vay Im(f + g) = R,
Ker(f + g) = {(a,, a3, 8,5, 2y | (2a,, a,) = (f + g)(ay, a,, a4, 2,) = (0, 0)
vGi a;, a,, a3, a,€ R .
Suy ra
2a,=0, a,= 0, hay a; = a,= 0.{0} x {0} x
Vay  Ker(f+g) ={(0, a a;, 0) | v6i 0, a5, a;¢ R } = {0}xRZx{0}.

3.2. Phép nhian mot anh xa tuyén tinh véi mot s6

Ménh d8. Véi dnh xa tuyén tinh bat ki f € HomK(V, W) va s6 k € K,
anh xa kf: V. — W xac dinh boi:

(kf)(a) =k(f(a)), véimoi a e V,

la mot anh xa tuyén tinh.

kf dwoc goi la tich ciia dnh xa tuyén tinh fva sé k.

Voik =- 1, anh xa (- 1)f dwoc goi la anh xa doi cua fva dwoc ki hiéu
boi—f.

Chirng minh. Xin danh cho ban doc. [']

Vi du. Cho P, 1a khong gian vecto gém da thirc 0 va cac da thirc c6
bac bé hon hay bang 2, thudc R[x], anh xa f: P, — R’ xéc dinh boi:

f(ax®*+ bx +c) =(a,—b, —¢).
Chung minh rang f 1a mot 4nh xa tuyén tinh va 3f 1a mot dang ciu.
Gidi
e Ta ching minh f 1a mdt &nh xa tuyén tinh. Gia st ax”> + bx + ¢, a'x’

+ b'x+ ¢' thudéc P, var, s € R. Khi do
137



r(ax> + bx + ¢) + s(a'x” + b'x + ¢’) = (ra + sa")x” + (rb + sb")x + rc + sc.
Theo gia thiét
f(r(ax® + bx + ¢) + s(a'x> + b'x + ¢'))
= f((ra + sa')x” + (rb + sb")x + rc + sc)
= (ra + sa', -(rb + sb'), -(rc + sc')) =r(a, -b, -¢) + s(a', -b', - ¢')
= rf(ax® + bx + ¢) + sf(a'x> + b'x + ¢).
Theo hé qua & muc 1.1, £ 1a mot anh xa tuyén tinh.
e Bay gio ta ching minh 3f 14 mot dang cau.
Trudce hét, néu ax®> + bx + ¢ e Ker3f thi
(0, 0, 0) = 3f(ax” + bx + ¢) = 3(a, -b, -¢) = (3a, -3b, -3¢).
Suyra3a=-3b=-3c=0haya=b=c=0.Do do6 Kerf= {0}. Vay

la mét don cau.

Véi (11, 15, 13) € R’ , néu chon da thirc %xz - %x - %3 € P2 thi

L

3

x——ri) = 3[f b Y.
3 3 3

T, T. r T, T
3 .lx2.. X—"—B' :3 ._1_’__2..,_3_ =(r,, 1, .
(f)(3 3)] (333) (ry, Y2, T3)
Diéu nay ching té 3f 1a mot toan cau.

Vay f: P,=~R’.

3.3. Khong gian vecto Homg(V, W)

Ménh dé. Phép cdng hai dnh xa tuyén tinh va phép nhdn mét dnh xa
tuyeén tinh voi mot so thoa man cdc tinh chdt sau:

frg=gt/

(fteg) th=f+(g+h)

f+ 0=ftrong d6 0 la dong cau khéng;
D=0

k(f+ g) = kf+ kg,

(k+ Df=kf +1f,

(kD)= k(1));
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If=1
voi moi f, g, h thuoc HomK(V, W), k, 1, I thuoc truong K.
Noi cach khac Homy(V, W) la mot K-khong gian vecto.
Chiurng minh. V61 cac dinh nghia cta hai phép toan noi trén, ban doc

c6 thé d& dang kiém tra cac tinh chat nay. [

3.4. Tich hai anh xa tuyén tinh

Ménh dé 1. Gid sit f V — W, g: W~ Um hai édnh xa tuyén tinh. Thé
thi anh xa gf : V — U xdc dinh béi (gf)(a) = g(f{a)), véi moi a €V,
ciing la mot anh xa tuyén tinh.

N6 dwoc goi la tich cua hai anh xa tuyén tinh fvag.

Chitng minh. Vi f va g 1a nhitng 4nh xa tuyén tinh nén véi o, BeV
vavoir, s € K, ta co:

(gD(rd +sP) =gra +sp)) =g(rf(d) +sf(B)) = r(egH( &) + seN( B).

Diéu nay ching t6 gf 1a mot anh xa tuyén tinh. [

Vi du. Cho f. R* — R*. g: R* > R* xac dinh boi:

f(a,, a,, ay) = (a,— a,, 0, a,, a,), g(a,, a,, a;, a,) = (a,— a,, a;+a,).

Khi d6 anh xa tuyén tinh gf dugc xac dinh bdi:

gf(a,, a,, a) = g(f(a,, a,, ay) = gla,—~ a,, 0, a;, ay)
=(0—a;+a, a;+ a,) = (a,—a,, a3+ ay).

Ta thay rang tich gf chi duoc xac dinh khi tip ngudn cta g 1a tap dich
cua f. Do d6 néu V # W thi, noi chung, trong Homg(V, W) khong co6
khéi ni€m tich ndi trén cua hai dnh xa tuyén tinh.

Ménh dé 2. Gida sit f, g , h la nhitng dnh xa tuyén tinh. Khi do:.

h (gf) = (hg)f,
hf+g) =hf+ hg (f+gh=fh+gh
néu cac phép todn & hai vé ciia dang thirc déu cé nghia.

Chirng minh. Dang thic tht nhat 1a dang doi voi ba dnh xa bat ki.
Ta phai chung minh hai didng thic con lai. BE lam vi dy, ching minh
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déng thire h(f + g) = hf + hg.

Gia st f, gt U —> V, h: V> W, ta phai chimg t6 rang h(f + g)(a) =
(hf + hg)(a), voi moi a e U. Theo cach xac dinh tong hai anh xa, ta c6

(f+g)(a)—f(a) + g(a).
Theo cach xac dinh cua tich hai anh xa ta co:
h(f+g)(a) =h((f+ g)( a)) =h(f(a) + g(a)).

Vi h la mét anh xa tuyén tinh nén:

h(f(a ) + g(a)) = h(f(a)) + h(g(a)).
Lai theo dinh nghia cua tich hai anh xa, ta dugc:

h(f(a)) +h(g(a)) = hH( a) + he) a).

Lai theo dinh nghia cia téng hai anh xa:

(hf)(a)) + (hg)(a) = (bf +hg)(a).
Két cuc h(f + g)(a) = (hf + hg)(a), véi moi o € U.
Vay h(f + g) = hf + hg.

Ban doc tu chirng minh déng thirc con lai. [
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TOM TAT

V, W, U Ia nhiing K-khong gian vecto.

f: V. —> W, 1a mot anh xa tuyén tinh néu f(a + B) - f(a) + f(B),
f(ra) = rf(a) hay

fira) +sp)=rf(a)+sf(B), véimoi a, € V, moir, s € K.

Néu (e) = {&, €.} 1a mdt co s cia v thi mdi hé vecto {5,..., 5,} cla
W xéc dinh duy nhét mot anh xa tuyén tinh f: V — W sao cho f(g;) = 5,
véimoii € {1,..., n}.

f 14 mot don céu néu nd la mot don 4nh, 14 mot toan ciu néu nd 1a
mot toan anh va la mdt dang cau néu no6 dong thoi 1a don cau va toan
cau.

f: V=W < dimV = dimW.

Anh xa tuyén tinh f tao nén moi lién hé gitra tap cac khong gian con
ctua V va tap cac khong gian con cia W.

A 1a mot khong gian con cua V thi

f(A) = {B e W | [§ = f(0) v6i mot o € A} la mot khong gian con
cua W.

B 1a mot khong gian con cia W thi:

flai)={a €V |f(a) € B} 1a mot khong gian con cua V.

Imf = f(V) duoc goi la anh cta V hay anh cua f, Kerf = £'{0,} dugc
goi la hat nhan cua f.

Néu {& L 0y s &m} la mdt hé sinh ctia khong gian vecto V thi

{(a1), f(a2), ,.... f(am)} 1d mot hé sinh cta Imf,

f: V —> W 1a mét toan cdu < khi Imf = W, ha mdt don ciu < Kerf
={0}.

dimV = dimImf + dimKerf.

Homg(V, W) 1a tip cac anh xa tuyén tinh tr V dén W. Voi f, g €
Homg(V, W), k € K,
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f + g x4c dinh boi: (f+ g) (o) - f(a) + g(a),
kf xac dinh boi: (kf)(a) =kf(a), véimoi o € V.
Néuf: Vo> Wvag f: W Uthi(gh)(a) - gf(a)), véi moi o V.
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BAI TAP

_ §1. PINH NGHIA - SU' XAC PINH MOT ANH XA TUYEN
TINH

1. Trong céc anh xa sau day, 4nh xa nao 14 anh xa tuyén tinh?

a) f: R > R’ x4c dinh boi f(a,, a,, a3) = (a;, 0, 0),

b) g: R’ - R’ xac dinh boi g(a, a,, a3) = (a;, 0, a;-a,);

c) h: R’ — R’ x4c dinh béi h(ay, a,, a3) = (a;, a,-2 , 0);

d) k: R’ — R’ x4c dinh béi k(ay, ay, a3) = (a;, ar + a3);

e) I: R* > R? xac dinh boi I(ay, a,, a3) = (a;, aa3);

f) P: R’ — R” x4c dinh béi p(ai, ay, a3) = (ay, 3ay);

2) q: R’ — R* x4c dinh béi q(ai, ay, a3) = (ay, a;-a,, 0, a,-a3);

h) t: R’ - R’ xac dinh boi t(ay, ay, a3) = (a;, a; + a,a3) ?

2. Trong cac anh xa ¢ bai tap 1, anh xa nao 1a don cdu, toan cau,
dang cau ?

3.Cho &, =(1,0,0), e,=(0, 1,0), €5 =(0, 0, 1) 14p thanh co so
chinh tic cua R va ba vecto 8, = (1,2, 0), 5,=(1, 0, -1), 55 (0, - 2, 2).
Anh xa tuyén tinh £ : R> - R? duogc xac dinh béi f(e;) = §;=1, 2, 3. Tim
anh cua cac vecto o =(-3,0,5), p=(2,2,-7), vy=(0,5,0), 6 = (x1, Xp,
X3).

4. Cho céc vecto o1 = (2,3, 1), a,=(0, 1,2), a3=(1,0,0), 5, = (1,
1L, -1), 6,=(1, 1, 1), 65 =(2, 1, 2). Chung minh rang ton tai duy nhat
mdt 4nh xa tuyén tinh f: R®> - R® sao cho f(a;) = §;. Tim £(1, 0, 0).

5. Cho 4nh xa tuyén tinh f : R* — R’ thoa man diéu kién:

f(1,1,0)=(1,-10), (1,0, 1)= (2,0, 1), f(0, - 1, 0) = (0, - 2, 0).

Tim o sao cho: f(a) - (3, 0, 0).

6. Cho anh xa tuyén ‘tinh f’: V> Wva héqvecto;oi = {&l’ &2,..., &m}
trong V. Chtirng minh rang néu h¢ vecto {f(ay), (a2),..., ()} doc 1ap
tuyén tinh thi hé o cling dgc 1ap tuyén tinh.
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7. Cho V, W 1a hai K-khong gian vecto, f: V. — W la mot don cAu
va hé vecto oA = {& Iy Qs &m} doc lap tuyén tinh trong V. Chiing minh
rang hé vecto {f(a1), (a2),..., (am)} doc 1ap tuyén tinh trong W.

8. Cho V, W 1a hai K-khong gian vecto, f : V. — W 1a mot toan cau
va hé vecto B = {B 1, P 2..., Bm} d0c 1ap tuyén tinh trong W. V&i mdi B
ta chon mot 4 ; ) dinh sao cho f(&i) = Bi - 1, 2,..., m. Chtrng minh rﬁng:
a) Hé vecto A= {01, a,..., am} d0c 1ap tuyén tinh trong V.

b) Néu hé vecto <#1a mot co sé cua V thi f1a mot dang cau.

§2. ANH VA HAT NHAN CUA ANH XA TUYEN TiNH
9. Xét cac 4nh xa tuyén tinh trong bai tap 1.
a) Tim anh va hat nhan cta mdi anh xa.
b) Nho anh va hat nhan suy ra anh xa nao 1a don cAu, 1a toan cau.
c¢) Tim s6 chiu cua anh, cua hat nhan cta mdi anh xa.

10. Cho P, 1a R-khong gian vecto gdm da thirc 0 va cac da thirc f(x)
e R[x] voi bac f(x) < 2. d: P, —> P, xac dinh boi d(f(x)) = f '(x), ¢ day
f'(x) 1a dao ham cua f(x). Tim Imd, Kerd, dimImd, dimKerd.

11. Cho A va B la hai K-khong gian vecto. V = A x B 1a K-khong
gian vecto vai hai phép toan sau:

(i, B1) + (02 B2) = (a1 + az BrtBo) k(a, B)=(ka, kB).
(xem bai tap 5, Ch. 1I)
Chung minh rang:

a) Anh xa p: V > A xéac dinh boi p(a, B): o la mot toan ciu. Tim
Kerd.

b) Anh xa u: B — V xéc dinh boi u(f) = (0, B) 1a mot don cau. Tim
Imu.

12. Cho f. V —> W la mét toan cau, {¢,..., €.} la mot co s& cua Kerf.
B0 sung vao hé vecto nay dé dugc mot co sO {€1,..., €1, Ep+1,es Enf CUA
V. Chtrng minh rang:
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a) Hé vecto {f(,11),..., f(€,)}1a mot co sé cua W.

b) Goi U la khong gian con sinh bdi hé vecto {&1,..., €n}. Chitng
minh rang

fu: U —> W 1a mot dang cau.

§3. CAC PHEP TOAN TREN CAC ANH XA TUYEN TINH

13. Trong mdi truong hop dudi day hiy xac dinh f + g, f - g, fg, gf
ro1 tim anh, hat nhan, s6 chi€u cua anh, so chi€u cua hat nhan ctia chung:

a)f: R’ > R’ , f(a,, &, a3) = (a;, a», 0),
g R’ 5 R, g(ay, a, a3) = (ai- a2' 0, a3).
b) f: R* > R*, f(a;, a)) = (a; + a», a; - a»),
g: R’ > R?, g(ay, ap) = (2ay, 0).
14. Cho f. R* > R3, g: R’ > Rz, trong do f(ay, a,, a3, ag) = (a; + a,,
a3, a4), g(a1, 8, a3) = (ay, - a3,).
a) xac dinh anh xa gf.
b) Tim Imgf, Kergf.
c) gf ¢6 phai 1a mét toan cau khong?
15. Chirng minh rang:
a) Tich cua hai don cau la mot don ciu;
b) Tich cua hai toan cAu 1a mét toan ciu;
¢) Tich cua hai ddng cdu 12 mot dang cau.
16. Tong cua hai don cu c6 phai la mét don cé}l khong? Cho vi du
minh hoa cau tra 161. Cung céu hoi do61 véi hai toan cau.
~ 17.Cho f. U -V, g: V — W 1a hai 4nh xa tuyén tinh. Chimg minh
rang:
a) Néu gf'la mdt don cAu thi f 1a mot don ciu;
b) Néu gf 1a mét toan cau thi g 13 mot toan cau.
18. Cho f: V — W 1a mot anh xa tuyén tinh. Chémg minh rang:
a) Néu f1a mot don cu thi tdn tai mot toan ciu g: W — V sao cho gf
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=1,, (1, 1a ddng cdu dong nhat trén V).

b) Néu f1a mot toan ciu thi ton tai mot don cdu g: W — V sao cho fg
= ly, (1, 1a dong cau dong nhat trén W).

19. Cho f, g € Homg(V, W). Ching minh rang:
a) Ker(kf) + g) o Kerf m Kerg;
b) Ker(kf) = Kerf véi moi k € K, k # 0.

~20.Cho f. U -V, g: V - W la hai anh xa tuyén tinh. Chirng minh
rang:

a) Im(gf) = g(Imf);
b) Ker(gf) = f'(Kerg).

21. Cho f: V — W 1a mét anh xa tuyén tinh, A 1a mét khong gian con
cua V, B 1a mot khong gian con cia W. Chimg minh rang:

a) f'(f(A)) = A + Kerf,

b) f(f'(B)) = W N Imf.

22. (Bai tap tong hop) Cho f va g 1a hai anh xa tir khong gian vecto
R* dén R* xé4c dinh l1an lugt boi :

f(ar, a, a3, a4) = (a1, @, - a3, 1), g(a1, @, a3, ay) = (22, &y, a3, - ay).

a) chirg minh rang f va g 1a nhimng ty dang cau cta R".

b) Ki hiéu h = f + g. Anh xa tuyén tinh h c6 phai 1a mot don cau, mot
toan cau khong?

c¢) Tim mot co sé (€) ciia Kerh va mdt co sé (0) cia Imh.
d) V&i mbi vecto 3; trong co s¢ ctia Imh ta chon mot &; sao cho h(&;)

=3 i Go1 U Ia khong gian vecto sinh boi céac vecto g i vira chon. Chung
minh rang R* 13 tdng truc tiép ciia U va Kerh (xem bai tap 28, Ch. II).

e) Tim vecto (X1, X», X3, X4) sao cho gf(xy, X», X3, X4) =(- 2, 0, 1, 0).

f) Goi W 1a khong gian con cua R’ sinh boi hai vecto o = (0, 2, -1,
0), a>=(1,0, 1, 0).

Tim mot co s& cua £(w).

Tim mot co s& cua g(w).
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VAINET LICH SU

Nhu da néi trong muc vai nét lich st cua chuong 11, mdt trong nhiing
nguoi sang tao ra khai niém khong gian vecto 1a nha toan hoc Dtrc tén la
Hermann Gunther Grassmann. Sau d6, Peano, nha toan hoc nguoi Italia
vao nam 1888, da dua ra dinh nghia tién de cua khong gian vecto (hiru
han chiéu hodc v6 han chiéu) trén truong sé thuc véi cac ki hiéu hoan
toan hién dai, ong cling da dinh nghia khai niém anh xa tuyen tinh ttr mot
khong gian nay vao mot khong gian khac. Peano 1a mot trong sd nhiing
nguoi sang lap phuong phap tién d¢, va cling 1a mot trong s6 nhimng
ngudi dau tién danh gia ding din gia tri cua nhitng céng hién cua
Grassmann. Sau do it lau, Pinkerle da thur
phat trién nhiing Ung dung cua bai sO tuyén
tinh vao 1y thuyét ham. Piéu dé giup ong
tim hiéu dugc nhimg trudong hop "lién hop
Lagrange dic biét" ctia nhimg anh xa tuyén
tinh lién hop va ndé da mau chong anh
huong dén khong nhimng viéc nghién ciru
phuong trinh vi phan ma ca phuong trinh
dao ham riéng. Két qua cta Pinkerle dugc
thé hién trong cac cong trinh ciia Hilbert va
truong phéi cia 6ng vé khong gian Hilbert,
va ciing duoc thé hién trong cac tmg dung
cua chung vao gidi tich. Cling nho 4nh xa tuyén tinh, vao nam 1922,
Banach da dinh nghia khong gian ma sau nay mang tén 6ng; do 1a nhitng
khong gian khong dang cau v6i khong gian lién hop véi né.

Chédn dung Hilbert
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Chuong IV
HE PHUONG TRINH TUYEN TINH

MO DAU

Noéi dung gido trinh toan ¢ truong Phé thong 1a cac tap hop sb, da
thire, phén thirc, ham s6 va phuong trinh, trong d6 c6 phuong trinh béac
nhat. O d6 méi chi nghién ctru cach giai hé phuong trinh bac nhat hai an.

Mot trong nhiing phuong huéng mé rong toan hoc phd thong la tong
quat hoa hé phuong trinh bac nhat. D6 1a hé _phuong trinh tuyén tinh.
Chuong nay s€ trinh bay ly thuyét tong quat vé hé phuong trinh nay. Ta
s& thiy ¢ day khong doi hoi mot diéu kién nao vé sb phuong trinh, sb 4n.
Ly thuyét nay rat quan trong va né dugc hoan thién nhd khong gian
vecto va dinh thirc. N6 c6 nhleu ung dung khong nhiing trong nhiéu
nganh toan hoc khac nhu: Pai sb, Hinh hoc; Giai tich; Ly ,thuyet phuong
trinh vi phén, phuong trinh dao ham riéng; Quy hoach tuyén tinh, ma con
trong nhiéu linh vuc khoa hoc khéc va ca trong kinh té.

Noi dung cua chuong nay la:

Piéu kién c6 nghiém cia mdt hé phuong trinh tuyén tinh téng quat,

- Phuong phép giai;

- Hé phuong trinh tuyén tinh thudn nhét;

- Mbi lién hé giita nghiém ctia hé tong quat voi hé thuan nhat.

Do cling 1a nhing van d& ma ban doc cin nam viing. Ban doc can
gidi nhi€u bai tap dé co ki nang giai cac h¢ phuong trinh va dé c6 thé van
dung chung trong khi nghién ciru cac mén khoa hoc khac hodc ung dung
vao thyec te.

De hiéu duoc cin k& 1y thuyét hé phu:ong trinh tuyén tinh, ban doc
can nim vimg nhiing diéu co ban vé khong gian vecto nhu co s, hang
cua h@ vecto, hang cua ma tran. bé gidi dugc cac hé¢ phuong trinh tuyen
tinh can c6 ki nang tinh dinh thirc.
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§1. PHUONG TRINH TUYEN TINH - PHUONG PHAP GAUSS

Tmc’yc hét, ta nhic lai dinh nghia hé phuong trinh tuyén tinh da duoc
noi dén 6 muc 6.1, Ch.1.

1.1. Pinh nghia.
1) Hé phuwong trinh tuyén tinh n dn la hé cé dang:

QX + QpXy + QX+ + @, X, = b

Aoy Xy + AppXy +.0+ Gy X, + .+ 0, X, = b,

ey

trong do x,, x,,..., x, la cdac an; a; b; thugc truong S0 K véii e {1, 2,...,
m},j el 2,.., nk

a; dwoc goi la hé 6 clia an x;, b; duoc goi la hang tir ty do.

2) Mot nghiém cua hé (1) la mot bo n 56 (cl, c,..., Cj..., ¢) thugc
truong K sao cho khi thay x; = c¢; thi moi dang thurc trong hé (1) deu la
nhitng dang thirc so dung.

3) Ma tran

dwoc goi la ma tran cdac hé so cua hé phuong trinh.

Ma tran
a, 8y a,, b
B = a21 822 a2n b2
a'ml amZ amn bm

dwoc goi la ma trgn bo sung ciia hé phwong trinh.
4) Hai hé phwong trinh tuyén tinh dwoc goi la tuwong dwong nén
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chung co cung mot tdp nghiém.

Ta c6 thé viét gon hé phuong trinh (1) dudi dang:

Zaﬁxj =b,, 1€ {1, 2,..., m}.
j=1

e Néu coi moi ¢ft ciia ma tran B nhu mot vecto trong khong gian K™,
chang han:

&j =(a1j’ a2j"'-, amj)v B = (bl, b2,..., bm)

thi c6 thé viét hé (1) dudi dang:

o X t QX+t O X, =B .
va goi do 1a dang vecto cia hé (1). Nhu vay, voi ngdn nglt khong gian
vecto giai hé phuong trinh (1) 1a tim cac hé so x; trong cach biéu dién
tuyén tinh B qua hé vecto {&1 , 02y, &n}.
e Néu xét 4nh xa tuyén tinh «# xac dinh boi hé vecto cot 2 = {&1,
o, O, cua ma trdn A, nhu da dinh nghia ¢ vi du 4, muc 2.1, Ch.III va
coi € = (X, Xa,..., Xy) nhu mdt vecto 4n thi hé phuong trinh (1) c6 dang:

(&)= P
Do 1a dang dnh xa tuyén tinh cua hé (1). Giai hé phuong trinh (1) cc
nghia 1a tim tip céac vecto ¢6 dang y = (cy, Cs,..., ¢,) € K" sao cho 4(y)
=B, hay tim A'(B).
1.2. Giai h,é phuwong trinh tuyén tinh bing phwong phap Gauss
(khir dan an so)

O truong Phé thong ta di biét giai hé phuong trinh b::ing phuong
phap cdng dai s6. Phuong phdp nay dya vao dinh li sau day vé bién doi
tuong duong hé phuong trinh.

Pinh li.

1) Néu doi ché mot phuong trinh trong hé thi duwoc mot hé tuong
dwong voi hé da cho.

2) Néu nhdn mét phuong trinh voi mot 56 khdc 0 thi dwoe mot hé
twong dwong voi hé da cho.
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3) Néu nhéin mét phuwong trinh voi mot soi khac 0 roi cong vao mot
phuong trinh trong hé thi duoc mot hé twong dwong voi hé da cho.

Chirng minh. Xin danh cho ban doc.

Duya vao nhitng phép bién doi nay ta c6 thé khir dan an s6 cua h¢; noi
chinh xac hon 1a, bién hé da cho thanh mdt hé twong duong, trong do cac
phuong trinh cang vé cudi thi s6 an cang it.

Vi du 1. Giai h¢ phuong trinh:

X, - 9%, +4x, =-7 (1)
2%, - 9x, - x, =4 (2)
3x, -11x, - 7x, =17 (3)

Giai

Nhan hai vé ctia phuong trinh (1) 1an luot véi - 2, - 3 16i cong li luot
vao phuong trinh (2) va phuong trinh (3), ta dugc hé:

X, -5x, + 4x,=-T7 ®
X, — 9x, =18 4
4x, —19x, =38 (5)

Nhan hai vé ciia phuong trinh (4) véi - 4 10i cong vao phuong trinh
(5) duogc:

X, —5x, + 4x, =-7 1)
X, -9x, =18 4)
17x, =34 (6)

Tu (6) suy ra x3 = - 2. Thay x3 = - 2 vao phuong trinh (4) ta tinh dugc
X, = 0. Thay x, = Q, X3 = - 2 Vao phuong trinh (1) ta tim duogc x; = 1. H¢
c6 nghiém duy nhat (1, 0, - 2).

Phuong phap giai trén day dugc goi la phuong phap khur dan an sb
do K. Gauss d& xuat nén con goi 1a phuwong phap Gauss.

Cu thé, khi thyc hién phuong phap nay ta chi thuc hién cac phep bién
d6i sau day trén cac dong ctia ma tran bo sung B ctia hé phuong trinh:

a) D6i chd hai dong cho nhau;
b) Nhén céc thanh phan ctia mot dong véi cing mot sb khac 0;
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c) Nhan cac thanh phan ctia mot dong véi cung mdt s6 ré1 cong vao
mot dong khac.

D6 13 nhitng phép bién doi so cdp trén ma trdn da n6i dén & muc 7.4,
Ch.IL.

Ching han, dé giai hé phuong trinh trong vi du 1, ta trinh bay nhu
sau:
1 -5 4 -7
B=|2 -9 -1 4
3 -11 -7 17

(Phan ciia ma tran dmg bén trai gach thang dtmg 1 ma tran A)

Nhén dong thur nhét 1an luot vai - 2, - 3, rdi 1an luot cong vao dong
thir hai va dong thir ba:

1 -5 4 -7
0 1 -9 18
0 4 -19 38

Nhan dong thir hai v6i - 4 10i cong vao dong thir ba:

1 -5 4 -7
0 1 -9 18
0 0 17 | - 34

Ma tran cuoi cung chinh 14 ma trdn bo sung cua h¢ phuong trinh cudi
cung.

Vidu 2. Giai hé phuong trinh:
4%, +2X, + X, =17
X, - X, + X,=-2
2x, +3x, -3x, =11

4%, + X, — X, =7
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Giai

4 2 1 7

1 -1 1 -2
B=

2 3 -3 11

4 1 -1 7

Poi chd dong thir nhat va dong thar hai cho nhau:

1 -1 11 -2
4 2 1 7
2 3 -3 11
4 1 -1 7

Nhan dong tht nhat 1an luot voi - 4, - 2, - 4, r6i lan luot cong vao cac
dong thur hai, thir ba, thu tu:

1 -1 11 -2
0 6 -3 | 15
0O & -6 15
0 5 -5115

Nhan dong thir ba véi - 1 rdi cong 1an lugt vao dong th hai va dong

1 -1 1 -2
0 1 2 0
0 5 -5 15
0 0 0 0

1 2 0

o O O
]
|
oy
(W)
—t
Ot

Ma tran nay 1a ma tran bo sung ctia hé phuong trinh:
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X, - X, + X,=-2
X, + 2x,=0
-15x, =15

0Ox, +0x, + 0x;=0
RS rang moi nghiém cta hé ba phuong trinh dau cta hé nay déu 1a

nghiém cta phuong trinh cubi cung. Do dé chi can giai hé gébm ba
phuong trinh dau.

Hé c6 nghiém duy nhat: (1, 2, -1).
Vi du 3. Giai hé phuong trinh:

3X, - X,— X;+2x, =1
X, — X,—2X,+4x, =5
X, + X,+3x,-6x,=-9

12x, -2x, + x, —2x, =-10
Gidai

3 -1 -1 2 1

1 -1 -2 4 5

1 1 3 -6 | -9

12 -2 1 -2 |-10

Péi chd dong thir nhat voi dong thir ba rdi tiép tuc bién ddi ta dugc:

1 3 -6 | -9
-2 -5 10| 14
-4 -10 20| 28

-14 -35 70| 98

1 1 3 -6 -9
1 -1 -2 4 )
3 -1 -1 2 1
12 -2 1 -2 1|-10

O O O =

o 0o O~
(= )
o
o
o

Ma trén cudi cung ung véi hé phuong trinh:

154



X, + X,+3%x,- 6x,=-9
- 2x,-5x, +10x, =14
0x, +0x, +0x, + 0x, =0

Ox, +0x, +0x, + 0x, =0
Ta lai chi can giai hé gdm hai phuong trinh dau cta hé nay.

Viét n6 duéi dang:
X, + X,=-3X,+ 6x,-9
-2x,= 5x,-10x,+14
Néu cho x; = ¢3, X4 = ¢4, V& C3, Cq thudc truong s6 K thi vé phai cua
mo1 phuong trinh trong hé nay 1a mot s6 va hé tr¢ thanh mdt hé Cramer
=-2#0. Do do x;, X, dugc xac dinh duy

vi dinh thirc ctia no la 0

nhat boi cac dang thirc:
_ ~5¢, +10c, -14

—C, +2¢, ~4 B
’ 2

X] 2

Nhu vay hé phuong trinh c6 nghiém 1a :
(—c3 +2¢, -4 , -o¢, +10¢, —14, cnc)
2 2
Vi ¢s, ¢4 ¢6 thé nhan gia tri tuy ¥ trong K nén hé c6 vo sé nghiém va

n6i (*) 1 nghiém téng qudt cta hé.
Néu cho c;, ¢, mot gia tri cu thé thi ta duoc mot nghiém riéng cua he.
Chang han, véi c; =0, ¢4 = 1, ta dugc mot nghiém riéng la (-1, - 2, 0, 1).

Vi du 4. Giai h¢ phuong trinh:
4%, +2X, + X, -3x, =17
X, — X, + X,+2x,=5
2x, +3x, - 3%, + X, =3
4%, + X, — X, +5x, =1

Gidi
Ban doc hay ty tim hiéu nhitng phép bién d6i sau:
155



4 2 1 -3|7 1 -1 1 2|5
1 -1 1 2|5 4 2 1 -3|7
2 3 -3 113 | “l2 3 -3 1] 3
4 1 -1 s5l1 4 1 -1 5l1
1-1 1 2| 5 1 -1 1 2 5
0 6 -3 -11| -18 0 _8 | -13
“lo 5 -5 3| -7 |~ o 5 -5 -3| -7
0 5 -5 -31-19 0 0 0 o0l-=12

Ma tran cudi cing tng v6i hé phuong trinh twong duong voi hé
phuong trinh da cho ma phuong trinh cudi cung la: 0x; + 0x, + Ox; +
0x4 = - 1 2. Phuong trinh nay v6 nghiém. Vay h¢ da cho v6 nghiém.

1.3. Thuc hién phwong phap Gauss trén may tinh dién tir

Qua cac vi du trén, ta thdy viéc giai hé phuong trinh tuyén tinh bang
phuong phap Gauss duoc thuc hién bang cach dua ma tran bo sung B
ctia hé vé dang ma ta tam goi 1a “dang thu gon”. Do d6 giai hé phuong
trinh tuyén tinh bang phuong phép nay trén may tinh thuc chét 13 yéu cu
may tinh dua ma tran B vé dang thu gon.

Vi du 1. Giai hé phuong trinh:

X, — 5X, +4x, = -7 (1)
2%, - 9%, - X, =4 (2).
3x, -11x, - 7x, =17 3)
Giadi
Tao ma tran bd sung B roi thu gon:

{{1,-5,4,-7}, {2,-9, -1, 4}, {3, - 11, - 7, 17}} //RowReduce//
MatrixForm.!

Man hinh xuat hién:

Out[] =

O = O
— O O
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vay nghi¢m ctia hé phuong trinh 1a (1, 0, - 2) vi ma tran nay tng véi hé
Phuong trinh:

Ta tiép tuc giai lai cdc hé phuong trinh trong cac vi du 2, 3, 4 cia
muc 1, 2.

Vi du 2. Giai hé phuong trinh:

4%, +2X, + X, =7
X, - X, + X,=-2
2x, +3x, -3x, =11
4, + X, ~ X, =7
Giai.
{{4,2,1,7}, {1,-1, 1, -2}, {2, 3,- 3, 11}, {4, 1, - 7} }//RowReduce//
MatrixForm.J

Man hinh xuat hién:

Out[] =
1 0 0 1
0 1 0 2
0 0 1-1
0 0 0 O

Nghiém cua h¢ 1a: (1, 2, -1).
Vi du 3. Giai hé phuong trinh:

3X, — X, — X, +2x,=1
X, — X, —2X, +4x, =5
X, + X, +3%, —6x, =-9
12x, -2x, + x, -2x, =-10
Gidi
{{3,-1,-1,2,1},{1,-1,-2,4,5}, {1,1,3,-6,-9},
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{12,-2,1,-2,-10} }//RowReduce//MatrixForm.

Man hinh xuat hién:

—
o

[y
C O olon ol

[

o

|

~

o o O
o O

Ma trén nay Umg v& h¢ phuong trinh:

1
X, +§x3- X, =2

5
X, +—2—x3 -6x, =-7

Cho x; = ¢3, X4 = ¢4, suy ra nghiém tong quat cua h¢ la:

1 5
(_503 +c, —2,—§q3 +5¢, -7, ¢y, 04).

Vi du 4. Giai hé phuong trinh:

4x, +2X, + X, ~-3x, =7
X, — X, + X,+2x,=5
2%, +3%, -3%, + X, =3

4%, + X, — X, +56x, =1
{{4,2,1,-3,7},{1,-1,1,2,5},{2,3,-3,1,3},{4,1,-1,5,1} }
//RowReduoe//MatrixForm.J
Man hinh xuét hién:

Out[] =
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1 00 - 0
5

0 1 —-4—6—0
15

001—£0
15

Hé vo nghiém vi ma tran nay cho thay phuong trinh cubi 1a 0x; + 0x,
+0x;3 + ox4 = 1.

§2. DIEU KIEN PE HE PHUONG TRINH
TUYEN TiNH CO NGHIEM

Ta da dung phuong phap Gauss dé giai mot hé phuong trinh tuyén
tinh tuy y. Song trong trudng hop tong quat ta chua tra 161 cau hoi: Véi
di€u kién nao thi hé (1) c6 nghiém? Dinh li sau cho ta cau tra 10i.

2.1. Piéu kién c6 nghi¢m

Diéu kién nay lién quan dén hang ciia ma trdn A va ma trdn bo sung
B cua hé phuong trinh, cho nén ta can nh¢ lai rang: Hang cua mot hé
vecto bang s6 chiéu cua khong gian sinh bdi hé vecto ay; hang cua ma
tran bang hang cua h¢ vecto cdt cuia no.

Pinh 1i Kronerker-Capelli. Hé phuwong trinh tuyén tinh (1) c6
nghiém khi va chi khi hang(A) = hang(B).

Chitng minh. Ta ki hiéu £ = {a1, 0y, ,..., 0} 14 hé vecto cot cua
ma tran A, B = {&1, Uy ey Oy s B } 1a h¢ vecto cOt cua ma tran bo sung
B ctia h¢ phuong trinh (1), U la khong gian sinh boi hé vecto 2, W 1a
khong gian sinh bdi hé vecto B. Vit c Bnén U c W.

“=” Gia str hé ¢6 nghiém (ci, ..., ¢,). Khi d6 B =cia 1+ cran +...4
Cn0 . Diéu ndy c6 nghia 1a ta di thém vao hé £ vecto B 1a t& hop tuyén
tinh ctia hé o# dé dugc hé 8. Theo ménh dé muc 7.1, Ch.IL, hang(A) =
hang(c#) = hang(8) = hang(B).

“~=” Gia sir hang(A) - hang(B). Thé thi hang(c#) - hang(8). Suy ra
dimU =dimW. Vi U € W nén theo dinh 1i 1, muc 5.2, Ch.II, U=W.
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Do d6 E e U. Vi thé tdn tai bo n sd

(c1, Cay...y Cy) sao cho [§ = 01&1 + c2&2 +... + cn&n. Vay hé (1) co
nghiém. [
Vi du 1. Moi hé Cramer déu c6 dinh thuc |A] # 0. Do d6 hang(a) = n.

Ma tran B chi c6 n dong va |A| cling 1a dinh thirc con cap cao nhat khac 0
ctiia B. Vi thé hang(A) = hang(B). Vay moi h¢ Cramer déu co nghiém.

Vi du 2. Xet hé phuong trinh trong vi du 3 cua myc 1.3. Cac phep
bién do6i so cap dua cadc ma tran A va B vé dang thu gon sau day:

1 0 1 -1 | -2
2

0 1 ° -5 | -7
2

0 0 O 0 0

0 0 0 O 0

Th@o dinh li & muc 7.4, Ch.II, cac phép bién d6i Sy Cép khong lam
thay d6i hang cua ma tran. Do d6 ma trdn nay cho thay hang(A) = 2 =
hang(B). Vay h¢ da cho c6 nghi¢m.

Vidu 3. Xet hé phuong trinh trong vi du 4 cua muyc 1.3. Cac phép
bién doi1 so cap dua cac ma trdn A va B vé dang thu gon sau day:

1 0 0 - 0
5

0 1 0 _46 0
15

0 0 1 3 0
15

0 0 O 0 1

Ta thay hang(a) = 3, hang(b) = 4. Hé v6 nghiém.

2.2. Giai h¢ phwong trinh tuyén tinh bang dinh thirc

Bay gid ta nghién ciru cach giai hé phuong trinh tuyén tinh (1) bang
dinh thuec.

Ta da biét dinh thirc con cdp cao nhit khac 0 ciia ma trdn A cho ta

biét s0 chi€u va co sd cia khong gian sinh bdi hé vecto dong cia ma tran
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A. Gia st hang(A) = hang(B) =1, va khong lam mat tinh tong quat, ta cd
thé gia thiét dinh thirc con cdp cao nhit khac 0 ctia A va B la:

a, a,z .......... a,,
a AP a
1 22 2
D— 2 r -'/:C
A, 8., a.

Néu r = n thi hé phuong trinh da cho 1a mdt hé Cramer, né c6 nghi¢m
duy nhat.

Néu r < n thi ta xét hé phuong trinh gdm r phuong trinh dau.

a,X, +a,X, +...+a, X, +a,,,X,,, +...+a,,X, =b

--------------------------------------------------------------- (3)

a,x, +a,x,+..+a x +a, X, +..+a,X, =b

r+l rn“"n T

Moi vecto dong clia ma tran bd sung B déu 13 t6 hop tuyén tinh cua r
vecto dong dau. Vi thé mdi nghiém cua hé (3) ciing 12 nghiém cua mdi
phuong trinh tur tho r + 1 dén thir m; do d6 1a nghiém cua h¢ (1). Nguoc
lai, hién nhién moi nghiém cua h¢ (1) 1a mot nghiém cua hé (3). Vi thé
chi can giai hé (3).

Ta viét n6 dudi dang:

a; X, +a,X, +...+a,X, =b —-a, X

Ir“tr

............................................................................... 4)

X, +...+a, X =b —a_ X

mer r rr+1<°r+1 ot mn

va goi cac an X.q,..., X, la nhiing an tu do.

V6i mdi bo 1 - 1 86 (Cpatse.., €n) € K™ cac vé phai ctia r phuong trinh
nay 1a nhitng hang s6. Vi dinh thirc D # 0 nén khi d6 hé (3) trd thanh mot
hé Cramer, ta tim dugc gia tri duy nhét cua xi,..., X, chéng han, x; = ¢,
X2 = Cp,.uey Xy = C= Khi d6

(C], C2a"" cr ’ C r+ly - vcn)

la mot nghi¢m cua hé (4). Nhu vay céc gia tri cua ¢y, Cy,..., ¢; phu thude
vao n - r tham sb ¢1,..., €y DO Cpitye.., €y €6 thé nhén v s6 gia tri nén hé
phuong trinh (4) c6 v6 s6 nghiém.
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Vay khir <n hé (1) c6 vo s6 nghiém phy thudc vao n - r tham sb.

Neéu coi rang ¢,+y,..., ¢, nhén gia tri tuy y thi nghiém (cy, cs...., C;, Cr41)
duoc goi la nghiém tong quat. Néu cho moi ¢j, j=r + 1,..., n, mdt gia tri
xac dinh thi ta duwgc mot nghiém riéng.

Vidu 1. Gial hé phuong trinh:

3X, - X, + X, =6
X, 5%, + X, =12

12%, +4x, =-6
2X, + X, +3%x, =3
ox, +4x, =9

Giai

Tim hang cua cac ma tran:

3 -1 1 3 -1 1 6
1 -5 1 1 -5 1 12
A=12 4 0], B=}12 4 0 -6
2 1 3 2 1 3 3
5 0 4 5 0 4 9
I -5 1
DPinhthac D=2 4 0] =36. Do d6 hang(A) =3.
2 1 3
Dé tinh hang ctia B ta chi can tinh c4c dinh thic con ctia B bao quanh
D.
bo la:
3 -1 1 6 1 -5 1 12
1 -5 1 12 2 4 0 -6
=0, =0
2 4 0 -6 2 1 3 3
2 1 3 3 5 4 9

Vi thé hang(B) = 3 = hang(B). Vay hé c6 nghiém. Giai h¢ phuong
trinh (gom cac phuong trinh trng vdi cac dong cua dinh thuce D):
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X, ~bx, + X, =12
2x, +4x, =-6

2X, + X, +3X,= 3

bo6 1a mot hé Cramer vi D = 0. Ap dung cong thuc Cramer ta tim
duoc nghiém la: (1, - 2, 1).

Vi du 2. Giai h¢ phuong trinh trong vi du 3 ¢ muc 1.2.

3x, —

1 X

o= X3 +2x, =1
X, — X,~2X,+4x, =5
X, + X,+3x,-6x,=-9

12x, -2x, + x,-2x,=-10

Giadi
Tim hang ctia cac ma trén:
3 -1 -1 2 3 -1 -1 2 1
1 -1 -2 4 g=| 1 -1 -2 4 5
1 1 3 -6 1 1 3 -6 -9
L12 -2 1 -2 12 -2 1 -2 -10
Ta thiy dinh thirc
3 -1
D= =-2=z0.
1 -1

Tinh céc dinh thirc con cip ba cua A bao quanh D. Ching déu bang
0. Do d6 hang(A) = 2. Lam tuong ty ta tim dugc hang(B) = 2. Vay h¢ co
nghi¢m. Giai hé (gdm cac phuong trinh ing v61 cac dong ctua dinh thirc
D):

3X; — X, — X, +2x, =1
X, -~ X, —2X, +4x, =5
Viét hé nay dudi dang:

{SXI—X2= X, —2x,+1

X, —X, = 2X, ~ 4%, +5
Cho x5 = ¢3, X4 = C4, ta c0 hé Cramer:
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33X, -X, = ¢;—2¢,+1
X, — X, =2, —4c, +5

—c,+2c, -4 _ _ —Bc, +10c, —14

Giai hé nay ta duge x,= 5 , Xo 5

—Cy + §c4 -4 , -5¢, +12004 -14 Y

Nghiém téng quat: (

Néu cho, chéng han, ¢c; = 0, C; = 1 thi dugc mdt nghiém riéng: (-1, -
2,0, 1).

Vidu 3. Giai va bi¢n luan hé phuong trinh:

ax+y+z=1
X+ay+z=a

X+y+az=a’
Gidi

=a’-3a+2=(a-1)%a+2).

o

I
- = ®
S

1
a
1

e Néua=l,a=-2thi D=0, hé di cho 1a mot hé Cramer.
D, =-(a-1)’(a+1), Dy=(a—1)%, D,= (a’-1).

Hé c6 nghiém duy nhat:

(_a+1 1 (a+1)2}

a+2’ a+2  a+2
e Néu a - 1 thi h¢ phwong trinh chi ¢6 mot phuong trinh:
xty+tz=lhayx=-y-z+1.
Nghiém téng quatciaahéla (-c; - c3 + 1, ¢y, c3).

e Néu a = - 2 thi ma tran
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-2 1 1
A= 1 -2 1
1 1 -2

¢6 dinh thirc bang 0 nhung c6 dinh thirc con

’"f _;’=3¢m
-2 1 I 1
con ma trdn bd sung B = |1 -2 1 -2/ c6 dinh thic cép ba
1 1 -2 4
-2 1 1
1 -2 -2|=9;nghiala hang(B) = 3 # hang(A).
1 1 4

Vay h¢ v6 nghiém.

§3. HE PHUONG TRINH TUYEN TiNH THUAN NHAT

3.1. Dinh nghia

Cho hé phuong trinh tuyén tinh:
Q) %, + QpXy + o+ QX+t a,x,  =b
Gy Xy + QppXy + .0+ QX + .+ Ay X, =b,

...............................................................

GpiXy + @ Xy + .t @, X+t a, X, =b,

Hé¢ phuong trinh
Q% +a,%, +..tax; +..+ta,x, =0
QyyX; + AppXy +.. QX+t @y x, =0 @

...............................................................

@, % +a,,x, +..+a,.x, +..+a,x =0

dwge goi la hé thudn nhat lién két véi hé (1).
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Néu viét dudi dang vecto thi hé (1) va hé (2) ¢6 dang twong tng 1a:
Yxa, =B (1), Yxda, =0 (2.
j=1

Néu viét dudi dang anh xa tuyén tinh thi hé (1) va hé (2) c¢6 dang
tuong Ung la:
A(E) =P (1), AE)=0 (.
Giai hé thun nhét (2) chinh 1a tim tap hop cac vecto ¢6 dang vy = (c;,
Cay-.., Cn) € K" 520 cho #(y) = 0, hay tim Kerhc.
Vi du: H¢ phuong trinh:
3x, -2x, + X, - x,=0
3x, -2x, - X, + x,=0
X, — X, +2X, +3x,=0
1a mot hé phuong trinh tuyén tinh thuan nhat.

RO rang h¢ phuong trinh tuyen tinh thun nhat c6 mot nghiém la (0,
0, 0). N6 duoc goi la nghiém tam thuong. Néu A 12 ma tran cac hé s con
B 1a ma trdn bo sung cta hé thuan nhét thi ta ludn ludén c6: hang(A) =
hang(B) vi moi thanh phan & ¢t cudi cia ma tran B déu bang 0.

~ Gia str hang(A) = r. Néu r = n thi (0, 0,... , 0) la nghiém duy nhat,
Néu r < n thi hé c6 v6 s6 nghiém, do d6 hé cé nghiém khac (0, 0,..., 0).

Bay gio, ta hiy xét xem tap nghiém cta hé nay c6 cau trac nhu thé
nao va nghi¢m cua nd lién quan vdoi1 nghiém cta hé phuong trinh tuyén
tinh lién két nhu thé nao.

3.2. Khong gian nghiém ciia hé thuin nhat

Dinh li. Gid sit S la tdp nghiém ciia hé phwong trinh tuyén tinh thuan
nhat (2). Khi do:

1) S la mot khéng gian con cua khong gian vecto K.

2) Néu A la ma trdn cdc hé s6 va hang(A) = r thi dimS=n - r.

Chirng minh.

1) Xét hé tuyén tinh thuan nhat (2) dudi dang 4nh xa tuyén tinh. Nhu
trong dinh nghia 3.1 da ndi, tdp nghiém S = Kerc#. Theo hé qua 1, muc
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2.1, Ch.III, S = Kere# la mot khong gian con cta khong gian K"

2) Gia st hang(A) =r. Theo vi du 4, myc 2.1, Ch. III, Imc# 1a khong

gian sinh bo1 hé vecto ¢t cia ma tran A nén tu dinh li 2.2, Ch.I1I, suy ra:
dimS = dimKere# = dimK" — dimIme# = n - hang(c£) = n - hang(A) =n -
r. [

Pinh nghia. Mgi co so cua khong gian S cdac nghiem cua mot h¢
phuong trinh tuyén tinh thuan nhat dwoc goi la mot hé nghiém co ban.

Pé tim hé nghiém co ban cua hé phuong trinh tuyén tinh thuan nhét
(2) ta 1am nhu sau.

Gia sur r < n va khong 1am mat tinh tong quét ta c6 thé gia thiét rang
dinh thirc con cap cao nhat khac 0 cua ma tran A 1a

: VR T a,,
a {2 A DB0c0000000 a

D = 21 22 2r " O
A, Qg a..

Khi d6 hé (2) tuong duong véi hé

2,X; Ta,X, +...+a

¥y =

...........................................................................

a,X, +8,X,+...+a, X =-2a

rr+l

Mo6i nghiém cta hé phu thude vao n - r an ty do: X41, Xp42,.., Xp-

Cho X1 = 1 X4y = ... = X, = 0 ta dugc mot nghi¢m c6 dang: él =(C11,
C125+-+5 Clps 1, O,..., O)
Lan luot cho X, =0, X2 = 1, Xpy = ... = X, = 0, V.v... Két cuc, ta

dugc n - r nghiém riéng:

& (Cy1s Cyapeees Cyps 1, Os.eey 0), (Gng V6L Xy = 1, Xy =...= X, = 0),
E (CQD Cogs.-+5 Cops 0» 1 O) (ung voi: X1 = O Xg = 1 Xy == Xy = O);
g.'l'h—-l‘z (cn—tb Coa2se > Coprrs O» 1) (ung le X1 = Xpep=...™ -1: O) X, = 1)

b6 1a n - r vecto thudc S.

Ma tran ma cic dong 14 nhiing vecto nay cé dinh thirc con cip n - r
167



..............

Do d6 hang cua hé vecto {&;, ..., &n) bang n - r. Vay hé doc lap
tuyén tinh. Vi dimS = n - r nén theo hé qua, muc 5.1, Ch.II, hé vecto nay
la mét co s¢ cua S. Vay hé nghiém {&,, &,,..., £,.} 1a mOt h¢ nghi¢m co
ban.

Chii y: Trong cach tim & i cua h¢ nghiém co ban trén day, khong nht
thiét phai chon x,.; = 1, ma ¢6 thé chon x,.; 1a mot s6 khic 0 nao d6 thuan
tién cho viéc tinh toan.

Vi du 1. Tim hé nghiém co ban ctia hé phuong trinh:

{Zx1 + X, ~ X+ x,=0

4%, + 2%, + X, ~3x, =0

Ma tran cac h¢ so c6 dinh thirc con cap hai

1 -1
=3.
2 7
H¢ phuong trinh da cho twong duong voi hé:

{ X, ~ X, =—2X, — X,
2x, + X, = —4x, + 3%,

Céc an ty do 1a x4, x4. Giai hé nay ta duogc:
2
X, =—-2X, + =X,
3

X, = —X

Cho x; =1, x4 = 0, ta dugc x2 = -2, x3 = 0. Nghiém riéng tuong ing
la(1,-2,0,0).

Cho x; =0, x4=1, ta duoc x, = % X3 = % Nghiém riéng tuong Gng
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2 5
la0, =, =, 1).
©. 3. 3D

Vay hé nghiém co ban la:

(1) - 2> 07 O)
2 5
0; Y A 1
( 3 3 )
Néu khi tim vecto thir hai cia hé nghiém co ban ta cho x; =0, x4,=3
thi ta dugc nghiém riéng tuong ung 1a (0, 2, 5, 3) va hé vecto

(1> "'270,0)
(0, 2,5,3)

cling doc 1ap tuyén tinh vi c6 dinh thirc con =2.VidimS =2 nén

hé vecto nay cling 1a mdt co s& cua S; do do no6 cling 1a mét nghi€ém co
ban.

Chii y: Biét mot hé nghiém co ban {&,, &,,..., &,.} cia hé phuong
trinh tuyén tinh thudn nhat 13 biét tt ca cic nghiém cta no6 vi khi d6 mdi

nghiém 13 mot to hop tuyén tinh cua hé nghiém co ban nay; tirc 13 mdi
nghiém déu c6 dang

Esic";i , vois, e R, 1€l 2,...,n—1}.
i=1
Vi du 2. Giai hé phuong trinh sau bang phuong phap Gauss, r0i tim
hé nghiém co ban cua hé phuong trinh:

3x, -3x,+3x, =0
X - X+ X,+2x, =0
2%, + x,-4x,+ x, =0

X, + 2x,-5x, - x, =0

Bién doi ma tran A:
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3 0 -3 3 1 -1 1
1 -1 1 2 2 1 -4
=

2 1 -4 1 1 2 -5 -

1 2 -5 - 3 0 -3

1 -1 1 2 1 -1 1 2
0 -6 -3 0 -6 -3

= = :

0 3 -6 -3 0 0 0 0
0 3 -6 -3 0 0 0 0

H¢ da cho tr¢ thanh hé tuong duong:

X, - X+ X, +2x, =0 hay xl—x2=—x3—2x4.
3x, —6x, -3x, =0 X, = 2%, + X,
Nghiém téng quat cia hé 1a (c3 - ¢4, 2¢3 + ¢4, C3, C4)
cho x; =1, x4 = 0, ta dugc mdt nghiém riéng: (1, 2, 1, 0).
Cho x3=0, X4 = 1, ta dugc mot nghiém riéng: (-1, 1, 0, 1).
. 1,2,1,0
Hé nghiém co ban la: ( )
(-1,2,0,1)

Ta xét tiép moi lién hé gilta cac nghiém cta hé phuong trinh tuyén
tinh va cua hé thuan nhat lién két. Nhac lai rang moi nghiém ctia mot hé
phuong trinh tuyén tinh n an 1a mét vecto cua khong gian Két.

3.3. Lién hé giira nghiém cia hé phwong trinh tuyén tinh va
nghiém cia hé thuan nhat lién ket

Pinh li. Néu v € K" la mét nghiém riéng ciia hé phwong trinh tuyén
tinh thi méi nghiém cua hé nay la téng cua ? voi mot nghiém cua hé
thudn nhat lién két.

Néi chung, nghiém tong qudt ciia hé phuong trinh tuyén tinh bang
tong cua mot nghi¢m riéng cua no va nghiém tong qudt ciia hé thudn
nhat lién ket.

Chirng minh. Gia su ? = (c1, C2y--r» Cpy) 12 MOt nghi€m riéng cua h¢
phuong trinh tuyén tinh (1) va & = (d;, d,,..., dy) 12 mot nghiém bt ki cia
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hé thuan nhat (2). Khi do:

ZCFJ: ﬁ’ dJaJ:()
j=1 j=1
Do dé 3i(e,+dpa, =Y ea, +> dd; = p+0=p

Diéu nay co nghia Ia ? +5 = (c; +dy, ¢ +dy,..., ¢, +dy) 1a mot
nghiém ctia hé phuong trinh tuyén tinh (1).

Nguoc lai, gia st K = (ky, ky,..., ky) 12 mot nghiém tuy y cua hé
phuong trinh tuyén tinh (1); nghia 1a > kja; =B

j=1

Pat 5 = k-7 =(k,—¢;, ko — Cor..., kKp—¢,), ta co:
20k —c)i; = Yk, — Ded; =P~ p=0.
-1 j-1 j=1

Piéu ndy c6 nghia 1a § 1a mot nghiém cua hé thuan nhéat (2). Hon
nﬁ:ater=E-§SuyraE=§ + 5.0

Chit y. Y nghia cia dinh li trén day 1a: Néu biét mot nghiém riéng
cua mot h¢ phuong trinh tuyén tinh va biét mot hé nghiém co ban cua hé
thudn nhat lién két thi biét duoc tit ca cac nghiém cia h¢ phuong trinh
tuyén tinh dy. Nho diéu ndy ma may tinh c6 thé giai hé phwong trinh
tuyén tinh tuy y.

3.4. Giai hé phwong trinh tuyén tinh bing may tinh dién tir

Khi giai hé phuong trinh tuyén tinh (1) v6i hang(A) # hang(B) may
tra 101 hé vo nghiém Khi hang(A) - hang(B) - r <n thi may chi c6 thé
cho mot nghiém riéng. Nhung vi may c6 thé cho hé nghiém co ban cua
hé thuan nhat lién két nén ta co thé tim duoc cong thic nghiém tong quat
ctia hé phuong trinh tuyén tinh.

Theo mdt chuong trinh tinh toadn da cai dat trong may tinh cua ban
cling c¢6 nhiéu phuong phap giai hé phuong trinh tuyén tinh. O day xin
gidi thiu mot phuong phap don gian nhit, theo chuong trinh
"MATHEMATICA 4.0""

Vi du 1. Giai h¢ phuong trinh:

171



3X, - X,—- X, +2x, =1
X, - X,—-2X,+4x, =5
X, + X, +3x, -6x, =-9
12x, -2x, + x, -2x, =-10
Giai

Tao ma tran cic hé sd, danh 1énh:

A={{3,-1,-1,2},{1,-1,-2,4},{1,1,3,-6},{12,-2,1,-2} }

Man hinh xuét hién:

Out[1]={{3,-1,-1,2},{1,-1,-2,4},{1,1,3,-6},{12,-2,1,-2} }

¢ Gidi h¢ phuong trinh, danh 1énh:

LinearSolve[A,{1,5,- 910} ]

Man hinh xuat hién:

Out[2]-{-2,-7,0,0}

Do 1a mot nghiém riéng cuia hé da cho.

e Tim hé nghiém co ban cta hé thun nhét lién két, danh 1énh:

NullSpace[A] 4

Man hinh xuat hién hé nghiém co ban cta hé thuan nhat:

Out[3]={{1,5,0,1}, {-1,-5,2,0}}.

Mudn tim nghiém tong quat ctua hé da cho ta chi viée liy tong cua
mot nghiém riéng ctua hé da chq VOl rpc}t to hgp tuyén tinh cua hé nghiém
co ban cua h¢ phuong trinh thuan nhat lién két:

(Xla X2, X3, X4) = (_27 _79 Oa O) + 03(-1, '59 29 O) + 04(1, 59 O) 1) = (_2_C3+
Cyq, -7- 5C3 + 5C4, 2C3, C4).

Chii y: Néu quan sét nghiém tong quat & day voi nghiém tong quat &

vi du 2, muc 2.2, ta thay chung khac nhau. Song néu thay c3 & day boi c;

= %c3 thi ta dugc cong thirc nghiém téng quat ¢ vi du 2, muc 2.2. Hon

nira mot hé¢ phuong trinh tuyén tinh c6 thé c6 v6 s6 nghi¢m riéng va hé
thuan nhat cling c6 thé c6 vo s6 hé nghiém co ban. Do d6, theo dinh 1i
3.4, n6i chung, c6 vO sO cach biéu dién nghiém tong quat.

172



Vi du 2. Giai hé phuong trinh:
3X, - X, - X, +2x, =1
X, - X,-2%X,+4x, =5
X, + X,+3x,-6x, =-9
12x, -2x, + x,-2x, =10
Giai
e Tao ma tran cac hé sb.
A={{3,-17-1,2},{1,-1,-2,4} ,{1,1,3,-6},{12,-2,1,-2} }
Man hinh xuét hién:
Out[1]={{3,-1,-1,2},{1,-1,-2,4},{1,1,3,-6},{12,-2,1,-2} }
¢ Giai h¢ phuong trinh, danh 1énh:
LinearSolve[A,{1,5,-9,10} }]
Man hinh xuét hién:

LinearSolve: nosol: Linear equation encountered which has no
solution

Out[2]=linearsolve[ {{3,-1,-12},1,-1,-2,4~1,1,3,-6},{12,-2,1,-2} },{1,5.-
9,10}].

Piéu nay c6 nghia rang hé vo nghiém. S¢ di hé vo nghiém 14 vi
hang(A) = 2, con hang(B) - 3.
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TOMTA T

Chuong nay trinh bay 1y thuyét vé hé phuong trinh tuyén tinh.

Vé phuong dién 1y thuyét, nho cac kién thirc vé khong gian vecto va
dinh thtrc, chuong nay cho ta biét: hé c6 nghiém khi va chi khi hang(A)
= hang(B), trong d6 A 13 ma tran cac hé s6 cta hé phuong trinh, B 1a ma
tran bo sung.

Trong truong hop hé ¢6 n an, néu hang(A) = hang(B) = n thi d6 1a hé
Cramer, n6 c¢6 nghiém duy nhat; néu hang(a) = hang(b) - r < n thi hé ¢
vo sb nghiém ma gia tri cia cac an phu thudc vaon - r an tu do. Khi do,
néu cho mdi an tu do mot gia tr1 xac dinh ta dugc mot nghiém riéng néu
coi mdi 4n ty do nhu mot tham sd thi ta duoc nghiém tong quat.

Vé phuong dién thuc hanh, ta co hai cach giai h¢ phuong trinh tuyén
tinh: phuong phap Gauss khtr dan an sb va phuong phap dung dinh thue.
Khi dung phuong phap dinh thic ta chi can giai hé phuong trinh gom
nhitng phuong trinh tmg véi cac dong cua dinh thirc con cip cao nhit
khac 0. Céc an ty do 13 nhitng 4n ma hé s6 nam ngoai dinh thirc con cap
cao nhét khac 0 dy.

Hé phuong trinh tuyén tinh ma cac hé sé tu do bang 0 goi 1a mot hé
phuong trinh tuyén tinh thuan nhat. Hé nay luén ludn cé nghiém vi
hang(A) = hang(B). Tap S cac nghiém cta hé thuan nhat n an 1a mot
khong gian con cua khong gian K". Néu hang(A) - r thi dims =n - r. Néu
blet mot nghiém riéng cua mot hé¢ phuong trinh tuyén tinh thi nghiém
tong quat cua nd bang nghiém riéng d6 cong voi nghiém téng quat cia
hé thuan nhét lién két.
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BAI TAP

§1. HE PHUONG TRINH TUYENTINH PHUONG PHAP GAUSS
1. Giai hé phuong trinh bang phuong phap Gauss

a)

X, +2x,+3x, =6
2x, +3x, ~4x, =1
7x, - 2%, -56x, =0

X, —4x, +2x, =7

¢) $2x,+ X, - X;=-D

e)

2 1

1) 4

13X, —3%, + X3 =3

X, + X, -3x, =-1
2%, + x, -2x, =1

X, + X, + X,=3

| X, +2%x, —8%x; =1

X, - 8%, + X, -3x,=~1
2x, + 5%, —4x, - X, =9
4x, — 8%, -2x, -Tx, =7

3x, +15x, -9x, + x, =19
(3x, — 4%, — x, +2x, =-3
X, +3%X, +3X, - X, =3

5%, —2x, - 4%, + X, =6

2x, +6%, - x, - X, =12

3x, + X, - 5%, =11
b) { x, +7x,-13x, =15

X, —3X, + 4x,=-2

2x, ~ X, + 3x, =3
Q) 3x, + X, — 5%, =0
4%, - X, + X, =3

X, +3%, -13x, = -6

X, —3xX, + 5x, — 4x, =3

2x, +2x, + 3%, + 2x,=0
)
3x, + X, +11x, + 4x, =5

X, -8x, + 2x, -10x, =1

3x, +5x, —10x, +16x, =-17
6

X, —3x, + 4x, - 2x, =-T
h) 2x, + X, — 3x,+ 7x, =-12

X, +4x, - Tx;+ 9x,

2. Chtirng minh dinh ti & muyc 1.2.
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§2. PIEU KIEN DPE HE PHUONG TRINH
TUYEN TINH CO NGHIEM

3. Xét xem céac hé phuong trinh sau c6 nghiém hay khong:

2x, +3x, =5
2x, + 2%, - 3%, —4x, =1
a)43x, + x, =4
2x, -2X,+ X, - X, =3
X+ X,=2

. 5 . X, +2x, -3x, -4x, =1
X, — X, + X;-2%, =
' : ? ! 2x, - X, + X,— X, =2
€y X, — X, +2x, - x,=2; d)
X, +3%X, - X, +2x, =1
5x, ~5x, +8x, -7x, =3
4x, —4%x, -3x, -3x, =-T7

4. Dbi voi mdi hé phuong trinh sau, tim gia tri ctia tham sd a, b dé hé
c6 nghiém:
ax+y+z=4
b) <x+by+2=3
Xx+2by+z=4

ax+y+z=1
a) {x+ay+z=a
X+y+az=a’
5. Tim diéu kién can va du dé hé phuong trinh
ax+y+z=1
X+ay+z=1
Xx+y+az=1

c6 nghiém .

6. Chung minh réng v&1 moi gia tri cua a, b, ¢ h¢ phuong trinh
x+ay+a’z=a’
X+ by +b%z =Db?

x+cy+c’z =¢c
ludén ludén c6 nghiém.
7. Tim gié tri cuia tham so a dé hé phuong trinh sau c6 nghiém:

2X, - X,+ X;+ X,=a
X, +2%X, ~ X, + 4x, =5
X, +7x, ~4x, +11x, =-12
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8. Giai cac hé phuong trinh sau bang phuong phap dinh thirc:
X, - 2%, + 3%, = -12
X, — 0%, —3%x, =11
2%, + X, + X, =1
a) - . 7 b) {3x, + 4x,+ x,=3
- X, -2x, =
P X, +14x, + Tx, = -19

2x, + 3%, + 2%, =2 ! 2o

2%, +6x, +4x, - x, =-1
X, +2X, + X, -5x,=0
X, —3X, +2x, +2x, =2

9 (3% -2, 4 2%, - x, =12 11x, +2x, - 5x, =5
2 3= ==

X, —4x, + X, +9x, =-12 Loy _a
X, —2%, + 4%, - X, =1
3X, +2X,+ X;— X, — X, =7
) 3X, + X, - 5X;+ x, =1 5 1o 3 9 8 . s
e X, + 3%, + 2%, - 2x, —-2x, =
X, +5x, —13x, +3x, =-1 ! 2 ® ‘ s
X, +4x, + 3%, -3x, ~3%x, =9

4, — X, - X, =3
X, — 2X, + 3%, —4x, +2x, =-2
3%, + X, - 2%, + X, ~ X, =1 ! 2T T T
X, + 2X, — X, - X;=-3
2x, - X, + 7%, -3x, +5x;, =2 J
g) h) { x, - x,+2x, -3x, =10
X, +3X, —2X, + 85X, - 7x;, =3
X,~ X, + X, —2%x,=-b
3x, - 2x, + 7x, —-6x, + 8%, =3
12X, + 3%, — X, + X, +4x, =1
X, +2%,+3%, - x, =1
3%, +2x,+ X, - x, =1 X+ y+ z=1
1) <2x, +3x,+ X, + x,=1 ) { ax+ by+ cz=d
2%, + 2%, + 2%, - X, =1 a’x+b’y+c’z=4d"
ox, + 5%, +2x, =2

9. V6i diéu kién nao thi ba duong thang phan biét

a;x +byy +¢;=0,ax +byy +c,=0,a3x + byy +c3=0 d@)ng quy?

10. Viét phuong trinh duong tron di qua ba diém: A(2, 1), C(0, 2),
C(0, 1).

11. Tirp ceicw hé sb a, b, ¢, d dé dd thi cua ham s6 y=ax; + bx, + cx +
d di qua bon diém:

Ml(la O)a MZ(Oa _1)9 M3('1: - 2)7 M4(29 7)

12. x4c dinh tam thtrc bac hai f(x) = ax2 + bx + ¢ biét rang f(1) = -1,
f(-3) =47, f(2) = 12.
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13. Trong khong gian vecto R4 cho h¢ vecto:
=(1,1,1,1), a:,=(2,2,2,2), a;=(3,0,-1,1).

Hay biéu thi myén tinh vecto o = (- 12, 3, 8, -2) qua hé vecto da cho.
14. Trong khong gian vecto R’ cho hai co sé:
(€): £€,=(1,0,0), €,=(0,1,0), £€,=(0,0, 1),
©: E1= ~1,3), £,=(=3,1,-2), £,= (0, 4, 5).

Tim ma tran chuyén tr co so (€) sang co so (). Tim toa dJ cua vecto
a = (-1, 2, 0) dbi véi co s6 (&).

15. Trong khong gian vecto R’ cho hai co so:
(e): €,=(1,1,-1), €,=(1,1,0), €;=(2,0,0);
©: &=(1,-1,0), §,=(2,-1,0), §=(1,1,-1).

Tim ma trdn chuyén tir co sé (£) sang co s6 (¢).

§3. HE PHUONG TRINH TUYEN TiNH THUAN NHAT

16. Giai cac hé phuong trinh sau:

X, +2x, + X, — X, =0 X, —2x, +3x; - x, =0
a) <3x, —2x, + X, —3x, =0; b) ¢ x, +2x, - X3 +2x, =0;
X, —4%, + X, +5x, =0 4x, - 5%, +8%x, + x, =0
(%, +3%,— X, +4x, —x, =0 X, — 2%, + 3%, —4x, +2x, =0
0)4 X, +3%, - Tx; + X, + X, =0 X, +2%, - X, - x,=0
2x, +6x, —-2x, + X, =0’ X, — X, +2x, -3x, =0
3%, +9%, 3%, + X, + X, =0 X, — X3+ X, — 2%x,=0

17. Dung h¢ phuong trinh tuyén tinh va dinh nghia ctia hé vecto phy
thudc tuyén tinh de chirng té cac hé vecto sau trong khong gian vecto R4
13 phu thudc tuyén tinh:

a) a,=(3,2,4,7), a,=(4,-3,11, 2), a,= (-5, 3, 13, 1),
a,= (7, -2, 16, 3);

b) B,=(1,7,8,5), B=3,5,1,7, By=(1,-1,-1, 1), B,=(1,5,2,4).
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18. Cac hé vecto sau:

a)o,=(1,-2,1,0,0), aa,=(1,-2,0,1,0), a;=1(0,0, 1, -1, 0),
6'4:(1,—2: 33_2’ O)’

b) [—312 (19 - 2’ 1’ O’ 0)’ B2= (0! 0’ - 1’ 19 O)) B3= (4! 0’ 0’ - 6, 2);
hé nao 1a hé nghiém co ban cua h¢ phuong trinh
X+ X, + X+ X, + X,=0
3%, + 2%, + X, + X, — 3%, =O?

X, + 2%, +2x, +6x, =0

5x, +4x, +3x, +3x, — X, =0

19. Tim hé nghiém co ban va s6 chiéu ctia khong gian nghiém cta hé
phuong trinh:

2%, - %X, - X, + x,=0
b) ¢ x,-%X,- X,-2x,=0;
5x, -x, -3%x, -2x, =0

) X, +X, —5%x, -3x, =0
a .
2%, — X, — X, =0

X, + X, —3X =0
teoe 3%, + X, + X, —6x, —12x, + 3%, =0
X, —2X, + X, +2x, =0
c) ; d) < ox, +x, - x, - bxy =0
2x, + X, -4x,+ x, =0 < +x 3y =0
X, +2x, -5x, - x, =0 20 i

X, ~ 6X,-2X, +X, + X, + X, =0
3x, -12x, -6x, +x, + X, +3x, =0
X, + 4x, ~X, +X;~- X, =0

3%, ~X, — X, =0

20. Cho hai h¢ phuong trinh:
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2X, + X, — X3~ X, + X,=1

X, - X+ X, + x,-2%,=0

g 3x, + 3%, - 3%, —3x, +4x, =2
4x, + 5%, —5x, -6x, +7x, =3
2%, - 2X,+ X;— X, + X;=1

b) X+ 2%, - X, + x, - 2x, =1

4x, —-10x, + 5%, -5x, + 7x; =1
2x, —14x, +7x, - Tx, +11x, = -1
Biét mot nghiém riéng cta hé a) 1a (

% 0, 0, 0), cuaheblla(—

wl-

1 ,0,0,0). DPdi vi mdi hé phuong trinh:

e Tim nghiém té)ng quat ciia moi hé nho hé nghiém co ban cta hé
thuan nhat lién két twong tng;

° Nh@f nghi¢m téng quat yl‘ra tim dugc, tim mot nghiém riéng ma cac
thanh phan toa do la nhiing s6 nguyén.
21. Cho h¢ ba phuong trinh bac nhat:
a,x+by=c,
a,x+b,y =c,
a,x+by=c,

Dung hang(A), hang(B), hay xet sy c6 nghiém va v6 nghiém cta hé

trong tat ca cac trudng hop c6 thé xay ra va minh hoa hinh hoc cho mdi
truong hop.

180



VAINET LICH SU

Phuong trinh tuyen tinh va h¢ phuong trinh tuyén tinh 13 nhiing bai
toan cb nhit cua dai s6. Ngay tir budi so khai cta toan hoc ngudi ta da
giai nhitng bai toan bang mdt phép nhan hoic mot phép chia, tirc 1a tim
nghiém cua mot phuong trinh dang ax = b. Viéc giai cadc phuong trinh
bac nhét da duoc cac nha toan hoc Babilon ¢ Hilap biét dén. Cac tac
pham toan hoc cta Didphing 1a dinh cao cua nhitng thanh tyu nghién
ciru toan hoc thoi ki nay (thé ki tht ba trudc cong nguyén). Sau do
nhimg van dé vé phuong trinh lai dugc phat trién boi cac nha toan hoc an
d6 nhu Ariabkhata (thé ki tha Vi), Bramagupta (thé ki the VII) va
Khaskara (the ki thir XII). Nguoi ta cling thdy nhitng bai toan vé phuong
trinh bac nhat & Trung Qudc tir thé ki thu II trudc cong nguyén.

Noi tom lai, phuong trinh tuyén tinh dugc biét dén tir rat som. Tuy
nhién no lai phat trlen kha muén, vi ngudi ta coi rang de dua mot phuong
trinh tuyén tinh Ve dang ax = b thi chi can biét quy tac chuyén B hang
tir vé ndy sang vé kia va rat gon cac s6 hang dong dang 1a du, va mubn
giai hé nhiéu phuong trinh tuyén tinh thi chi cdn khtr dan cho dén khi chi
con mot an. Do d6 trong mot thoi gian dai nd hau nhu khong phat trién.

Ly thuyét vé h¢ phuong trinh tuyén tinh sau nay duoc phat trién 1a do
nhitng nhu cau vé tinh toan, chang han phai xac dinh phuong trinh cua
mét duong cong di qua nhing diém cho trudce. Vi thé lac dau nguoi ta
chi biét dén nhimg hé phuong trinh c6 sd phuong trinh bang sé an; va
néu c6 xuat hién nhimg h¢ phuong trinh ma s6 phuong trinh khac sO an
thi nguoi ta coi rang bai toan dat ra nhu thé 1a bai toan toi. Nguoc lai,
nhd ¢ dai sb tuyén tinh nodi chung va hé phuong trinh tuyén tinh noi
riéng ma Hinh hoc gidi tich dugc hoan thién dén mirc mau muyc.

Nho ¢6 dinh thue dua ra bdi Leibnitz (1646-1716), Cramer (1704-
1752), va khong gian vecto duge dé xuéng boi Grassmann va Hamilton
(1805-1865) va khai ni€ém ma tran dugc hinh thanh bdi nha toan hoc Anh
J. Sylvester (1814-1897) ma 1y thuyét phuong trinh tuyén tinh ngay cang
dugc hoan thi¢n. Cramer trinh bay 101 giai bai toan xac dinh dudng conic
di qua 5 diém cho trudc boi viée giai mot hé phuong trinh tuyén tinh nho
dinh thirc (tuy nhién khi d6 chua c6 tén goi dinh thirc). Nho phuong phap
ciia Cramer ma sau nay vao nam 1771, Vandermonde (1735-1796), nha
toan hoc Phép, di thiét 1ap cong thirc nghlem ctia hé phuong trinh tuyén
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tinh ma ngay nay goi la cong thirc Cramer. Chinh Sylvester da dua ra
ca khai niém hang cia ma tran nhung chua dat t€n goi cho ma tran.

Ly thuyét hé phuong trinh tuyén tinh da anh huong sau rong dén cac
linh vuc khac nhu phuong trinh vi phan, phuong trinh dao ham riéng.
Lagrange, Euler da ing dung n6 vao vi¢c nghién ctru nhiitng hé phuong
trinh vi phan tuyén tinh va chinh cac vi nay da noi dén hé phuong trinh
tuyen tinh thuan nhat va coi rang mdi nghiém ctia mot hé phuong trinh
tuyén tinh khong thuan nhat 1a tong cia mot nghiém riéng cia nd voi
nghiém téng quat cia hé thuan nhat lién két. Con nhiéu nha toan hoc
khac ciing c6 cong lao trong viéc nghién ctru 1y thuyét hé phuong trinh
tuyén tinh, chang han, K.Gauss (1777-1855), Kronecker (1823-1891)
(hai toan hoc Durc) trong bai giang ctia minh & truong Pai hoc Berlin
Kronecker, da dua ra dinh nghia tién dé cho dinh thtc.
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Chuong V
MA TRAN

MO PAU

Tada biét ma trn gop phan vao vi¢c nghién ciu ly thuyét hé phuong
trinh tuyén tinh. Bay gio ta tiép tuc tim hiéu ma tran sau hon nira; dac
biét nghién clru moi lién hé gitra ma tran va anh xa tuyén tinh. Ta s& thay
rang, ma trdn va anh xa tuyen tinh lién hé mat thiét v6i nhau. Khi da cb
dinh hai co s6 cua hai khong gian vecto thi mét anh xa tuyén tinh giita
hai khong gian ay cho mot ma trin va nguoc lai, mot ma tran xac dinh
mot anh xa tuyén tinh duy nht.

Nho ¢6 ma tran ma ta xac dinh dugc gia tri riéng va vecto riéng mdt anh
xa tuyén tinh; do d6 xac dinh duoc nhitng khong gian con bat bién tmg voi
nhiing gia tri riéng. Ma trdn cling xac dinh nhing dang anh xa tuyén tinh
dic biét dugc dung dén & chuwong Vi nhu cac phép bién doi dbi xtmg, blen
d6i truc giao. Trai lai, nho cac vecto riéng va gia tri riéng cua anh xa tuyén
tinh ma c6 thé dua ma tran trd vé dang don gian; d6 1a ma tran chéo.

No6i dung ctia chuong nay la:

- Céc phép toan trén cac ma tran;

- Ma tran nghich ddo ciia mot ma tran vudng;

- G1a tri riéng, vecto riéng;

- Chéo hoa mot ma tran.

Ban doc can nim vimng nhimng van dé nay vi chiing dugc ap dung vao
ngay chuong sau va trong nhiéu linh vuc khoa hoc khac.

Pé hoc t6t chuong nay bar} doc can nim vimng nhing kién thirc vé
khong gian vecto va anh xa tuyén tinh.
Trong cuén sach nay ta ki hiéu tap hop cac ma tran kiéu (m,n) véi cac
thanh phan trong truong K boi1 Mat(m.n)(K).
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§1. MA TRAN CUA MOT ANH XA TUYEN TiNH

1.1. Pinh nghia. Giad su V va W la hai K-khong gian vecto voi co so
lan ot 10 (€) = {€ 10y €20y Enty (E)={E1, Enpsy Em} [+ V — W ld mét
danh xa tuyén tinh ma
f(g,) = auéx*‘ a21%2"’ .t amlEm

f(§2)2312g;1+322%2+-~-+angm ¢Y)

Ma trdn
8y, Blgeereeerieenn a,,
A= By Bgpeeeeirneennn a,,
A Bpgeeeerreennes a_,

dwpe goi la ma trgn cia dnh xa tuyén tinh f doi véi hai co sé (€) va (€)
C6 thé viét gon cac dang thirc (1) nhu sau:
f(g)=>a,f, véimoije{l 2,..,n}.
i=1
Chii y: Vi (§) 1a mot co s ciia W nén cac thanh phan an dugc xéac
dinh duy nhat; do d6 ma tran A dugc xéac dinh duy nhat.
Vidu 1. Gia st I, = V - V 1a dong c4u dong nhat cua khong gian
vecto V, va (€) = {€1,..., £2,..., £n} 14 MOt co s¢ bat ki trong V. Khi do:
1y (§) = &,+08,+...+ 08,
1(E,) =08+ E,+ ... + 0E,
1(E) =08+ 08, +..+ &,

Do dé ma tran cua IV doi véi co sé (g) la:

1 0.0

0 1..0
I=

0 0...1
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I dugc goi l1a ma tran don vi.
Ma tran vudng I = (a;j) duoc goi la ma trdn don vi néu
o = { 1, khi i=j
Y 0,khi i# j
Vidu?2. Neu V, W la hai K-khong gian vecto voi dimV = n, dimW =

m thi ddng cau 0 c6 ma tran ddi voi moi co s¢ ciia V va cia W 1a ma tran
O kiéu (m,n) duéi day:

0 0.. 0

0 0..0
0 =

0 0...0

O duogc goi 1a ma trdn khong, tirc 1a ma tran ma moi thanh phén déu
béng 0.

Vi du 3. Gia su trong R*vaR’da chon cac co s¢ chinh tic:
(®: €,=(1,0), €,=(0, 1),
©®: £,=Q,0, 0) £2=1(0,1,0), £,=(0,0,1).
f: R* > R’ xac dinh bdi f(ay, a,) = (aj, 3a,, a, - 5a;). Khi d6:
f(8,) =£(1,0)=(1,0,0-5)= E,+ 0, 5E,
f(8,) = £(0,1) = (0, 3, 1-0) = 0& , + 3E , + &,

Do d6 ma tran cua f doi voi hai co sé nay la

1 0
A=] 0 3
-5 1

Vi du 4. Gia st Ps, P, 1a cac khong gian gém da thuc 0 va cac da thic
thudc R[x] c6 bac tuong ing khong vuot qua 3, khong vuot qua 2. d: P;
— P, 1a phép lay dao ham, (g) = {1, x, x°, X}, (§) = {1, x, x’} lan luot 1a
co s& cua P; va P,. Thé thi:

d(1)=0=0.1 +0x + 0x*
dx)=1=1.1+0x+0x
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d(x?) =2x=0.1+2x + 0x
d(x’)=3x*=0.1+ 0x + 3x’

Do d6 ma tran cua d doi voi hai co sé nay la

01 0 O
B=|0 0 2 0
0 0 0 3

Trén day ta da thdy khi di c¢b dinh hai co so (¢) va (&) ctia V va W,
thi mdi anh xa tuyén tinh f. VoW xac dinh mot ma tran duy nhat.
Nguoc lai ta s€ thay, khi d6 mo61 ma tran cling x4c dinh anh xa tuyén tinh
duy nhat.

1.2. Lién h¢ giira Homg(V, W) v6i Mat ) (K)

Ménh d@. Gia sit V, W la hai K-khéng gian vecto va

(S)Z {:c:l:"': 529"'9 :c:n}z (&)Z {%19 EZ"") Em}
lan lwot 1 co s& com ich cia V va W. Khi do:

1) Méi ma trdn kiéu (m, n) xdc dinh duy nhdt mét anh xa tuyén tinh f:
V—>Ww.

2) C6 mot song anh @: Homg(V, W) — Mat, ,(K).

Chirng minh.
1) Gia su
B, Apyereenneiennns a,,
. A, Ay a,,
WY B a_.

Dit ajj& 1+ ay&a +..t Ami&m), VO moi j € {1,2,..,n} thi theo dinh
li 1.2, Ch.IIL c6 4nh xa tuyén tinh f duy nhét x4c dinh boi

f(§)=ayE tagk,+ .. +an,E,=3;,véimeoije(l,2,.,n}
Hon nira, ma tran cua fla A.
2) C6 dinh hai co so trong V va W. Véi mdi fe Homg(V, W), f xac
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dinh mot ma tran A duy nhat. Xac dinh anh xa
®: Hom(V, W) = Mat,,, ,(K) béi ®(f) = A.

V6i mdi AeMaty, (K), c6 mot anh xa tuyén tinh f duy nhat ma A 1a
ma tran cua no; tirc 1a O(f) = A. Do d6 @ 1a mot toan anh. Vi f duge xac
dinh duy nhat béi A nén @ la don anh.

Vay ® 1a mt song anh. []
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§2. CAC PHEP TOAN TREN CAC TAP MA TRAN

Ta da biét trén tap hop Homg(V, W) c6 phep cong hai anh xa tuyen
tinh va phép nhan mot anh xa tuyén tinh voi mot s6. Hon nira, khi da c6
dinh hai co s¢ ciia V va W, ta c6 song dnh

®: Homg(V, W) — Maty, »)(K).
Bay gio ta mudn dinh nghia cac phép toan trén cac ma tran sao cho
"phu hop" voi cac phép toan trén cac anh xa tuyén tinh; chang han ma
tran cta tong hai 4nh xa phai bang tong hai ma tran cta nhing anh xa ay.

2.1. Phép cong

Ménh dé va dinh nghia. Gia sir A = (ai))mn) va B = (by) in,n) lan luot
la cde ma trén cia hai dnh xa tuyén tinh f, g € Hom(V, W) déi vé6i hai
co 5o (g) va (&) da chon trong V va W. Thém thi ma trdn cua dnh xq
tuyén tinh f + g d6i véi hai co sé dy la C = (a; + bij) o)

Ma tragn C dwoc goi la tong cua hai ma tran A va B, ki hiéu la A + B.
Chirng minh. Theo gia thiét
= Sa,E, g&) = b, voimoije (1,2,
=1 i=1
Do do:
€+ B(E) = £E) + 8(E) =Y ak + Ibf =

moi j € {1, 2,..., n}.

(a; + bu)E_,l ,

&MS

Vaymatrancuaf + g ddi v&i hai co s da cho la (a1J + bu)(m ny. Quy
tic cong ma tran. Muon cong hai ma trdn ta chi viéc cong cdc thanh
phan twong g (cing dong, cung cét) ciia chiing:

(alj)(nz,n) + (bij)(m,n)= (aij+ bij)(m,n)'
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-1 5 14
Vidul. Cho A= 305 , B= .
-2 7 4 6 13 -8

3-1 0+5 5H+14 2 5 19
A+B= =
-2+6 7+13 4 -8 4 20 -4
10 8
Vidu2. ChoC= 71, D=|-19].
-2 21
10 +8 18
C+D=| 7-19|=| -12}|.
-2+21 19

2.2. Phép nhian mot ma tran véi mdt so

Ménh dé va dinh nghia. Gid sita = (a)mn) la ma tran cua dnh xq
tuyén tinh f € HomK(V W) doi véi hai co SO’ (e) va (&) da chon trong V
va W k € K. Thé thi ma trdn ciia dnh xa tuyén tinh kf doi véi hai co sé dy
la ma tran C = (kay) g,

Ma tragn C dwoc goi la tich cua ma trdn A voi s6 k, ki hiéu la kA.

Chirng minh. Xin danh cho ban doc. [

Quy tdc nhan ma tran v&i mot s6. Muon nhdan mot ma trgn A voi mot
80 k ta chi viéc nhan so k voi moi thanh phdn cua A.

Vidul. A=(-3 0,6 11) thi %A— 3 03-1-1j

2’ 2

5 5 20
Vidu2. B=|-7| thi 4B=4|-7|=|-28].

3 3 3

4 4

2 0 7 1 “% 0 ‘%
Vidu3. C=| thi (——)C=

-5 9 12 3 5

3 ~3 ¢
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2.3. Phép trw
Dinh nghia.
Ma trgn (-1) A dwoc goi la doi cia ma tran A. Ki hiéu la —A.

Véi hai ma trdn A va B, tong A + (-B) dwoc goi la hiéu ciia A va B.

Ki kieu A - B.
Nhu Vé.y, Vol A = (aij)(m,n) vaB - (bij)(m,n) taco:-B= (- bij)(m,n)a
A - B = (a;-bj)m,n)-

VidyI.ChoA:(ll . '3),13:(8 -3 —12}
4 -9 15 -7 5 10

11-8  5+3 -3+12) (3 8 9
4+7 -9-5 15-10) |11 -14 5 )

A-B=|

2.4. Khong gian vecto Mat, »,(K)

Ban doc ¢ thé dé dang chting minh rang, ciing nhu Homg(V, W),

tap hop Mat, ,,(K) 1a mot K-khong gian vecto.

Ménh deé. Phép cong ma tran va phép nhan mot ma trdn voi mot so

thugc truong K co cdc tinh chat sau:
1)A+B=B+A4,
2)A+B)+C=4+(B+C0);
3)A+0=A,
4)A+(-A)=0;
5) k(4 + B)=kA + kB;
6) (k+ 1A=kA + I4;
7) (k1)A = k(1a),
8) 1.A = A, (I la don vi cua truong K),
voi moi A, B, C € Mat,, ,(K), moi k, | e K

Noi gon, voi phép cong hai ma tran va phép nhan mot ma tran voi

mot so, Mat, (K) la mot K-khong gian vecto. [
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-4 13 2 0
Vidu.ChoA=| 7 -9{, B 11 8 |.Tim ma tran X thoa
15 6 -3 1

man diéu kién 2X + A =B.

Giai. Ap dung ménh dé 2.4, cong - A vao hai vé cia déng thie 2X +
A-B,taco:

2X=B-A
2+ 4 -0-13 6 -13
hay oX=| 11-7 8+9 |=| 4 17/,
-3-15 1-6 18 -5
3 _13
6 -13 2
1 17 ) .
Suy ra X= 5 4 17 |=| 2 =1 (tinh chat 7).
-18 - 5 -
-9 -
2

2.5. Tich ctia hai ma tran

Ménh dé 1. Gid si trong moi khéng gian U, V, W dd chon mét co so
c6 dinh, A = (ay)mn la ma trdn cua dnh xq tuyén tinhf: V—> W, B =
(bj)mp) la ma tran cua anh xa tuyén tinh g: U — V. Thé thi ma trdn ciia
anh xa tuyen tinh fg la ma tran

n
C = (cw)mp» trong doé c;= Zaijbjk .
=1

Ma tran C dwoc goi la tich cua hai ma tran A va B, ki hiéu la AB.
Chirng minh.
Gid ST (8) = {€ 1.y E20nr £p) lacOsO clia U, (E) = {E, Ep..., En} ldcO

sdcuaV, (§)={E,..., En} 12 co sd cua W. Theo dinh nghia ma trin cua
anh xa tuyén tinh, ta co:
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(€)=Yt &)= ibika,fgm): zcc
Do d6 fg(ey) = ijkf(é) Zka ZauC Z(Zau Jk
Z_:l Zl ij Jk

Vi hé vectd ({) ddc 1ap tuyén tinh nén ¢, = Y a;b, . O

i jk "

Ma

1]
—

i

=1

Quy tic nhan hai ma trén. Muén tim thanh phan cy, ciia ma trdn tich
AB ta phai lay méi thanh phan a; cua dong thir i trong ma trdn A nhan
voi thanh phan b ik cua cot thir k ciia ma tran B roi cong lai.

C6 thé md ta bsi so do sau:

cot k cot k
r 1 [ 7 :
% blk r : -
| bzk
S ¢ H
dong i : b = =Y aybyew| dongi
ong 1 |a; ag...8;...8, i = (N ;Do dOng
- =1
~ - -
L J L /bnk |

Vidul ChoA:[a“ apy alaj B:(bu b12 b13]

Ay, 8y Ay by, by, by,

AB = (anb” by +aby 8, by, +a,by, +agby, a, by +aby + al3b33)
5,0, + 2y, +a,b; 8, by, +8,by, +ayby, 8, b, +a,,b,; +ay,by

Chii y:

1) Thgo dinh nghia, tich AB chi dugc xac dinh khi s6 cOt clia ma tran
A bang s6 dong cua ma tran B.

2) Phép nhan ma tran khong c6 tinh giao hoan.
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3
Vidu2 ChoA=|-1 4 ,Bz( 14 ’7)

70 -2 4 3
3.1+5.(-2) 34+54 3.(-7)+5.3 -7 32 -6
AB=1-11+4.(-2) -14+44 -1.(-7)+43|=| -9 12 19].
71+0.(-2) 74+4+04 7.(-7+0.3 7 28 -49

1.3+4.-1)+(-7).7 1.5+4.4+ (-7).0)_(-50 21J¢AB.

BA = =
[(—2).3+4.(—1)+ 3.7 (-2).56+4.4+3.0 11 6

Vidy 3. Gia st (€) = {& 1,..., €2y €n} VA(E) = {E1, En..., E4) 12 hai
co so cua K-khong gian vecto V, T = (t;) 1a ma tran chuyén tir co s6 (&)
sang co sO (&) (X1, X25+ee» Xn)5 (Y15 Y255 Yn) lan luot 1a toa do cua vecto o
doi voi co s6 (€) va co so (§). The thi theo dinh 1i 6.3, Ch. II:

b SER PN ATl ST\ 2 S AT

X = by + topyet o+ toy,

Xn: tnlYl + t‘n’.ZyZ_{V o0 L t-’nnyn’

Néu viét hai vecto toa d§ dudi dang ma tran cot

X Y

XZ yz
X= Y=

X y"

X, i
ty bpperannnn: £,
B t, t t .
- 91 Logeeernininins an
t ot t
Xn nl n2 nn yn
hay X =TY.

Vi du 4. Gia str hai K-khong gian vecto V va W ¢6 co sé 1an luot 1a
(€)= {&1,., €n}, (§) = {E1,..., Em} VA ma trAn cua anh xa tuyén tinh f
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do1 voi hai co sé nay la

8, 8y a,
A | Bm B a,,
: TR : FE 8,

toa do cua vecto o € V doi voi co so (g) va toa do cua f(e) doi véi co so
(§) duogc viét dudi dang ma tran cot lan luot 1a

X, y,
X, Yo
X= Y=
X, Yo
The thi
YI a a a X1
0 Io00ca0aE00a000 -
yz XZ
_ | Bn Bppen a, hay Y = AX
Aoy Bpgeereeeriinen a_,
Yo X,

f(& ) = i le(él = i X)i aijgi = i[z xJan]gl
=1 =1 =1 i=1 \_j=
Mat khac
f(a) =3 y§
i=1
Do dé6: i vi Ei = i[i XjaijJEi .
is1 i=1 \_j=1

Suy ray; =Y aix;, v6i moi in {1, 2,.., m}. Diéu ndy chimg t0 Y =
=

AX.
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Vi dy 5. Xét hé phuong trinh tuyén tinh

a,X, +8,X, +...+a;X, +...+a, X, =b

8y X, 85X, +..t X+ +a, X, =b, )

...............................................................

x1 bl
X, b,
Néudat X=1.. |, b=... | thihé (1) c6 dang:
xn bm
Xl bl
8, Bppeeeerenenn a,, b
X, 2
By Bggeceerveennens a,, _
By Bpgeerreereenens a_
Xn bm
hay AX =b.
Vidu 6. Gia st A = (@jj)(m,n) va I, 1a ma tran don vi cap n. Khi do:
C: DO : PR a,, 1 0 .. O
: Ay, Bogereieeerinnnns a 0 1 0
AI“: 21 22 2n
: TS - WU a_. 0 0 1
8, Bpgeeerrereennn a,
_ | Ba By 4 | o
By Bpgeeeeemeenen a_.

Tuong ty, néu I, 1a ma tran don vi cap m thi [,A = A.

Ménh d?: 2. Voi cac ma tran A, B, C va moi s6 k € K, ta ¢ cdc dcfng
thire sau (néu cac phép toan co nghia):

1) Tinh két hop: (AB)C = A(BC);

2) Tinh chdt phdn phéi ciia phép nhdn doi véi phép cong:

A(B +C) =AB + AC, (4 + B)C = AC + BC,
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3) k(AB) = (kA)B = A(kB).

Chiurng minh. 1) Coi cac ma tran A, B, C lan luwot nhu ma tran cua
cac anh xa tuyén tinh h: U - X, g¢ W > U, £: V. > W (v6i co so da
chon trong moi K-khong gian vecto \{, W, U, X). Theo ménh dé 1, muc
2.5, (AB)C 1a ma trén cua anh xa tuyén tinh (hg)f, con A(BC) la ma tran
cua anh xa h(gf). Theo ménh dé 2, muc 3.4, Ch.II1, (hg)f-h(gf). Nho song
anh

®: Homg(V, X) = Maty, 4(K), (trong d6 m = dimX, q = dimV),
suy ra (AB)C = @((hg)f) = ® h(gf)) = A(BC).

2) va 3) dugc chirng minh tuong ty. [

2.6. Thuc hién cic phép toan ma trin bing may tinh bé tdi va
may tinh dién tir

3 5 11 -8 12 0
Vidul.ChomatranAZ( ), B=( )

-4 0 9 14 -7 20
a) Dung may tinh bo tui CASIO-fx570MS.
Tinh A + B, A - B, 6A.
Giai. Tinh A + B.
e Chon MODE ma tran:
MODE|[MODE|MODE|
e Tao ma tran A kiéu (2,3)

SHIFT MAT H [ EJ] (61 thit nhat 1a chi kidu

ma tran,s6 1 tha hai 1a ki hiéu ma tran A).

e Chon céc thanh phan cua A:

B B EJ 1l H 4] E1 0 E] Bl EllAd
e Tao ma tran B kiéu (2,3):

EE (s 2 thr nhét 14 ki hiéu ma tran B)
I BEEHOEMEIEERIE A
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e Thyc hi¢n phép cong:
sHIFT MAT [ [ [ [BHIF] MAT B B H

O cira s6 may tinh xuat hién: - 5. D6 1 thanh phan co cua tong hai
ma tran. Nhay con tré sang phai ta dugc thanh phan cj,. Ti€p tuc nhay
con trd sang phai moi lan dugc mdt thanh phan ti€p theo.

-5 17 11
10 -7 29

Matran A + B=

- Tinh A - B tuong tu.
- Tinh 6A.
e Chon MODE ma tran:

MODE| MODE MODE
e Tao ma tran A kiéu (2,3)

SHIFT MAT [1] H H

e Chon cic thanh phan cia A:

B H BlEIL]E =) BIEIO E]B] E] A
6 K BHIFD MaT B [ H

Man hinh xuét hién: 18. D6 1a thanh phﬁn co cua ma tran 6A. Nhay
con trd sang phai, moi lan dugc mot thanh phan theo thur tu: ¢y, ¢y3, €3;.

Vi du 2. Nhan ma tran.

' -1 4 7
3 5 11
ChoA=( J, B=| 10 0 -6 |.Tinh AB.
-4 0 9
9 11 5

Gidi.

Thao tac nhu khi lam tinh cdng.
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MODE MODE MODE [
SHIF] MAT [i] el H BlH

BIEEIBED U EK LIE 0B RE Ad

BEI@E]E@E@EI@B@EE

bl H

sHIFT MaT B [ ¥ FHIFD MAT B @ H

Man hinh xuét hién: 146. D6 1a thanh phéan co cta tich. Tiép tuc nhay
con chd sang phai lan lugt ta dugc cac thanh phan tiép theo ciia ma tran
tich.

14
AB = 6 133 46 .
86 83 17

b) Dung may tinh dién tur

Ta thyuc hién theo chuong trinh MATHEMATICA 4.0.
A={{3,5]1I}, {-4,0,9}}

Man hinh xuét hién:

Out[1]= {{3, 5,11}, {-4,0,9}}
B={{-8,12,0},{14,- 7,20} }d

Man hinh xuét hién:

Out[2]= {{ -8, 12, 0},{14,-7,20}}
A+B//1MatrixForm

Man hinh xuét hién:

Out[3]=(—5 17 11}

10 -7 29

A-B//MatrixForm./

Man hinh xuat hién:
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11 -7 11
Outl4}= (—18 7 —11J

6A//MatnxForm.!

Out[4]=[ 18 30 66]

-24 0 54

Phep nhén duge thyc hién bing moi thao tac nhu dbi véi phép cong
nhung phai thay dau cong ( "+") bdi dau cham (".").
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§3. PAI SO MATN(K) CAC MA TRAN VUONG CAP N

Ta ki hiéu tap hop cic ma tran vudng cip n v6i cac thanh phan thudc
truong K boi Matn(K). Theo ménh dé 2.4, Matn(K) 1a mot K-khong gian
vecto. Hon nira, trong Matn(K) tich ctia hai ma tran bat ki ludn ludn xéac
dinh; tuy nhién, phép nhan khong giao hoan. Theo ménh dé 2, myc 2.5,
phép nhan cé tinh két hop va phan phdi ddi v6i phép cong va co ma trin
don vi

1 0 0
1 0

I =
0 O 1

Trong vi du 6, muc 3.1, da ching minh ma tran don vi I c6 tinh chét:
Al = A = 1A, v6i moi A € Matn(K). Nhu vay, Matn(K) 1a mot khong
gian vecto dong thoi 1a mot vanh ¢é don vi, khong giao hoan.

Nguoi ta néi, Mat,(K) 1a mot dai 6 trén truong K hay mot K-dai s6.

Vi mdi ma tran thuéc A € Mat,(K) 1a mot ma tran vudng nén né cod
dinh thirc |A].

Ta hiy xét mdi lién hé gilta dinh thic va cic phép toan trong
Mat,(K). Ban doc co6 thé cho nhiing vi du chiing t6 rang: véi A, B 1a hai
ma tradn vudng cap n va so k € K, noéi chung:

1)|A + B|#]|A| + |B|.
2) [kA| =k |Al
Trai lai, ta lai co: |AB| = |A|.|B| v61 moi ma tran A,B thudc Mat,(K).

3.1. Pinh thirc ctia tich hai ma tran

Pinh li. Dinh thirc cua tich hai ma trdn vuong bcing tich cac dinh
thire cua hai ma tran ay.

Chirng minh.

Gia su:
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- W VRO a,, b b b
n Drgeeci N
: VO VT a,,
P P - el |
B Bngreserreeees %nn b, by b,
Ci1 Cpgereveeveennnns Cyn
Cg1 Copereererenenne . S
AB=| " 2 1 véi c,»,(—Zanjk
............................... =
Cpoi Copeereeremrennes Con
Ta xét dinh thuc
a,; A a, 0 O......... 0
C: DORE VORI a,, 0 0 ... 0
D= | m Bu a, 0 0..... 0
-1 0 . 0 b,bg.... b,,
0 -1 . 0 b, by . b,
0 0 e -1 b, b b,

Trong dinh thirc D, dinh thitc con & goc trén bén trai 1a dinh thuc |A|,
moi dinh thirc con khac tao boi n dong dau déu bang 0 vi c6 mot ¢t véi
cac thanh phan déu béng 0; twong tu, dinh thirc con & goc dudi bén phai
la dinh thtrc |B|, moi1 dinh thirc con khéc tao bdi n dong cudi déu bé’mg 0.
Theo dinh li Laplace, D = (-1)*"***" |A|.|B| = |A|.|B|.

Bay gio nhan lan luot cac dong thir n + 1 véi a;;, dong thir n + 2 véi
aj2,.., dong thir n + j voi ayj,... dong thir 2n véi a;,, 161 cong vao dong
dau. Khi d6 dong dau cuaa D bién thanh

09 09---3 07 C115 C125++5 Cin-

Téng quat, nhan dong thor n +1 véi ay;,.., dong thir n + 1 véi ajj,...,
dong thur 2n vo1 a;, 161 cOng vao dong thir 1 thi dong thir 1 trong D bién
thanh

09 09---3 07 Ci1, Ci25.+5 Cin.

~ Theo tinh chét cia dinh thirc, nhitng phép bién ddi trén khong thay
doi dinh thac D.

Do vay:
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0 LV, (ORCHRC Y s—— Cin

0 0 i 0 cy Chperennn Cy

D= 0 LU 0 cy Cpyooneee Con
-1 0 e 0 b, b,..... b,,

0 -1 . 0 b, by, ... b,,

0 0 v -1 b, by..b,

Bay gio trong n dong dﬁu‘cﬁa‘ dinh thirc nay c6 lam & goc trén bén
phai, cac dinh thirc con khac déu bang 0. Theo dinh 1i Laplace,

=1 0 0
D = (1)0#2miensze. o2 | AR 0 -1 wnenn 0
0 0 o, =

= (_1)(1+2+,,,+n)+(n+1+n+2+...+2n)| AB| . (__ 1)n= (__1)(1+2+...+n)+(n+l+n+2+...+2n)+n | ABI
= (-1)™® |AB| = |AB|.
Vay |AB| = |A|.[B]. O
Gia st trong hai K-khong gian vecto n chiéu V va W ¢6 dinh hai co
s0. Néu A 1a ma tran cia dang cau f. V= W, B la ma tran ctua f! thi theo
ménh dé 1 muc 2.5, AB 12 ma trin cta ff' = 1w, BA 1a ma tran cua f'f:

1,. Vi ma tran ciia IV va ma tran cta 1,, déu la ma tran don vi I nén AB =
[ = BA. Nguoi ta goi A va B 1a hai ma tran nghich ddo ctuia nhau.

3.2. Ma tran nghich dio
Pinh nghia. Ma trin A € Mat,(K) dwoc goi la kha nghich néu ton tai
mot ma tran B € Mat,(K) sao cho
AB=1=BA.
B dwoc goi la ma tran nghich dao cua A, ki hiéu B = Al
Vi du 1. Hién nhién I 1a ma tran kha nghich vi .1 =1. Nhu vay [ l1a ma
tran nghich dao cua chinh no.

5

2
Vi du 2. Trong Maty(R) ma tran A = [ 3} cO6 ma tran nghich

3 5
ddo A = ( 2). That vay, ta co:
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[2 5)(3 5)_( 2.3+5(-1) 2.5+5.(-2) ]
-1 -3 J{-1 -2 _‘(-1).3+(-3)(-1) (-1).5+(-3).(-2)
:{1 OJ:I
0 1
(3 5}[2 5]#[ 3.2+5(-1) 32.5+5.(-3) ]
-1 -2 J{-1 =3 ) W(~D.2+(=2)(-1) (-1).5+(-2).(-8)
=[1 OJ:L
0 1

C6 nhimg cau hoi dit ra 1a: C6 phai moi ma tran trong Mat,(K) déu
c6 nghich dao khong? Néu c¢o6 thi tim ma tran nghich dao nhu thé nao?
Dinh 1i sau s€ tra 161 nhiing cau hoi nay.

Pinh li. Ma tragn vuong A co6 ma trdn nghich dao khi va chi khi |A| =

0.
Chirng minh.
“=" (Gia sir ma tran A c6 nghich dao Ia A 1. Khi d6 theo dinh 1i 3.1,
ja].[A™"] = |[A.A™| = [1] = 1. Do d6 |a] #0.
“<" Gia strlai bé 0 va
Ay, Bpgeerereeneenen. a,,
A Bn e a,
B, Bpgeeeerereerens a,,
- Ak' r N1 A <\ - A 5 \ A 5
bat by = Kf trong do Ay la 1a phan bu dai s6 cua thanh phan a cua
ma tran A (xem dinh nghia 4.1, Ch. I). Xét ma tran vuoéng B - (bj), hay
Ay Ay, A,
B= 1Ay Ape A,
2V [P
Ay, Ay, A,

Khi d6 AB c6 thanh phan
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n A
Cik = a; Jk Z _IA—I - |A| ZauAkJ

j=1 =1

Nhu:ng theo dinh 1i va h¢ qua, muc 4.2, Ch.I,

Al, néui=k
ZallAkl s
0, néu 1z k
1 & 1, néui=k
Do dé = — > a. A, = )
TR 2% o, néu ik
Ay Ay A,
A, A A
Vay  AB=Iva A'=B= | ‘1z f= n2
AL s
A 8y i A,

Ma trdn ma dinh thuc ctia né khac 0 dugc goi 1a ma trdn khong suy

bién. Véi khai niém nay c6 thé phat biéu dinh 1i trén nhu sau:

Mt ma trdn la kha nghich khi va chi khi né khéng suy bién.

3.3. Tim ma tran nghich dao

1) Tim ta trgn nghich dio bang dinh thirc

Chting minh dinh 1i trén day cho ta cach tim ma tran nghich dao cta

mot ma tran c6 dinh thirc khac 0.

Vi du. Tim ma tran nghich ddo cia ma tran

1 3 0
A=10 2 -1
3 1 5

Giai. Tinh dinh thic lai

1 3 0]]1 3 0
|A|=10 2 -1{=|0 0 -1|=(-1)**(1)(11-9) =
3 1 5| |3 11 5

Tim céc phan bu dai s6
An=11,An=-3,A3=-6,Ay =-15, A =5, Ay
A32= 1,A33=2.

=89A31=_37
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e Thiét 1ap ma tran nghich dao

1 15 3

11 -15 -3 2 2

VéyA'lzl -~ 5 1|= __31 é l
i 2 6 . 0 2 2 2
B -3 4 1

2) Tim ma trgn nghich dio bang cdc phép bién doi so cip

Nhic lai rang, cac phép bién dbi sau ddy trén mot ma tran 13 nhimg
phép bién ddi so cap:

1) B6i chd hai dong (hai cot) cho nhau;

2) Nhan mdi thanh phan trong mot dong (cot) voi cing mot sd khac
0;

3) Nhan mdi thanh phan trong mot dong (cot) voi cung mot sb roi

cong vao thanh phan cung cdt (dong) trong mot dong (cdt) khac. Ban doc
c6 thé ty kiém tra rang voi ma tran A:

Phép bién d6i 1) chinh 14 nhan ma tran

(1..0 .0 ..0

0..0 .. 1 ..0 (dong thi i)

0..1 .0 .. 0 (dong thy j)

.................................

\0 .0 .. 0 .. 1

vao bén trai (phai) cua A.

Phép bién d6i 2) chinh I nhan ma trn
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Q=|0 0 ..k .. 0 | (dongthti)

(cot thit i)
vao bén trai (phai) cua A.

Phép bién doi 3) chinh 13 nhan ma tran

R,
0.. k.. 1 0
0.. 0..0 1
1 0 0 .. 0
0 1 k .. 0
(tuongdng ma tran S = | ............ccevvnnnnnn. )
0.. 0 1 0
0.. 0 .. 0o ... 1

(cot thi 1) (cot thit j)
vao bén trai (phai) cua A.
Hon nita d& thiy ré“mg cac ma tran P, Q, R, S déu khong suy bién. Do
d6 ta c6 dinh i sau:

Pinh li. Néu thuc hi¢n nhiing phép bién déi so' cap nhw nhau trén ma
tran khong suy dién A va ma tran don vi I ma A bién thanh I thi I bién
thanh A”'.
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Chirng minh. Nhu nhan xét trén khi thyc hién nhitng phép bién doi
SO cép trén cac dong cia ma tran A thuc chét 1 nhan vao bén trai A mot
s6 hiru han nhitng ma trdn dang P, Q, R. Goi B 1a tich cia nhitng ma tran
d4 nhan vao bén trai A nhu thé dé duoc 1, taco BA=1. Suy ra:

B=A"
Theo gia thiét, ta cling dong thdi nhan B vao bén trai ciia I va dugc:
BI=B=A". []
Vi du. Tim ma tran nghich ddo cia ma tran
1 3 0
A={0 2 -1
31 5

Gidi. Ta viét hai ma tran A va I lién nhau. Mdi khi thyc hi¢n mot
phép bién doi so cap nao trén A thi cling thyc hién phap bién doi ay trén
L.

3

Nhan dong thir nhat véi -3 rdi cong vao dong thir ba:

1 3 0 1 0 0
0 2 -1 0 1 0
0 -8 5/{-3 0 1
A 1s |
Nhén dong thir hai voi 5 :
1 3 0 1 0 O
0 1 - 1 0 1 0
2 2
0 -8 5J]1-3 0 1

Nhan dong thir hai v6i - 3 r6i cong vao dong thir nhat va nhan dong

thir hai v6i 8 roi cong vao dong thir ba:

207



10§— 1—§O
2 2
01 -2llo I o
2 2
0 0o 1|3 4 1

Nhan dong tht ba véi % 10i cong vao dong thir nhat, nhan dong tht

ba voi % r0i cong vao dong thir hai:

m 15 3
1 00 ; 212
o10]l/-2 2 =
0 o0 112 2 9
-3 4 1

Ta thdy lai két qua tim duoc & vi du trong muc 4.3.

3) Tim ma trdn nghich dio bang mdy tinh bé tii va mdy tinh dién

twr
a) Dung may tinh CASIO-fx-570MS.
(Chi ap dung duoc ddi v6i ma tran cap 2 va cip 3)
Vi dy. Tim ma tran nghich ddo ctia ma tran

4 7 0
A=1-2 1 5
0 1 6

Giai. ® Tao ma tran A nhu thuong I¢:

MODE| [MODE| [MODE
surry MAT ] 1] B]H B B
WEIDNEDREI RIEUEBEIDE LB EHE A

¢ Tim ma tran nghich dao
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sHIF MAT B ] k7] H

Man hinh xuit hién thanh phan ba ctia ma tran nghich dao. Nhay con
tro sang phai moi lan ta dugc mot thanh phan tiép theo: by,, bys, by,
bys,... K&t qua:

12 8
88 44 88

oo 23 5
22 11 22
1 1 9

44 22 44

b) Dung may tinh dién tir (theo chuong trinh "MATHEMATICA
4.0").

Vi du. Tim ma tran nghich ddo cia ma tran

3 1 0 7

B= 6 -2 2 1
5 1 7 0

-4 3 8 -5

Giai. e Tao ma tran

B = {{3,1,0,7},{6,-2,2,1},{5,1,7,0},{-4,3,8,-5} } 4

Man hinh xuét hién:

Out[1] = {{3,1,0,7},{6, - 2,2,1},{5,1,7,0},{- 4,3.8, - 5}}
Tim ma tran nghich dao:

Inverse[B]//MatrixForm

Man hinh xut hién:

67 126 172 119
379 379 379 379
92 371 338 203
Outfzj=| 379 379 3879 379
61 143 117 114

379 379 379 379
96 107 122 80
379 379 379 379
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D6 12 ma tran nghich dao B™.

3.4. Mot vai irng dung diu tién ciia ma tran nghich dao
1) Tim ma trian chuyén.

Vi ma tran chuyén tir co sé (¢) sang co s& (§) va ma tran chuyén tur
co sO (§) sang co s () 1a hai ma tran cua hai 4nh xa ngugc nhau nén
néu T 1a ma tran chuyén tir co s& (E) sang co s& () thi ma tran chuyén tir
co s (&) sang co so () 1a T

Vi dy. Tim ma tran chuyén tir co s6 (£) gdm cac vecto &, = (1, 1, 0),
£,=(0,1, 1), E5=(1, 0, 1) sang co s& chinh tic cia khong gian R’

Giai. D€ dang tim dugc ma tran chuyén tir co s¢ chinh tac (€) sang co

5o (€) 1a:

1 0
T=]1 1
0 1

= O =

Tim ma tran nghich dao ctia T ta dugc ma trdn chuyén tir co so (§)
sang co sO chinh tac la:

101 1
2 2

T_lz _l l _1_
2 2 2

1 1 1

2 2 2

2) Gidi hé Cramer

Vi du 4, muc 2.5, di cho cach viét hé phuong trinh dudi dang ma
tran

AX=Db

trong do A la ma tran cua hé phuong trinh, X 1a ma tran c6t cac an, b la
ma tran cdt cac hang tir tu do.

Tur do suy ra: X=A".
Ung dung nay chi mang tinh ly thuyét: n6 chimg minh rang hé
Cramer c6 nghiém duy nhat. Trong thuc hanh, n6 khong dem lai lgi ich
210



gi hon cach giai bang dinh thirc.

O dau muc nay ta da théy néu mot déng cAu f xac dinh b&i ma tran A
thi A kha nghich. Bay gio ta ching minh day du mét dac trung cia dang
cau bdi ma tran.

3.5. Ma tran cia myt dang cau

Ménh dé. Mot danh xg tuyén tinh la mét dang cdu khi va chi khi ma
tran cua no khong suy bien.

Chirng minh. Gia sit f. V. — W 1a mot anh xa tuyén tinh. C6 dinh hai
co so trong V va W. Goi A 1a ma tran cua f. Ta c6 day cac tuong duong
sau day:

fla déng cdu < ton tai ' = W — V v6i ma trén B sao cho f 'f = 1,,
ff ' = 1, v6i ma tran B sao cho BA=1= AB < A kha nghich < |A| # 0
< A khong suy bién. [
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§4. SU THAY POI CUA MA TRAN CUA MOT ANH XA TUYEN
TINH KHI THAY POI CO SO - MA TRAN PONG DANG

4.1. Su thay d6i ciia ma tran ciia mdt anh xa tuyén tinh khi thay
doi co s&

Ma tran cua anh xa tuyén tinh f: V. — W phu thudc vao hai co s¢ cua
VvaWw Chéng han, vi du 1, muc 1.1 cho théy ma tran cua déng cau 1,=
V — V d6i véi co so (g) 12 ma tran don vi 1. Gia st S = (s;j) 1a ma tran
chuyén tir co s& (g) sang co sd (¢7). Khi do ta co:

Ly(g') = €"1=sp€ 1+ syt 8,8,
1y(€')) = €'3=819€ 1+ 8pp€a+... ¥ 5E,

]-V(g'n) =g’ n>= Sln§1+ SZn§2+'-'+ Snni'in

Diédu nay ching to ma tran chuyén tir co s (g) sang co so (¢°) 1a ma
tran cua dong cau dong nhat 1, doi véi hai co so (€°) va (¢). Nhu vay, ma
tran cua 1, da thay doi khi doi co sé.

Vay tong quat, khi doi co s thi ma tran cta anh xa tuyén tinh thay
doi nhu theé nao?

Pinh li. 4 va B la hai ma trdn cia cing mdt dnh xa tuyén tinh khi va
chi khi ton tai hai ma tran khong suy bién S va T sao cho

B=T'4S

Chirng minh. “=" Gia sir A 1a ma tran cta anh xa tuyén tinh f: V —
W d6i voi hai co so () va (€) twong tng trong V va W, B 13 ma trin cta
f d6i voi hai co so (€7) va (&7). Goi S 1a ma tran chuyén tir co s& (g) sang
co sO (¢”), T 12 ma tran chuyén tir co sé (¢7) va (¢”). Nhu trén d3 noi, S 1a
ma tran ctia ddng cAu dong nhat 1v ddi véi hai co s (¢7) va (g). Tuong
tu, T 13 ma tran cia dong cau dong nhét 1,, d6i véi hai co sd (&) va (£).
Hién nhién

ly.f=f=1.1,.

Theo ménh dé 3.2, TB 1 ma tran cua 1,,.f con AS 1a ma tran cua f.1,
doi1 véi hai co sé (¢7) va (€). Nhu vay:
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TB = AS.
Vi cac ma trin chuyén kha nghich nén tir d6 suy ra:
B=T"AS.

“=” Gia st B— T'AS, A 12 ma tran cua f d6i v6i hai co s (€) va (€)
S va T la nhitng ma tran khong suy bién. Coi S va 1a ma tran chuyén tir
co s () sang co so (¢7) ndo do, con T 1a ma trdn chuyén tir co s (&)
sang co s (£) nao d6. Khi d6 T 1a ma tran chuyén tir co so (£°) sang
co s6 (§). Theo nhan xét trude dinh 1i, S va T 1an luot 14 ma tran cua
cac anh xa tuyén tinh 1, va 1. Theo ménh dé 1, muc 2.5, B 1a ma tran
cua 1,.f.1,

VbV It y,w—e , W

Nhung 1,,.f.1, = f nén B cling 1a ma tran cuta f. [
Néi riéng, khi V=W va (e) = (§), () = (") thiS=TvaB=T'AT.

4.2. Ma tran dong dang

Pinh nghia. Hai ma trdn A va B dwoc goi la dong dang néu c¢é mot
ma tran T sao cho B = T'AT. Ki hiéu A ~ B.

Theo dinh nghia nay, mudn tim mot ma trin déng dang vé1 mot ma
tran A chi can lay mdt ma tran T khong suy bién r61 1ay ma tran tich T
IAT.

Hé qua. Hai ma trdn dong dang khi va chi khi ching la hai ma trén
cua cung mot tu dong cau. [

Vi du. Cho

e

la ma tran cua ty dong cau f. V— V doi vdico so {&4, €,} cua V.

Tim ma tran cua f doi vdi co s gom céc vecto:

mi

- —
1= 81_282

mi

2= —€,+ €,
Giai. Ma tran chuyén tur co s¢ (€) sang co s6 (€7) 1a
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1 -1
T= .
-2 1
e L1 1) (-1 -1)
-112 1 -2 -1
-1 -1 4 3 1 -1 5 -1
B =T'AT = =
-2 -1 -1 1 -2 1 7 0
Dinh nghia 4.2 cho ta thdy mot diéu 1i tha vé mdi lién quan giita hai
ma tran cua cung mot ty dong cau doi vdi hai co s¢ khac nhau. Bay gio
ta muodn tién xa hon nira: doi véi mot ty dong cau f: V — V ta mudn tim

mot co s¢ (§) = {E1, Ea..., En) clia khong gian V sao cho ma trdn ctia nd
c6 dang "dep nhat", d6 1a ma trin A = (aj;) co6 dang

a, 0 .. 0

0 w0 ...
A= B2 , ((@p)=0néui=j).

0 0 a

Ta goi d6 1a ma tran chéo.
Khi do f(&;) = a;&; va nd1 rang &; la mot vecto riéng cua f, con lai la
gia tri riéng cua f ung véi vecto & i
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§5. VECTO RIENG-GIA TRI RIENG

5.1. Vecto riéng- Gia tri riéng
Dinh nghia 1. Gia su V la mot khong gian vecto, f- V — V la mot tw
dong cau. Vecto o # 0 cua V dwoe goi la mdt vecto riéng cia f néu ton
tai mot so € K sao cho
fla) =ka.
S6 k dwoc goi la gid tri riéng ciia fiing véi vecto riéng a.
Néu A la ma trdn cia tw dong cau f thi gid tri riéng cia f ciing dwoc
goi la gia tri riéng cua ma tran A.
Vi dy 1. Cho phép bién doi tuyén tinh f: R> > R* c6 ma tran ddi véi
co soO chinh tac (¢) 1a
2 4
A= .
-1 -3

fco hai gia tririéng lak, =1,k, =-2, o = (4, - 1) 1a vecto riéng tng
v6i ki, B = (1, -1) 1a vecto riéng ung véi k,. That vay, vi f(e,) = 2¢, -
€1, f(2)=4€,-3¢€, a =4¢,- e, nén
Ka) =14 ,—€) =4i{e ) —He )
= 428 ,— §9 — 4E,+ 384
=48,-E,=a =1&.

—

Tuong ty, B = €,— €,. Do dé:
f(B) = f(§ ;- €, =HE) — f(E)H
=28, — €,— 4€,+ 3€,

=—2E&,- E5=—2p.
C6 nhitng tu dong cAu ma moi vecto khac 0 déu 1a vecto riéng.

Vidu 2. Giasu f: V—> V la mot tu déng ciu cua R-khong gian vecto

V, xac dinh boi f(&) =3, vOi moi o € V. D& kiém tra réng f 1a mot tu

ddng ciu cua khong gian vecto V. R3 rang moi vecto khac 0 cia V déu
la vecto riéng g véi gid tri riéng k = 3.
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Lai ¢ nhitng tu dong cdu khong c6 vecto riéng nio.
Vi dy 3. Ty dong cdu f: R*> > R* xéac dinh bdi f(a;, a)) = (- a», a)

khéng c6 vecto riéng nao. That vay, néu o = ( a;, a,) 14 vecto riéng tng
voi gia tri riéng k thi k(a;, a,) = f(a;, a5) = (- a5, a1) hay (ka,, ka2) = (- a,,

ap). Suy ra:
ka, =-a,
ka, =a,

Via =0 nén, chéng han, a; # 0. Tt cac dfflng thire trén suy ra a; = -
k’a;, kéo theo k, = - 1. D6 1a diéu vo li.

Theo dinh nghia ctia vecto riéng ta thay rang ung véi mot gia tri
riéng c6 vo sb vecto riéng. Chang han, néu a 1a mot vecto riéng tng véi
gia tri riéng k cua ty dong cau f: V — V thi moi vecto cua khong gian
con U sinh bdi a cling 1a vecto riéng ung voi gid tri riéng k; hon nita
f(U) < U. That vay, voi moira € U ta co:

fira)=rf(a)=r(ka)=k(ra) € U.

Nguoi ta ngi U 1a mot khong gian con bt bién cua V dbi véi f. Tong
quat ta c6 dinh nghia sau.

Pinh nghia 2. Gid sit f* V — V la mét tw dong cdu cia khéng gian
vecto V. Khong gian con W cua V dwoc goi la mot khong gian con bdt
bién doi véi f néu véi moi o € Wta déu cé fla) € W.

Bay gio ta xét tap hop céc vecto riéng ing véi mat gia tri rieng.

Ménh dé. Gid sir V la mét khéng gian vecto, tdp hop gom vecto 0 va
cdc vecto riéng iung voi gid tri rieng k cua tu dong cau f+ V — V la mot

khéng gian con bat bién cia V va dwoc goi la khong gian riéng img voi
gia tri riéng k.

Chirng minh. Goi W 13 tap hop gdm vecto 0 va cc vecto riéng ung
v6i gid tri riéng k cia f. Rorang W= @ vi 0 € W. Giastt o, p € W va
r, s € K. Vi f1a anh xa tuyén tinh nén:

cd + sp) =frd) + f(sP) =rf(@) + sf(B) =rkd) + skp)

=k@a + sB).
Diéu d6 chung to ro + sp 1a mot vecto riéng ing véi k. Do dé ra +
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sp € W. Vay W 1a mot khong gian con ctua V. Hon nita W bét bién dbi
v6i fvinéu a € W thi f(a) =k(a) € W. [

Cac vecto riéng ung voi cac gia tri riéng phan bi¢t cua mdt tu dong
ciu lién quan véi nhau nhu thé nao?

Pinh li. Néu o, a,,..., ap la nhitng vecto riéng twong iung voi cdc
gia tri riéng doi mot phan biét ky, k..., k, cua tu dong cdu f thi ching
ldp thanh mét hé vecto ddc ldp tuyén tmh

Chiing minh. Ta chimg minh bang quy nap theo p.
Khi p =1, ménh dé dung vi o # 0.

~ Gia st p>1vaménh dé ding voi p — 1. Ta phai ching minh rang
néu c6 dang thic

I'al + rzaz +...+ Ip-1 &p-l + rp&p = 6 (1)
thi bat bugcr =, =.=1,; =1,= 0.

Vi «; 12 nhitng vecto riéng Gmg voi gid tri riéng k; nén tac dong f vao
hai vé cua dang thuc (1) ta duoc:

rk G+ rko G+ .+ kG k= 0. (2)

Bay gid nhan hai vé ctia (1) véi tGp 1di trir vao (2) ta co:

ri(k,— k)&, + ryk,— k) &+ ..+, — k)& ,,= 0,

Theo gia thiét quy nap, hé vecto {& 1 o Dygeees &p_l} doc lap tuyén tinh.
Do do:

rl(kl — kp) = I'z(kz — kp) =.. = rp-l(kp-l — kp) =0.
Vi cac k; d61 mot khac nhaunénr;=r,=...=ra=0.

Thay céc gia tri nay vao (1) ta lai co rp&p = 0. Nhung &p #0nénr, =
0.

Vay hé vecto {&1, U2y &p} doc lap tuyén tinh. [

5.2. Da thirc dic trung - Cach tim vecto riéng

Dé tim vecto riéng ta chi can tim toa do cua chung doéi véi co s¢ da
cho.
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Gia sir ma tran cua ty dong cau f. V. — V doi voi co sé (g) 1a

-V : PO a,,
Ac| B Bme a,,
By Appeeeenieninns A,

a co toa do 1a (X1, X2,.., Xp) 12 mQt vecto riéng ung véi gid tri rieng k khi
va chi khi f(a) = ka. Nhung khi d6 toa d6 cia f(a) 1a (kx;, kxa,..., kx,).
Theo vi du 4, muc 2.5,

n

a;x;, =kx; v6i moi i€ {1, 2,..., n}.
)=

Cu thé hon la:
ay;X; + a0%,+...+ a;,x, = kx,

Ay X+ anX, ...+ 2, x, = kx,

........................................... ™
a,:X; + a8,9X, ...+ a,,X, = kx,

hay
(an—-k)x;+apx,+..+a;,x,= 0
ag X+ (A — k)X, +...+ 2,,x,= 0
.................................... (**)
a, X+ a.x+.+(@,—k)x,=0

N6i tom lai o 12 mét vecto riéng Gmg voi gia tri riéng k khi va chi khi
toa do (xy, Xa,..., X,). Cua nd la nghiém cua h¢ phuong trinh (**).

Vi vecto riéng khac 0 nén hé phuong trinh nay c6 nghiém khong tim
thuong. Do do dinh thirc

a, -k : DY a,
D= 2y 8y —Kevereeen %l (++%)
a, VP a, -k

bic¢u nay chung t6 mdt ty dong cau ma ma tran ciia nd la A =
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(@i))(m,n)> €O vecto riéng khi va chi khi phuong trinh (**%*) dbi v6i an k ¢co
nghié¢m.

Dinh thttc D chinh 1a dinh thirc cua ma tran A - kI, trong d6 I 1a ma
tran don vi. Pinh thirc nay viét dugc dudi dang mot da thue bac n cua k:

|A—kI|=D=(-1)"k"+... +|A|.

Chuy r::ing néu A va B 13 hai ma tran cia cung mot ty déng cau thi
c6 mot ma tran khong suy bién T sao cho B = T"'AT. Do d6:

[B = [T AT| = [T |-JAL.{T| = [T|.|T|. || = [TT].]A| = [1]-|A| = |A].

[B - KI| =|T'AT - kT™T| =|T™(A - KDT| = [T*|.|A - kI|.|T| =|T""|.|T].|A - 1]
=|T"T|.|A - kI = [I].|A - kI| = |A - kI
Nhu vy, ddi véi mot tu déng cAu, da thirc ndi trén khong phu thuoc
vao co so cua khong gian vecto.

Pinh nghia. Gid s A la ma trgn cua tu déng cdu f. Ma tran A - ki
dwoc goi la ma tran ddc trung, con da thurc

|A—KI|=1)"K"+... +|A]
dwoc goi la da thike dic trung ciia tw dong cau f.
Tur nhitng diéu noi trén suy ra cach tim vecto riéng nhu sau.
Cach tim vecto riéng.

1) Tim nghiém cua da thirc dac trung (tuc la nghiém cua phuwong
trinh (***)). DO la cac gid tri riéng,

2) Thay méi gid tri riéng tim dwoc vao vi tri ciia k trong hé (**) roi
gidi hé nay. Moi nghiém riéng cua hé la toa do cia mot vecto riéng ung
voi gia tri riéng ay. Khong gian nghiém cua hé (**) xac dinh khong gian
riéng ung voi gia tri riéng vira chon.

Vi dy 1. Cho phép bién ddi tuyén tinh f: R® — R’ ¢6 ma tran d6i voi
co so chinh tic 1a

1
A=|1
1

Tim céc gia tri riéng cua f va tmg v41 moi gia tri riéng tim mot vecto
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riéng. Tim cac khong gian bat bién tuong ung cua f.

Giai. Giai phuong trinh

1-k 2 -2
1 -k 3 | =0 hay(k+ 3)(k?®- 4k + 3) =0.
1 3 -k

ta dlI(_)’C: k1=- 3,1{2: 1, k3 =3.
e V6i ki = 3, hé phuong trinh (**) 1a h¢:
1-(-3)x, +2x, -2x, =0

X, +(0-(-3))x, +3x, =0

X, +3x, +(0-(-3))x, =0

4x, +2x, ~2x, =0
hay .
X, +3%, + 3%, =0

Giai hé nay duoc nghiém téng quat 1a (g c, - %c, c).
Cho c¢; = 5 ta dugc mot nghiém riéng o= (6,-7,5).
Khéng gian bat bién gdm tit cac cac vecto c6 dang (g c, - %c, c) hay
%(6, -7, 5). D6 1a khong gian sinh boi a ;.
e V61 k2 =1, giai hé
2x, -2x,=0
X, - X, +3%,=0
X, +3x, - x, =0
ta dugc nghiém téng quat (- 2c3, c3, C3).
Cho c; =1, dugc mot nghiém riéng az =(-2,1,1).
Khong gian bét bién twong mg gém céc vecto ¢ dang cs(- 2, 1, 1) =
cy0,. Vay khong gian bat bién nay sinh béi a,.
o Vi két = 3, giai hé
-2x, +2x, -2x, =0
X, —3X, +3x, =0

X, +3%, -3%, =0
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ta duoc nghiém téng quat: (0, ¢, c).
Cho ¢ =1 ta c6 mdt vecto riéng ing voi ks =3 1a o3 = 0, 1, 1).
Khéng gian bat bién twong tmg gdm cac vecto ¢6 dang: (0, ¢, ¢) =
c(0,1,1)= cas. Vay khong gian bat bién nay sinh boi a5

Vi ba vecto riéng o, a, o, twong Gmg véi ba gia tri riéng phan biét
nén theo dinh li & myc 5.1, ching ddc 1ap tuyén tinh. Vi dimR’ = 3 nén
chung tao thanh mot co s¢ cua R’.

Vi du 2. Cho tu d@)ng cdu f: R - R® ¢6 ma tran ddi véi co s& chinh

1 -4 -8
B={-4 7 -4
-8 -4 1

Tim cac gia tri riéng va vo1 mot khong gian riéng tim mot co so.
Giai. Giai phuong trinh
1-k -4 -8
-4 7-k -4|=0hayk-9%k+9)=0,
-8 -4 1-k
ta dlI(_)’C: k1 =- 9, k2 = k3 =0,
e Véik; =-9, giai hé
10x, - 4x, - 8x, =0
-4x, +16x, - 4x, =0
-8x, — 4x, +10x, =0
ta dugc nghiém tong quat: (2c, ¢, 2¢). Vi hang ciia ma trin cua hé
phuong trinh ndy bang 2 nén theo dinh 1i 3.2, Ch.IV, khong gian riéng
W, tuong tmg (ttc 1a khong gian nghiém) c¢6 dimW, = dimR’ - 2 = 1. Do
d6 mot vecto riéng bat ki 1a mét co s&, chang han, véic=1, a = (2, 1, 2)
la mot co so.
e Véik, =9, gidi h¢
-8x, —4x, -8x, =0
-4x, —2x, -4x, =0 hay 2x,+ x,+ 2x,=0
-8x, —4x, -8%x, =0
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ta dugc nghiém téng quat: (cy, - 2¢4-2¢3, ¢3). Hang cia ma tran cua hé
phuong trinh nay bang 1 nén khong gian riéng tuong ung W, (khong
gian nghiém) c6

dimW, = dimR* - 1 = 2.
Mot co sé cua nd 1a mot hé nghi€ém co ban cuia h¢ phuong trinh.
Véic, =1, c; =0 ta c6 nghi€ém riéng B =(1,-2,0),v6ic;=0,c3=1
ta c6 nghiém riéng B, = (0, - 2, 1). Hé vecto {B 1, B»} la mot co s& cua
W,.
5.3. Tim gia trj riéng va vecto riéng biang may tinh dién tir
Ta l'ély lai hai vi du trong muc 5.2.

Vi du. Cho mot tu déng cu c6 ma tran

1 -4 -8
B=|-4 7 -4
-8 -4 1

a) Tim gia tri riéng.

b) Tim vecto riéng.

Giai. a) Tim gid tri riéng
B={{1,-4,-8},{-4,7,-4},{-8,-4,1}}

Man hinh xuit hién ma tran:
Out[1]={{1,-4,-8},{-4,7,-4},{-8,-4,1}}
Eigenvalues[B]

Man hinh xuat hién:

Out[2]={-9,9,9}.

b) Tim vecto riéng:

Tao cac ma tran nhu trén. Néu da c6 ma tran trén man hinh thi khong
can tao nira.

Dé tim vecto riéng danh 1énh:

Eigenvectors [B] 4
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Man hinh xuat hién:
Out[]={{2,1,2},{-1,0,1},{-1,2,0}}.

¢) Tim dong thoi ca gid tri riéng va vecto riéng
{vals, vecs}=FEigensystem[B]

Man hinh xuét hién:
Out[]={{-9,9,9},{{2,1,2},{-1,0,1},{-1,2,0} } }
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§6. CHEO HOA MA TRAN

Nhu da néi ¢ trude §5, khi cho ma tran ciia mot tu dong cau ddi voi
mét co s& nao do, ta mudn tim nhitng co s& ma ddi voi ching ma tran
cua tu déng cAu di cho co dang “dep nhét”- dang chéo. Khi dé ta noi
rang ma tran da cho chéo hoa duoc.

6.1. Dinh nghia

Mot ma trdn vuong dwoc goi la chéo hod duoc néu né dong dang voi
mot ma tran chéo.

Vi du Ma tran

A= 8 -5
10 -7

1 -1 -2 0
ChéOhOédu’QC.ThatV@y,VéiT:( 5 leéBZ(O 3] taco: T =

-1 -1 2.2 . i o
( 5 J va ban doc c6 thé kiém tra ring A = T"'BT, nghia la A ~ B.
Phai chdng moi ma tran déu chéo hoa dugc?

Trude hét ta thay: néu ty dong c4u c6 ma tran chéo dbi voi mot co s
nao dé thi mdi vecto cla co sé ay 1a mot vecto riéng. Ta s& thdy diéu
nguoc lai cling dung.

6.2. Piéu kién dé mot ma tran chéo hoa dwoc

Dinh li. Mot ma tran vuong chéo hoa dwoc khi va chi khi no la ma
tran cua mot ty dong cau co mot hé vecto riéng la co so cua khong gian.

Chirng minh. Coi A nhu ma trdn cia mot tu déng cdu f. V- V dbi
Vo1 co sO (€).

A 1a ma tran vudng chéo hod duoc khi va chi khi ¢c6 mot ma tran T
sao cho:
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k, 0 0
Tiar=B=|° = =0
0 o0 k

Theo dinh i 5.1, diéu nay xay ra khi va chi khi B 1a ma tran cua f d6i
vo1 mot co so (€) ma f(;:j) = kj;:j, véimoii e {1,2,..,n};nghiala(e’)la
mot co s& gdm nhitng vecto riéng. [

Hé qua. Néu A la ma trdn vuéng cap n ma da thirc ddc trung |A — ki
co n nghiém phdn biét thi A chéo hoa dwoc.

Vidu 1. Cho ma tran

1 2 -2
A=l1 0 3
1 3 0

a) Chéo hoa ma tran.

b) Gia stir ma tran chéo vura tim duoc 1a B. Hay tim ma tran T dé B =
TAT.

Gidi. a) O vi du 1 muc 5.2, ta da théy, néu coi A nhu ma trin cua tu
ddng cdu f ctia R’ dbi voi co so chinh tic thi f c6 ba gid tri riéng phan
bigt la : ki - - 3, k2 =1, k3 = 3. Cac vecto riéng tuong ung: &1 = (6, -7,
5), a,=(-2,1,1), a3=(0, 1, 1) 1ap thanh mot co s& cua R’. Theo chimg
minh cua dinh 1i 6.2.

-3 0 O
A~B=| 0 1 0
0 0 3

b) Goi T 1a ma tran chuyén tir co s6 chinh tic ciia R’ sang co s& {a 1,
o, O 3} . Vi

a,=6g,—7T€,+b¢€,
Ay=—28,+ €5+ €4
a3= €t €,

nén ma tran chuyén tir co s¢ chinh tac sang co sé {a |, a,, as} la
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Theo chting minh dinh 1i 4.1, B = T"AT.

Bay gio ta xét truong hop da thire dac trung cia ma tran A ¢6 nghi¢m
boi. Chang han,

1 2 5
A=|0 2 4
1 0 1
1-k 2 5
Da thiic déc trung (A—kIl =10 2-k 4 = — k®+ 4Kk?
1 0 1-k

=k*(k - 4) c6 nghiém don 1a ki 4, nghiém kép k, = k; = 0.

Véi k, = 4, khong gian riéng W, twong tmg gom cac vecto co dang
(3¢, 2¢, ¢) hay W, sinh bdi vecto (3,2,1). Do d6 dimW, 1.

Véi k, = ks = 0, khong gian riéng W, tuong Gmg gdm céc vecto co
dang (c, 2c, - ¢) hay cd, 2, - 1); tirc 1a W, sinh béi vecto (1, 2, -1) va
dimW, = 1.

Vi A chi c6 hai gia tri riéng k = 0 va k =4 nén néu A chéo hoa duoc
thi A dong dang v&i ma tran c6 dang

hoiac C=

oe!
I
o O O
o O O
w_ O O
o O O
O B O
w O O

Néu A d@)ng dang voi B thi R3 c6 mot co so {él, £, 53} sao cho
f(E,)= 0 =f(&,). Suy ra &,, &, thudc khong gian riéng W,. Nhung hai
vecto nay doc 1ap tuyén tinh. Trai v6i nhan xét trén rang dimW, = 1.
Tuong tu, néu A dong dang véi C. Vay A khong chéo hoa dugc.

Tom lai, néu sd boi cua nghiém riéng 16n hon s chiéu cua khong
gian riéng tuong Ung thi ma tran khong chéo hoa dugc. Khi s6 bdi cta
moi nghiém riéng déu bang so chi¢u cua khong gian riéng twong ung thi
sao? Ta co6 dinh i sau.
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6.3. Dinh li

Gia swa la mot ma trdn vuong cap n; ky, ks,..., k, la cac nghiém cia
da thuc dac trung \A — kl\, m; la so boi cua nghiém k;, voi moi i € {1,
2., phm; T myt. +m, =n, tic la:

]A - kI| = (' k—k)" (R—ky)™...(k—Fk,)™

va hang(A — ki) = n - m;. Khi do A chéo hoa dworc.

Chirng minh. Gid st A 1a ma tran cua tu dong ciu f: R" — R" dbi
v6i co s¢ chinh tac. Goi W; 1a khong gian riéng g véi gia tri riéng ki.
Vi hang(A — k;I) = n - m;, nén theo dinh 1i 3.2, Ch. 1V,

dimW; =n — (n - m;) = m;.

Véimdii e = {1, 2,..., p}, ta chon mot co s& {ill, En,.. Eimi}} cua

W,;. Hé vecto

{Ell’ ‘E:12:'“’ Elm;’ ‘E21a E22"“’ g2m2"“’gp1’ EpZ"“’ E.lpmp} (1)
doc lap tuyén tinh. That vay, gia st
{élly &12:---’ glm;’ &21’ &22"--’ gzmzw--;&,pl’ ng,---, E.;pmp} (1)

doc 1ap tuyén tinh. That vay, gia si
rpdutet O G traatitr,, &, ottt L Eom, = 0. @
Dat &;=1,Eu+.F 1y &, VOimoii e {1, 2,...,p}, (2) trd thanh:
' &+ B+t a,=0. (3)
Vi a; € W, nén né 1a vecto riéng tng voi gia trj riéng k;. Nhung cac
k; 1a nhitng gid tri ri€éng d6i mdt phan bi¢t ctia f. Theo dinh h & muc 5.1,
hé vecto {a 1, as,,..., ap} guclap tuyén tinh.

Tu (3) suyra a; = rli&il +...+ rimiaimi =0.

Theo cach chon, hé {&;;, Epn,..., Eum} dOc lap tuyén tinh. Do d6 cac

hé sb r; =0, voi mdii e {1,2,.., p} vamoij € {1,2,.., m}. Vi dimR" =
n va hé (1) gdbm n vecto riéng doc 1ap tuyén tinh nén n6 1a mot co so cua
R". Theo dinh 1i 7.2, A chéo ho4 duogc. [

227



TOM TAT

Chuong nay di néu 1én cac quy tic tinh trén tip cic ma tran.

Phép cong hai ma tran cing kiéu va phép nhan mot ma tran véi mot
s0 dugc thyc hién trén cac thanh phan tuong ung. Tap hop cdc ma tran
cung kiéu la mot K-khong gian vecto.

Nhén ma tran A = (ajj)m,n) vO1 ma tran B = (bjj)n,p) dugc ma tran C =
(Cik)(m.p)
voi

Cix = Zaﬁbjk .

=1

Phép nhén c6 tinh chat két hop nhung khéng giao hoan.

Tap hop cac ma tran vudng cip n vira 1a mot K - khong gian vecto
vua la mot vanh, dugc goi 1a mét K - dai so.

Trong dai s6 Mat,(K) c6 nhiing ma tran kha nghich. D6 1a nhitng ma
tran c6 dinh thic khac 0, goi 1a nhiing ma tran khong suy bién. Ma tran
nghich ddo cia ma tran A la ma tran

A, Ay A,

e A, Ay, A,
Al o

AL 8y A,

trong do Aj 1a phan bu dai s cta thanh phén aij cia ma trin A.

Hai ma tran vuéng A va B duogc goi la d@)ng dang néu c6 ma tran T
sao cho

B=T'AT

O day ta ciing chimg minh dugc dinh thirc cua tich hai ma tran bang

tich hai dinh thirc ciia hai ma tran ay:
|AB| = |A[.|B|

Ma trin c6 mdi lién quan mat thiét v4i anh xa tuyén tinh: ddi voi hai
co sO (¢) va (§) tuong tng cua hai khong gian V va W mot anh xa tuyén
tinh f: V. —> W xac dinh va dugc xac dinh béi mot ma tran duy nhat A =
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(a;) got 1a ma tran cua f d6i voi hai co s6 (€) va (£). N6 thoa man cac
dang thtrc:

fz)= Y a,, € {1,..., n}, (0 = &imV, m = dimW),

Néu A va B lan luot 1a hai ma tran cta hai anh xa tuyén tinh fva g
thi A + B 1a ma tran cta f + g, ma trin AB 13 ma tran cta fg (néu céac
phép toan co6 nghia); néu k € K thi két 1a ma tran cua anh xa tuyén tinh
kf.

Noi riéng, ddi véi cac tu déng cdu f: V - V, ta c6 khai niém vecto
riéng va gia tri riéng. Vecto o # 0 va f(a) = ka v6i mot s6 k nao do
dugc goi la mot vecto riéng cua f, con k dugc goi 1a gia tri riéng ing voi
a. Nho ma trn A = (a;j) cua f va dinh thirc |A —kI| ta tim duoc cac gia
tr1 riéng cua f, do 1a cac nghiém cua phuong trinh |A —kI| = 0. Ma trdn A
- kI duoc goi 1a ma tran dic trung, |A —kl| 1a da thirc dac trung cua f (hay
ctia ma tran A). Mudn tim toa d6 ctia vecto riéng tmg voi gid tri riéng k,
ta giai hé¢ phuong trinh

(an— k)X + apx+..+2,x,=0
X+ (A — K)Xp+.. 4 25X, = 0

..................................... **

An1Xy + AnoXy +..+ (ann'— k) X, = 0

Tap hop W gém 0 va cac vecto riéng tng véi mot gid tri riéng 1a
mdt khong gian con bat bién doi voi f, tirc 1a flW) < W.

p vecto riéng ung voi p gia tri riéng d61 mdt phan biét thi doc 1ap
tuyén tinh. Do d6 néu dimV = n va da thuc dac trung c6 n nghiém phan
biét thi V c6 mdt co s& gdm cac vecto riéng.

Ma tran A duogc goi 1a chéo hoa dugc néu n6 dong dang vé1 mot ma
tran chéo. Mot ma tran chéo hoa duoc khi va chi khi n6 1a ma tran cua
mot ty dong cau c6 mot hé vecto riéng la co so cia khong gian V.
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BAI TAP

Truéc hét nhac lai rang co s6 chinh tac ciia khong gian vecto R® 1a co
s& gdm cac vecto:

§ 1= (1’ 0:-"; 0)7
£,=(0, 1,..., 0),

§1. MA TRAN CUA ANH XA TUYEN TINH
1. Cho hai khong gian vecto V va W c6 co s& lan ruot 1a (E L £,
e3}, (€1, €, &1, £5,) va anh xa tuyén tinh f: v —> W xéc dinh boi:

f(8) =~ 2E,+5E,- &,

f(8)= 4&,+ &, ~3E,,

f(g) = TE,+ 48,
a) Tim ma tran cua f ddi v6i hai co so da cho.
b) Cho o =3¢, + &5. Tim anh f(a).
2. Cho 4nh xa tuyén tinh f: R> - R® xéc dinh boi:

f(g1)=(-2,3), f(e2) = (0, 5), f(£3) = (7, - 1), trong d6 {1, &1, &3} 1a
co s& chinh tic cia R,

a) Tim ma tran cua f ddi v6i cac co so chinh tic cua hai khong gian.
b) Tim vecto f(a), v6i a = (5, -1, 1).
3. Cho anh xa tuyén tinh f: R® > R? x4c dinh boi

f.(a-ly Qg, aa) = (al+ ag, — 38.3).

a) Tim ma tran cua f d6i véi hai co so chinh tic (g) va (€) cua hai
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khong gian.
b) Tim ma tran cua f doi véi co sd (&’) gdbm céc vecto

¢’1=(1,1,0), e,=(0,1, 1), e’5=(1, 0, 1) caa R? va co s& chinh
tic (&) cua R®.

4. Xac dinh anh xa tuyén tinh f : R’ > R, biét rang ma tran cua no
dbi v6i co so chinh tic cia R’ 1a

1 2 0
A={0 1 -2
1 2 1

Cho o = (3, - 2, 0). Tim f(«) dbi vdi co so chinh tic.
5. Cho
A= 3 -1 5
0 4 1

la ma tran cua anh xa tuyén tinh f: V — W ddi véi co s& {E 1 52, 53}
cliavvacosd {&;, E,} cia W, o € V c6 toa do 1a (-1, 2, 3). Tim toa do
ctia f(a) dbi voi co so { &, &,}.

6. Cho P,, P5 lan lugt 1a nhiing khong gian con gdm 0 va cac da thirc
bac khong vuot qua 2, qua 3, ¢: P, —» P; 14 anh xa tuyén tinh xac dinh
boi:

o(a+bx +cx’)=a+ (a+b)x+(b+c)x’+cx’.

a) Tim ma trén cua @ ddi véi co so {1, x, xz} cua P, va co so {1, x,
X, x°} cua Ps.

b) Cho o =2 - 5x + x>. Tim toa do cua ¢(a) dbi v6i co so da cho &
cau a).

7. Cho phép bién d6i tuyén tinh f: R* — R* c6 ma tran ddi véi co s
chinh tac la:

1 0 2 1
-1 2 0 1
A=
2 0 1 1
0 0 2 1
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a) Tim toa do cua f(a ), trong d6 o = (2, 5, 1, - 2).
b) Tim Kerf.

§2. CAC PHEP TOAN TREN TAP CAC MA TRAN

8. Cho cac ma tran

3 -2 4 0 ~2 7
A=l4 17| B=|-5 1]C=|8 0
1 -5 6 9 11 -3
Tinh :
a)A +B-C;
b) 2A - 7B;
c)3A + 5B -2C.

9. Cho hai ma tran:
A= 10 -7 5 B= 1 8 3 _
2 5 6 -2 7 0

Tim ma tran X sao cho:

a)A-X=B;
b) 3B + 2X =A;
C)5X -2A =4B.
10. Cho hai ma tran:
10 -7 b5 40
A=( X _5 6), B=|-5 1
6 9

Tim ma tran X trong mdi truomg hop sau:

a) X =A +"'B;

b)3'B-2X=2A;

¢)3X +'A-2B =0, (0 & day la ma tran 0).

11. V&i diéu kién nao cua hai ma trin A va B thi A + 'B xac dinh? ‘A
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- B xac dinh?
12. Cho:

A= 3 2 -4  B= -4 0 3
0 5 3 0 1 -2
lan luot 1a ma trdn cta hai 4nh xa tuyén tinh f va g (d6i v6i ciing nhimg
co s0). Tim ma tran cua anh xa f- 2g.

13. Nhan cac ma tran:
a)[-3 4}( 10 5]; b)(g 5 —1)_
11 6 -2 7 4 12 5

4
3
0
Xl
5 7T -1 5 7
X

ol 4 O 710-1 9 d)(a; a, a; ay
3 6 5 4 0

tal
X oW

14. Cho hai ma tran:

-1 7
A=58_13,B=35.
6 2 4 0 7 4
0 2

Tinh AB va BA. C6 két luan gi vé tinh giao hoan ctia phép nhan ma
tran?

15. Cho cac ma tran:

2 6 4 0 -2 5 1

A=( ),Bz( v J C=|-2 0
-1 5 5 3 4

3 4

a) Tinh AB, BC.
b) Tinh (AB)C va A(BC). So sanh hai két qua.

16. Cho ma tran
A:(3 -2 1]
0 1 4
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Tim tit ca cic ma trin X sao cho AX =1, (I 1a ma tran don vi).

17. Gia st A 1a mot ma trin vudng, f(x) = ap + a;x +...+ a,x", ta ki
hiéu

f(A) = agl +a,A +...+a,A".
Cho ma tran

1 2
A= ( ; O] va da thue f(x) = x> — 2x + 3.
Tinh f(A).

18. Cho AB la tich cta hai ma trin A va B. Chting minh rang: (AB)
='B.'A.

19. Goi (¢) va (&) 1an luot 14 co so chinh tic cua hai khong gian R* va
R’. Cac 4nh xa tuyén tinh f: R* > R°, g: R® > R’ x4c dinh boi:

f(x,, Xa, X3, Xg) = (2X;, Xp— Xa, Xy),
g2(¥1, Yo, ¥a) = (V1 + Vo, V3, 0).

Tim ma tran cua anh xa gf d6i voi céc co s chinh tac da cho.

§4. PAI SO CAC MA TRAN VUONG CAP N

20. Ching minh rang véi A va B 1 hai ma trin vudng cdp n kha
nghich ta co:

(AB)"=B"A".
21. Cho cac ma tran
-1 2 1 1 2 0
A= 1 0 3|,B=|3 4 1
3 -4 1 1 1 1

Tinh dinh thirc cia AB.

22. Tim ma tran nghich ddo ctia cac ma tran sau:
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1 -2 3 1 2 -5 2 2 3
C= 0 5|; D=|1-3'3]; E=| 1 -1 0 |;
-1 2 3 1 1 -2 -1 2 1
1 2 3 4) (2 1.0 0)
01-2 4
Fe Le=|3 200}
00 20 11 3 4
00 0 3 2 -1 2 3
1 2 -1 -2
3 8 0 -4
H=
2 2 -4 -3
3 8 -1 -6

23. Cho cac ma tran

1 2 1 2 5 -3 0 -1 5
A=/0 1 3 |,B=| 0 0 21|, C={3 2
0 2 4 -3 1 6 1 -3 6

Tim ma trdn X thoa mén dang thic AX + B - C.

24. a) Tim mdt ma tran vuong A khac ma tran 0, céip 16n hon 1, ma A
=0.

b) Chirg minh rang néu ma tran vudéng A thoa man diéu kién A>=0
thil + A val- A l1a hai ma trdn nghich dao ctia nhau, (¢ day I 1a ma tran
don vi).

~25. Chung minh rang néu mot trong hai ma tran A va B khong suy
bién thi hai ma tran AB va BA dong dang.

26. Cho f: V — V la mot tu déng cAu c6 ma tran ddi véi co s6

(8):—{{—‘:1, é'z, Eg} lé
2 -3

[
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Hay tim ma tran cua f do1 voi co so (€7) gdom cac vecto:

E'1=E,— Ey

§'5= €.+ £, 284,

€'y = Ep+ €3

27. Trong khong gian vecto V cho co so (g) = {5 1 52, 53} va co so (g)
gdm cac vecto:

£',= 28+ £,
€'9= €,— €3,
€= £,+2¢8,
Ma trén cua tu dong cduy: V — V ¢6 ma trn ddi v6i co so (¢7) 1a
2 2 1
B={1 0 3
1 -3 O

Tim ma trin cua f d6i vdi co so ().
28. f va g 1a hai ty dong cdu cua khong gian vecto R?. Ma tran cia f

. \ - - 35
doi véi co s¢ gom hai vecto &, = (1, 2), §,=(2,3)1a A = [4 3]. Ma

tran cia g ddi v6i co s& gdm hai vecto &, = (3, 1), 5, =(4,2)1a B =

4 6 ; . L. LT 2
(6 9]. Tim ma tran cua ty dong cau f + g d61 voi co s {81, 5,}.

§5. VECTO RIENG - GIA TRI RIENG

29. Gia str A 1a ma tran cua ty dong cau f cua khong gian vecto V doi
vo1 mot co s¢ da chon. Hay xét xem trong moi truong hop sau vecto nao
la vecto riéng:

(1 -1 . SN )
a)A—(—6 2 )7 o _'( 1’3)1 B (2, 4)! 'Y (1’ 2);

b) A= =(1,1,3), B=(1,0,5),7 =(,22);

O N O

N OO

o O N
(o]}
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0 1 0
C)A: 6 3 2 » &':('—172’0)7 B:(LO,—?’),?:(—‘I,O,D;
3 0 1

30. Gia sir o 13 vecto riéng cta hai ty déng cau f va g ing v6i hai gia
tri riéng twong ung 1a ki, k2' chtimg minh rang a ciing 1a vecto riéng cua
cac ty dong cau fg va f + g. Tim cac gi tri riéng Gmg v6i a cia ting tu
ddng cau ay.

31. Tim vecto ri€éng cla cac ty dong cau c6 ma tran dudi day:

-4 1 -1 1
A A= 2 5 B= 3 C= D= 0 :
-1 3 -2 1 -6 2 -2 1
2 -2 2 0 -6
b) A= 0 34|, B=|1 3 -2},
1 3 0 -1 0 1
1 0 1 0 1 0 0 O
0 2 0 1 1 1 -4 -8
c)A= , B=
0 0 0 -1 2 -4 7 -4
0 0 0 O -1 -8 -4 1

32. Tim vecto riéng va khong gian riéng tuong ting véi moi gia tri
riéng cua cac ty dong cau cd ma tran dudi day:

5 6 -3 0 1 0
a)A=i-1 0 1 |, b)B=|-4 4 0
2 2 -1 -2 1 2

33. Hai ma tran sau c6 dong dang khong:

(3 ee3)

§6. CHEO HOA MA TRAN

34. Trong cac ma tran sau ma tran nao chéo hod dugc? Néu dugc hay
dua né vé dang chéo.
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: . 9 1 0 0 -1 3 -1
a) , b) c) 1 -1 1, &) |[-3 5 -1
1 3 2 3
2 0 1 -3 3 1
0O 0 0 1 -1 2 1
0 01 O 0O 5 -1 7
e) , D
0O 1 0 O 0O 0 4
1 0 0 O 0 0 5 6

35. Vi mdi ma tran A sau ddy hiy tim mot ma tran T dé |A| 1a mot
ma tran chéo:

1 0 1 2 -2 0
a)A=|0 1 0], b)A=|-2 1 -9
1 0 1 0 -2 0

36. Gia st A la ma trén cua ty dong céu f trong khong gian R’ dbi
v6i co s6 chinh tic. Hay tim mot co so cua R? dé ma tran cua f 14 ma tran
chéo:

1 -1 1 0 -2 -3
a)A=|-2 1 2 |, b) A={-2 0 -3
2 -1 4 2 2 5

37. Bai tap tu kiém tra

Cho f. R’ - R* va g: R* - R’ xac dinh lan luot boi
f(a1, ay, a3) = (a1, ay, a1 - Ay, a3), g(ay, ay, a3, a4) = (a; + ay, a3, a4).

a) Tim ma tran cua f va ma tran ctia g do1 véi cac co s& chinh tac
trong R3 va R4.

b) Tim ma tran cua gf va fg doi vdi cac co so chinh tac.

c) Trong hai dong cau gf va fg, &nh xa nao la ddng cau? Tim ma tran
cua anh xa nguoc cua dang cau.

d) Tim mot co s¢ cua Ker(fg), mdt co sé cua Im(fg).

e) Tim céc gia tri riéng va cac khong gian con bat bién twong tng cua
gf'va cua fg.
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f) Trong hai ma trn ctua gf va fg, ma tran nao chéo hod dugc? Hay
chéo hoa trong trudong hop co thé.

239



VAINET LICH SU

Ma tran da co tir rat som. Trong cudn "Ctru chuong toan s6" ngudi
Trung Quoc da dung ma tran dé giai phuong trinh v6 dinh. Con ¢ Chau
au 1an dau tién ma tran xudt hién vao thé ki XIX, trong cong trinh cua
nha todn hoc Anh tén la J. J. Sylvester (1814-1897) vé viéc gidi hé
phuong trinh tuyén tinh (tuy nhién luc d6 chua c6 tén ma tran). Chinh
Sylvester cling di dinh nghia khai niém hang cua ma tran. Vé sau, Kelly
(1821-1895), nha toan hoc Anh di dua ra cac quy tic tinh trén cac ma
tran. Cac cong trinh cua Sylvester va Kelly c¢é lién quan dén dinh thic.
Kronecker (nha toan hoc Puc (1823-1891)) va Capelli (nha toan hoc
Italia) cling da dung ma trén dé nghién ctru 1y thuyét hé phuong trinh
tuyén tinh.

Ngay nay, ma tran dugc tng dung rong rai trong toan hoc tinh toan,
trong Vat 1y, trong Kinh té va trong nhiéu nganh khoa hoc khac.
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Chuong VI

DANG SONG TUYEN TiNH
DANG TOAN PHUONG

MO PAU

Trong Hinh hoc, khi nghién ctru nhitng duong bac hai, mat bac hai,
viéc dua phuong trinh ctia ching vé dang chinh tic c6 mét ¥ nghia rat
quan trong, vi & dang chinh tac ta d& nhan biét dang va cac dac tinh cua
ching, phan loai chung. Cong vi¢c nay thuc hi¢n dugc nho nhiing khai
niém vé dang nhu: dang tuyén tinh, dang song tuyén tinh, dang toan
phuong, va khai niém khong gian vecto Oclit. Nhu vay viéc nghién clru
Hinh hoc duoc thuc hién bé“mg nhitng phuong tién Pai s6. Ban doc s&
thiy rang phuong tién nay t6 ra rat hiru hiéu.

Mot anh xa tuyén tinh tir mot K-khong gian vecto dén K-khong gian
vecto K duogc goi 1a mot dang tuyén tinh. M& rong khai niém nay ta co
nhimg khéi niém: dang song tuyén tinh, dang song tuyén tinh ddi xing,
dang song tuyén tinh thay phién, dang toan phwong. Lai nhd khai niém
dang song tuyén tinh ddi xtimg va dang toan phuong ma ta s& dinh nghia
dugc khai mém tich vo hudng trong khong gian vecto - mot khai niém da
dugc 1am quen tir khi hoc 16p 10 trudng Trung hoc Phd thong. Tich vo
hudng giap ta xay dung khong gian vecto Oclit.

Khi hoc chuong nay céac ban can nam duoc:

- Cac khai niém dang tuyén tinh, dang song tuyén tinh, dang toan
phuong;

- Céac phuong phap dua mot dang toan phuong vé dang chinh tic;
- Pinh 1i quan tinh cua dang toan phuong;
- Khai niém khong gian vecto Oclit;

- Khai ni€ém hé co s¢ tryc chuan va cach dung mot hé co so truc
chuan; mot s6 ing dung cua nhiing kién thirc ndi trén dong thoi van dung
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duoc nhitng kién thirc nay trong viéc hoc tap Hinh hoc va médt sé mon
hoc lién quan khac.

Dé hoc tdp chuong nay dugc dé dang, ban doc can ndm ving cac
kién thic vé khong gian vecto, anh xa tuyén tinh, ma tran.

§1. DANG TUYEN TiNH VA DANG SONG TUYEN TiNH

1.1. Pinh nghia, vi du
Dinh nghia. Gia su V la khong gian vecto.
1) Anh xa f:V — R duoc goi la mot dang tuyén tinh trén V néu:
f(@a+B)=r(@)+f(f)va,BeV;
f(ka)=kf(d),vaeV,VkeR

2 Anh xa @: V x V — R duoc goi la mét dang song tuyén tinh trén V
néu:

m o(@ +a,.B)=0(a,B)+0(a,B),
(@B +B)=0(aB)+o(aB.)
an q)(x&, ﬁ) = K'(D( ”,,B) =p|q, K-)

vOi moi o, oy, 0o, B, B1, P2 thuoc Vvamoik € R.

3) Dang song tuyén tinh ¢ dwoc goi la doi xitng néu:

o(a B)=p(B @) vd, feV.
Dang song tuyén tinh ¢ dwoc goi la thay phién néu:
q)(&, B)z—q)(B, &), Va,BeV.
Vidy 1. V6i V=R, o =(ay..., a,) ' véimdii=1,2,..., n, ta co phép
chiéu f; tir R" dén R xéc dinh boi fi(«) = a; 1 dang tuyén tinh trén R".
Vi dy 2. Ky hiéu P, 1a khong gian véc to gébm da thirc 0 va cac da

n
thirc mgt an x cd bac bé hon hoac bang n, véi hé so thuc, a = Zaixl .
i=0
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Anh xa f: P, > R, xé4c dinh béi f (&) = Zai ; 1a mot dang tuyén tinh

i=0

trén P,,.
Vidu 3. V6i V=R o =(a,a), p =(by,by). Anhxa: ¢ =R*x R?
5 R, xac dinh béi o(a, p)= zl 22 (dinh thire cAp hai), 13 mot dang
1 2

song tuyén tinh thay phién.

That vdy, v6i bat ky o = (a1, a), B = (by, by), a’ = (', a%), B’ =
(b',bH) € R’>vak € Rtaco:

a, +a;, a,+a,
bl bZ

= ¢(a, B)+o(a" B');
Tuong ti: ¢ (&, B+B')=o¢(a, B)+o(a B');
)

o(a+a'f)= = %

a; ay
= P L B
b, b,

bl' b2’

ka, ka,
b

o{k. )=

=ka1 a,

1 b2

1
Hon ntra ta c6 (p(&, E)=-(p([§, a)

Vi du 4. Anh xa = R" x R" > R xéc dinh boi (o, B)=x1y; + X2y>
+... + X,yp, VO1 o = (X1, X2,.00s Xp)s B = (Y1, Y2..-, ¥n), 1a mOt dang song
tuyén tinh d6i xémg trén R",

Vi du 5. Gia st V 1a khong gian cic vecto (hinh hoc) ¢6 chung gbc O.
Anh xa ¢ tir V x V vao R xac dinh nhu sau:

V6i OA=a, OB= B, o(a, B)=|a||B |14 cos (a,B) (tich v hudéng
cta a va B), 1a mot dang song tuyén tinh d6i xing.

That vy, nhu da biét trong gido trinh hinh hoc truong phd thong, vai
ky hi¢u o, p 1a tich vd hudng cua hai vecto a va B, ta co:
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o(kd, B) = (ka).p = k(@B)=ke(d, B),
o k) = ()~ k 6.8) =ko(, B
o(d, B)=a.p=P.a=0(B a).

Nhan xét:

- Mot dang tuyén tinh trén V thuc chat 1a mot anh xa tuyén tinh tr V
vao R, & d6 R dugc xét nhu mét khong gian vecto trén chinh no

- Anh xa ¢ : V x V — R 12 mot dang song tuyén tinh trén V néu va
chi néu no 1a dang tuyén tinh trén V do6i vdi bién x khi ta ¢6 dinh bién y
va tuong tu 1a dang tuyén tinh trén V doi vi bién y khi ta ¢6 dinh bién x.

- Moi dang song tuyén tinh trén V déu c6 thé biéu dién dugc thanh
tong cia mot dang song tuyén tinh do1 xiing va mot dang song tuyén tinh
thay phién trén V.

That vay: voi V o, pe V dit:

01 (& P)= %{q»(a, B)+ o (B &)y

—

92(8,B) = ={o(a,B)— o (B a)

Aol

Dé dang chimg minh dugc ¢, 1a dang song tuyén tinh dbi ximg va ¢,
la dang song tuyén tinh thay phién thoa man ¢ = ¢; + @,.
Pinh Iy 1. Gid sit V la khéng gian vecto n chiéu véi co sé 1l {¢ ..., €2
yeees En}. Anh xa f: V = R la mot dang tuyén tinh trén V khi va chi khi

n n
16n tqi n so thuc cy,..., ¢y sao cho f ()= Y ac,voimoi ¢ = Y ae € V.
i=1 i=1

Khi do f(gi) = Cj, voi moii=1,...nva fla dang tuyén tinh duy nhat trén
V thoa man diéu kién nay.

Chirng minh. Pay 1a trudng hop dic biét cua dinh 1y vé su xac dinh
mdt anh xa tuyén tinh (Ch.III). []
Pinh Iy 2. Gid sit V la khéng gian vecto n chiéu véi co sé la {{e ...,
52,..., En}, Anh xa ¢Q: VxV —>Rlamotdang song tuyén tinh trén V khi
va chi khi ton tai n’ 56 thuc {di| i, j =1, 2,..., n} sao cho (p(&, E) =
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D N xyd; véimoi a = D xe, B = ye e V. Khidd (e, €)=
i=l =1 i=1 i=1

dyj, voi moi i, j = 1,..., n va ¢ la dang song tuyén tinh duy nhdt trén V
théa man diéu kzen nay.

Chirng minh. Gla su ¢ 1a mot dang song tuyén tinh tuy ¥ trén V. Voi
mdi cap (4, j), 1,1 =1,..., n ddt (e, j) = d;;. Khi d6 vé1 hai vecto bét

ky a = inéi, B= ZyiEiEVtacéz
i=l i

(6 B) =02 x 6 38)= 250 2.9

=1

Y cp(sl, & ) sz deu

=1
]zl 1=1 j=1
Nguoc lai, gia su tdn tain 236 thuc {djj[1,1 =1, 2,..., n } sao cho anh
xa @ tr V x V vao R thod man diéu kién trong dinh li. Khi d6 véi bat ky

o = ixiéi ) E = zn:ziﬁi, B = iyi?:i eV, k € R ta cé:
il i=1 i=1

6 +E,B) = (p(ixié1 +izi§i,iyj§j) =(p(i(xi + zi)Ei,Zn:yjéj)

= o (a,B) +o(E,B).

ok B)= ok Y xg, D v) =0 kg, YyE) =3 Sy,

j=1 i=1 j=1

Twong ty ta cling chimg minh dugc ¢(a, E+B)= o(a, g) + o(a,B)

va (o, kB) =ko(a, B). Do d6 @ la mot dang song tuyén tinh trén V.

Khia=c¢;, p =¢jthixi=1vax,=0véit=i,yj=1vay,=0vsih=i.
Vivay taco : o(g;, ;) = dyj voi moi cap (i, j).

Gia sir y 12 mot dang song tuyén tinh trén V thoa man y(e;, ¢ i) = dij,
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khi d6 véi hai vecto batky a = D' x&i, p = D y& € Vtaco:
i=1 i=1

\V(&a B) - Z ZXindij - (P(&aﬁ) Vay y = ¢. Dinh 1y dugc ching

i=1 =1

minh. [J
Vidu:

X6t V=R",va {€1,..., €2,..., £n} 12 co 6 chinh tic cua V. Dang song
tuyén tinh @ trén R" x4c dinh boi o(a, B)=X1y1 + Xa¥2 ... XnYn, VOi 0
= (X1, X2y Xp), B = (Y1, Y25.-, Yu) € V 12 dang song tuyén tinh duy nhat
trén R" thoa man ¢ (&, £2) = 8, trong d6 ;= 1 khii=j va §;=0khii
#]J.

1.2. Ma trin ciia dang song tuyén tinh

Pinh ngh’ia Gia su {5 Ieeos 52, . *V} la mot co SO cua khéng gian
vecto n chiéu V trén tru’(mg s6 thue R, ¢ la mét dang song tuyén tlnh
trén V, ky hidu o, sJ) a; € R, V'i,j=1,2,.., n. Ma trdn vuong cdp
n sau day st’O’C goi la ma tran cua dang song tuyen tinh @ déi véi co so
{81, vy €29y V} da cho

a, @, .. @,
A=(a),.= Ay Gy - Oy,

Nhdn xét: Gia st V 1a khong gian vecto voi co s& {E Lyeres €20y En}
va A = (a;;)n la ma trn cua dang song tuyén tinh ép trén V. Khi d6 véi a
= Y x&, B = Dy €V, ap dung dinh 1y 2, myc 1.1, ta ¢6: @(a, p) =

i=1 i=1

3 Sany

i=l

Nhu vay, néu biét ma tran cua dang song tuyén tinh q) d6i voi mét co
s& nao do, thi ta co thé xac dinh anh ¢ (o, B) cta cip (a, p) tuy y;
nghia 12‘1:,m€)t dang song tuyén tinh dugc hoan toan xac dinh béi ma tran
cua no doi voi mot co so da cho.
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Vidu 1. Trong Vi du 3 ctia muc l.l,néu chon co s¢ cua R 1a §1=
(1,0), €,=(0, 1 thi
., to )

an =0 (8,8 )= ’1 0‘ 0, 312:(9(81,82):‘0 1

o1 o
¢(82,e1)=’1 o’*l’ a“W(E”SZ):\O 1‘=0

Ay,

Ma tran cua ¢ la A=( (1) (I)J vavéi a=(a,a,), B=(b,b,) ta coé:

a, a,

o(@,B) =0.a;,b,+ 1.a,b, + (-1).ab, + 0.a,b, = a,b, — a,b, = b b
1 2

Vi du 2. Trong vi du 4 ctia muyc 1.1, néu chon co s& cua V 14 hai
vecto Ol= 1, OJ=], trong d6 |i| L |j|= =1 thi:

a, =(P(;,;) :Fr =1, a,= 13 =0, a, = -jI =0, a, =|—]:|2 =1.

o3

Vi hai vectd & = x,1 + X,), P=y,1+¥,)

Do d6 ma tran cua o la

(p(&, ﬁ) =x,y, +0x,y, + 0x,y, +1x,y, = Xy, + X,¥,.

1.3. Lién h¢ giira hai ma trin ciia cing mot dang song tuyén tinh
doi véi hai co s¢ khac nhau

Theo dinh nghia, ma trn cila dang song tuyén tinh thay doi khi ta doi
co so cua khong gian vecto. Ta hay xét moi lién quan gitra hai ma tran
cua cung mdt dang song tuyén tinh doi véi hai co s¢ khac nhau.

Pinh 1y. Gid st (€) = {€ 1, €2yers €n}y (E) = {1, En.., En} 1d hai
co 8O cua cung mot R-khong gian vecto n chiéu V,A = (ay),va B = (by,
lan lwot la cdc ma trdn ciia dang song tuyén tinh @ trén V doi véi cdc co

SO nro’ng ung (e) va (&), T = (ty), la ma tran chuyén tir (¢) sang (&). Khi
dé B = 'TAT.

Chirng minh. Vi T 12 ma tran chuyén tir co s (g) sang () nén
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nj“n
by = (EI’EJ) = Z Z aytyty = Z b 2, 2uty = Z by ayt;, o day
k=1 1=1 k=1 1=1 k=1 1=l
by =ty

Ta co ¢y = Zakltlj 1a phan tr & dong k cot j trong ma tran tich AT va
1=1
ma tran (t'ik )n la ma tran chuyén vi cua ma trdn T, nén by =
Zt;k(z akltljj =Y "t,c,; 1a phan tir dong thir i va cot thr j cia ma trén tich
k=1 1=1 k=1

‘TAT. Vay B = 'TAT. [l

Vi dy. Trén khong gian vecto R’ trén trudng s thue R cho dang song
tuyén tinh ¢ xac dinh nhu sau: Véi a = (X1, X2, X3), B = (Y1, Y2, ¥3),

(P(d, B) =2x3y1 + X1¥2 — Xg¥3 — 3X,Ys.

Dbi voi co s (e):e, = (1, 0, 0), £,=(0, 1,0), £5=(0, 0, 1), ¢ c6 ma
tran la

Néu xét coso (8) : (§)=(1,1,1), E,=(1,0, 1), E,=(0, - 1, 1) thi

11 0
ma van chuyén tir co s6 (¢) sang (§) 1aT=[1 0 -1
1 1 1

Ma trén cua ¢ ddi véi co s (&) sé la:

1 11Y{21 0\(11 O
B='TAT=|1 0 1]|0 0 -1{{1 0 -1
0 -1 1)loo -3){11 1
-1 -2 -5
hay B={ 0 -1 -4/
-2 -2 -2
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Ciing c6 thé tim ma trin B bang cach tinh truc tiép by = o(E, & i)-
Ching han bjy = @(&, £3)=2.1.0+1(-1)=1.1-3.1.1 =-1-1-3 =-5.

§2. DANG TOAN PHUONG

2.1. Dinh nghia

Pinh nghia. Anh xa T : V' — R (R la truong $6 thiec) duoc goi la mot
dang toan phu’O’ng trén V néu ton tai mot dang song luyen tinh ftréen V

sao cho T(a) = fla, ) véi moi o € V. Khi @6 f dwoc goi la dang song
tuyén tinh sinh ra dang toan phwong T

Vi du: Dang song tuyén tinh f(&,ﬁ) = 3x1Y7 - XY}, VOi moi vecto o
= (X1, Xp), [§ =(y1, Y2) € Ry, sinh ra dang toan phuong r(&) = 2XXo.

Nhan xét

(1) Co thqé co nhi‘éul dang song tuyén tinh cung sinh ra mot dang toan
phuong. Chang han, néu f 1a mét dang song tuyén tinh khong doi xtng,
dat g(B,a)=1f(a,B), Va, B € V thi cic dang song tuyén tinh f va g trén
V cung sinh ra mét dang toan phuong, nhung f# g.

(ii) Ta c6 thé chimg minh ton tal twong ung 1-1 gitra cac dang toan
phuong trén V va cac dang song tuyén tinh doi xing trén V; nghia la néu
I' 1a mgt dang toan phuong trén V thi ton tai mdt va chi mot dang song
tuyén tinh doi ximg ¢ sinhra .

Thuc vay, gia sir f 13 dang song tuyén tinh nao d6 sinh ra dang toan
phuong I', V o, B, € V, dit ¢(a, B) = %{T(& +B)-T(a)-I(B)} Co

thé thdy ngay ¢ 12 mot dang song tuyén tinh d6i xtng trén V sinh ra I
Gia sir y cling 1a mot dang song tuyén tinh ddi xtng trén V sinh ra T,
Khido Va, [§ € Vtaco:
C@+P)=y@+B,a+P)=y(@ d)+y @, B+v@ a)+y@,p)
=T (a)+2y (&, B)+ IT'(B)

Vi vy dang song tuyén tinh ddi xtng y hoan toan duoc xac dinh boi
r qua cong thirc:
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{L(a+P)-T(@)-TP)}=o(, B

hoeTl
.
t\')l»—-

Dang song tuyén tinh d6i xtmg ¢ sinh ra dang toan phuong r dugc
goi la dang cuc cuaTl.

(iii) Ttr dinh 1y muc 1.2 suy ra rang néu V la khong gian vecto n
chiéu véi co so 1a {5 Lyees €2yeens En} thi anh xa I' : V — R la m¢t dang
toan phuong trén V khi va chi khi I'(a) = Z Za1J X,y v6i moi a =

i=l j=1

ingi e V, trong do a; (1, = 1, 2,..., n) la day céac sb thuc xac dinh.

i=1

2.2. Ma tran cia dang toan phwong

Pinh nghia. Gia su I la dang toan phuong tuong u’ng VOl dang song
tuyén tinh doi xing ¢. Ma trdn ciia ¢ doi véi co sé {e...., €2, €n}
ciing dwoc goi la ma trdn ciia dang toan phwong T doi véi co so dy.

Nhu vdy nén A = (ay), la ma trdn cua dang toan phuwong I doi véi co
SO L€ 1yes E2peey En)s thi A €6 tinh chit ay = ¢(&, £)) = @(&j, €1) = ai
Ma trdn co tinh chat nay dwoc goi la ma tran doi xung.

Véi a = ingi , biéu thire T(0.) = Z Z:a1J X,y ; dwgc goi la biéu thirc

i=1 i=1 :

toa do cual.

Vidu. Anh xaT : R* - R xac dinh nhu sau:

Vi (1 = (X], X2, X3) r ((X) 2X 1 - 2X1X2 + 4X1X3 - X )t 3X 3 la mOt
dang toan phuong tng voi dang song tuyén tinh dbi xtimg q) xac dinh
boi:

(PA(a, B): 2X,y1 — X1¥2 t 2X,¥3 — Xo¥y — Xo¥ t 2Xay; t+ 3%X;y;, O
0 déy B = (yla Y2, Y3) Dél V01 €O SO (8) : gl = (1’ Oa 0)5 52 = (Oa 17 0)’ 53
=(0,0,1), o val co ma tran la:

2 -1 2
A=(-1 -1 O
2 0 3

Vi ma trin cua dang toan phuong la doi xtrng, tirc la a; = aj;, nén doi
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véi @ = Y x&, biduthic toa dd T(a) = > Y a;x,y, co thé viét 1a:
=

i=1 i=l1

I‘(&)=ia4 242 ) axx,.

i=l 15i<)sn
Chang han ddi v6i dang toan phuong trong vi du ta co:
I'(a) = 2x,2 — x% + 3x% — 2 x,X, + 4%,X,.

Nguoc lai, néu dang toan phuong I dugc xac dinh béi déng thirc

n
r(@)= > bgxx, véi d=) x;g, thinécéma tranla A= (a;), véi
18isjsn i=1
b,, néui=j
au = aji = bij
9 néui<)

2.3. Dang toan phwong xac dinh

Pinh nghla Dang toan phwong I" trén khong gian vecto V duoc goi
la xdc dinh néu: T(a) =0 kéo theo a =0 .

Pinh ly. Néu T la mét dang toan phwong xdc dinh thi rdn ¢é cing
mot dau voi moi a € V.

Chirng minh. Co dinh vecto o # 6, vol B bat ky cua V, ta xét biéu
thire:

F(& —XB)z o(a, a)-2xe (&, ﬁ)+ xzq)([g, ﬁ)
= xIr (E)— 2xcp(&, ﬁ)+ r(a)
trong d6 ¢ 1 dang song tuyén tinh d6i x(mg twong tmg cua I".

Néu co gia trix =k € R (k # 0) sao cho « =kp thi

I'(a)=9¢(a, a)= (p(kﬁ, kﬁ) = k2(p([§, E) = kZF(B).
Do d6 I(B) cing ddu véi T'(a).

Néu a # véi moi X € R, tirc la o - xﬁ # 0 thi vi " 1a dang toan
phuong x4c dinh nén
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le“(ﬁ) - 2x<p(6t, B)+ I(a) =0, véi moi xeR .

Piéu ndy co6 nghia 1a phuong trinh xXT(B) - 2x¢(a, B) + T(a)=0
d6i v6i 4n x vo nghiém. Vithé A’ =[o(a, B]*-[(a) T (B) <0 hay

- ~\T12
r(a)r(B)>[(a, B)] >0
Vay T'(B) cung déu véi T(a). [
Pinh nghia. Dang toan phuong I trén khong gian vecto V duoc goi
la xdc dinh dwong (dm) néu T'(a) >0 (['(a) <0 ) véi moi a # 0 thudc V.

Hé qua. Néu T la mét dang toan phwong xdc dinh diong (Gm) trén
khong gian vecto V va W la mot khong gian con cua V thi thu hep cua T'
tréen W (ky hiéu la T'| w ) ciing la mot dang toan phwong xac dinh duong
(am) trén W.

§3. PUA DANG TOAN PHUONG VE DANG CHINH TAC

3.1. Dinh nghia

Gid sir T la mét dang toan phwong trén khéng gian vecto' V. Néu doi
Vi co 56 (E) = {E\, Eo..., En} clia V biéu thitc toa do cia T la

r(@)=Y kx!, (d:ixiéij W

thi biéu thirc nay dwoc goi la dang chinh tic cia dang toan phuong T.
Trong truong hop nay ma trdn cua dang toan phuwong U doi voi co so (&)
la mot ma trdn chéo (a; = a; = 0 voi i #j).

Viéc doi co SO dén mot dang toan phirong da cho q”éi VOi co SO mJi
co dang chinh tac dwoc goi la dua dang toan phuong vé dang chinh tac.

3.2. Pinh ly

Moi dang toan phiong déu dwa dwoc vé dang chinh tic.

Chirng minh. Gia st ' 1a m0t dang toan phuong trén khong gian

vecto V. Ta chimg minh dinh 1y bang quy nap theo sé chiéu n cta V.
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Néu n > 1 thi T ¢6 biéu thirc toa d6 dang I'(a) = ax’. D6 1a dung
chinh tac.

Gia stt n > 1 va ménh dé dtng véi (n - 1), hon nira d61 véi co so () =
N N N ) _ n n
{€1,.s €2,y €0} CUa V, T ¢6 biu thire toa dd T'(a) = > D a.xy;, voi
izl j=l
a = X, €& .
i=l1
a) Truwong hop co mot a;; #0.
Gid s a;; # 0, ta viet I'(a) duoi dang:

I'(a) =a,, x> +2a,X,X, +... + 28, X,X, +Za X +2 ) axX,

2<€i<)sSn
2
a, o g a,a
:a” +_x +.. + Z 1i Z 1i 1]
ap an i=2 an 2sisn 8pp
+Zanx‘ +2 ) axx
2€i<jsn
n 2
9 2
=au(x1+ % J 32, - 2k
a, an i= au
a,.a,.
1%y
+2 Z (aij————)xixj
2gi<jsn ay
y _Xl +-——X2 -
bit 201 a1 )
Vi =X khi 1=2,..,n
a2
1i A LR R
a; ——, néu 1=j1=2,..,n
b — all
i =
&y48y; Az PP
a;———, néu 2KEi<jEn
ap
2 v 2
Ta cé: I'(a)=a,y, +Zbﬁyi +2 Z b,y,y;
i=2 2<i<j<n
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Cong thirc toa do (I) c6 thé viét thanh:
a
X, =y, -2y, —..— 2y,
a11 all (II)

X=y, 1=2,.,n

aln

Cong thirc bién ddi toa d6 (II) cho ta ma tran

1 -~ a12 _ aln

ay ay

T=|0 1 0
0 0 1

Ma dinh thac |T| = 1# 0. Do do6 theo cong thirc lién hé toa do cua o
do1 voi hai co sé khac nhau thi T 1a ma tran chuyén tir co sé (¢) sang co

$6 () = {&1, &aerry En}, maddivéing a = Dy . Goi W 1a khong gian
i=2
vecto con cua V sinh béi cac vecto {&,..., En}. Pit B = Zyjén e W, ta
i=2

c6 bidu thire I*(B) = Y kzl +2 > b,y,y, xac dinh dang toan phuong
i=2

2<i<j<n

thu hep cta I' trén W. Theo gia thiét qui nap, I'” ¢6 thé dua vé dang chinh
ticT°(B) = D k2’ .
i=2

Dita; =k, y; =2z, tacod: [(B)= D kz

i=2
b) Truong hop a; = 0voimoii =1, 2,..., n.

Trong trudng hop ndy biéu thirc toadd cia ' 1a T (a) = Z%Xix ;-
2<i<j<n

Hién nhién phai c6 mdt ay;, # 0. Bién doi toa do:

Xy =Y ¥ Ya
Xp =Yk ~Yn
X, =Y, Véiizh,i#k

Phép bién doi toa d nay xac dinh ma tran:
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Vé6i |S| =2 # 0. S lai 1a ma trn chuyén tir co so (g) sang mdt co s&
(€) ma d6i v6ind a =) y,&, vabiéu thirc toa do ciia I' ¢6 dang:

i=2

[(6aa)=2a,(vi-yi)+2 Y. axx;, G, =k h

1<i<jen
Pit by = 2a, # 0, ta lai trd vé trudng hop a). Pinh 1y dugc chimg
minh. [}
Hé qua. Gid sir v la mdt dang toan phwong cé dang chinh tic T(a) =
Zn:kizf . Thé thi T la dang toan phirong xdc dinh dwong khi va chi khi k,
>0,voimoii=1,.., n.

Chirng minh. “=” Gia su I' la xac dinh duong va trong biéu dién
chinh tac d6i voi mot co s¢ nao dé6 c6 mdt h¢ so, chang han k; < 0. Khi
d6 v6i a (a # 0) co toa do ddi véi co sé trén 1a (1, 0...., 0), ta 6. ['(a) =
k,; <0.

Trai v6i gia thiét rang r 1a mot dang xac dinh duong.

Vayki>0véimoii=1,..,n

< Hién nhién. [

Co nhiéu’phurorng phap khac nhau dé dua mot dang toan phuong vé
dang chinh tac: phuong phap chéo hoa ma tran, phuong phap Jacobi...
Quy trinh rat gon dang toan phuong trinh bay trong dinh 1y trén dugc goi

la phuong phap Lagrange. Day la phuong phap dung lién tiép nhleu phép
bién dbi tuyén tinh dé dua mot dang toan phuong vé dang chinh tic.

Vi du: Pua dang toan phuong sau trén R® vé dang chinh tic

255



I(a)=x%+2x% +3x] - 4x,X, — 4%,X,
Giai.
I(a)=x} —4x,X, + 4X; — 2X; + 3X; — 4X,X,

= (%, -2, ) - 2%, +3%,% - 4%,X,.

y, =X, —2X,
Dé:lti Y. =X,
Y3 =X%3

ta co:

[(&) =y, -2y," +3y," —4y,y, =y, - 2(y," +2y,y, +¥5' ) + 2y;" +3y,°
w2 2 2
=y, -2(y, +v,) +5y,°.

z, =Y,
bat: Z, =Yy, tY,
2, =Y,
ta duge: (a)=2z’-22"+527.

Vi du 2. Pua dang toan phuong F(&) = 4%,X, + 3%,X;3 trén R® vé dang
chinh tac.

Giai.
X\, =% tY,
Dét =YY,
X3=Y3

Khi d6 ta co:
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TF(a)=4(y, +y,)(y, —v.)+3(y, - ¥2 )y, =4y,* - 4y,* +3y,y, - 3¥,Y,
_ s oo 3y, 9y, ) 9y,
—4[y,‘+.2yl 8’+ 645 - 163 -4y,? -38y,y,
3y. : 3y, 9y.,?
=4 + 23 4|y P2y, 2808
[}’1 ) j (Y_ Y, g 64
2 2
3y 3y
=4{y +—=2} -4 + 24
(}ﬁ g ) (Yz 3 )
3y,
z, = + —3
1 yl 8
Dung phép bién d6i toa dé: 2, =y, + 3y,
- 8
Z;! = y3
Ta dugc [(a)=42-47

Vi dy 3. Pua dang toan phuong ['(a) 2x> + 3%;X; + 4x,x3 +x2 + x: trén

R’ vé dang chinh tic.

Gidi: Ta c6 I"(d)=2(xf+§—xlx2+2xlx3)+x§+x§
< 3
bat:y, = x, +Zx2+x3, ta dude:

F(@)= 20} - 35 -x - S2xax) v ad oot = 298 - Lt - -3,

1 3 15 3
=2y - % - (% +§x2)2 +—X3=2y; +§X§-(X3 + =%, )

8

bat: y2:x2,y3=x3+§x2

ta nhan dugc biéu thirc cua I dbi voi co so méi (E) = {&,, &,, &5} la:

- 15
C(ay=2y]+ =y -y,
3.3. Dwa dang toan phwong vé dang chinh tic bing may tinh dién

Ta c6 thé st dung phuong phap Lagrange voi su hd trg cia phan

mém toan Maple dé dua biéu thirc toa d6 cua dang toan phuong vé dang
chinh tac. Quy trinh cu thé nhu sau:
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Trudc tién ta phai sir dung hai Iénh tao moi truong tinh toan la:
>restart;
>with(student);

[D,Diff, Int, Limit, Lineint, Product, Sum, Tripleint, Changevar,
Completesquare, Distance, Equate, Integrand, Intercept, Intpart, leftbox,
leftsum, makeproc, middlebox, middlesum, midpoint, powsubs,
rightbox, rightsum, showtangent, simpon, slope, summand, trapezoid]

Trong qua trinh bién doi can cha ¥ phan biét truong hop aj; # 0 véi a;
=0.

Vi du 1. Pua dang toan phuong I'(a) = x> + 5x? - 4x3 + 2xx, -
4x,x5 trén R® vé dang chinh tac.

Ta st dung 1€nh cia Maple theo tirng budc sau:

Buwoc 1: Panh 1énh

>completesquare(x1"2+5*x2"2-4*x3"2+2*x1*x2-4*x1*x3,x1);

Ta nhan duge ['(a) = (X, + X, — 2X3) + 4x2 + 4x,%; — 8 x2

Ta dat y1 =X + X3 - 2X3.

Buwoc 2: DPanh Iénh sau:

> completesquare(y12+4*x2/"2+4*x2*x3-8*x3"2,x2);

Ta nhan duoc: I'(a) =4(x, + %X3)2 -9x3 + yi'.

Ta dat tiép (Y2 =Xt %Xy,, V3 = X3.

Ta nhan duoc biéu thirc chinh tic ciia dang toan phuong r 1a:

T(&) =y, +4y," — 9ys"

Vi du 2. Pua dang toan phuong ['(a) = x> + 4x2 + x>+ 4x;x, +
2X;X3 + 2XoX; trén R® vé dang chinh tac.

Ta stir dung 1€nh ciia Maple theo ting budc sau:

Buwoc 1 : Danh 1énh
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>completesquare(x1/2+4*x2/2+x3/2+4*x1*x2+2*x1*x3+2*x2*x3,x1);

Ta nhan dudc: T(a) = (%, + 2%, + X3)° — 2X,X,
Dt Vi=X;+ 2%, + Xg, tacod T(G) = y,2 — 2%,X,
bt X =Yoo+t Vs, Xs=Y2— Vs,

Buoc 2. Tiép tuc thuc hién 1€nh
> completesquare(y172-2*(y2+y3)*(y2-y3),y2),

Ta dudgc: r(a)=y,2-2y,%+2y,%

Chii y. Dé giir lai duoc hé phuong trinh biéu dién cac phép bién doi,
ta can ghi lai phép dat an phu trong qua trinh lam cac cau Ilénh cua
Maple. Nhu vay, sau khi tién hanh giai bai toan bang phuong phap
Lagrange, ta c6 thé kiém tra lai timg budc cua cac phép bién doi da lam.
Trong mot sO truong hop qua kho, ta co thé sir dung Maple dé tim trudc
két qua sau d6 dua ra cac phép bién d6i cho phu hop.

3.4. Dinh ly quan tinh

Mot dang toan phuong co6 thé c6 nhiéu dang chinh tic. Song chung
c6 mQgt diém chung dugc thé hién bdi dinh 1y sau:
Dinh ly 1. (1uat quan tinh) Trong hai dang chinh tic bat ky cua

cung mét dang todan phwong sé cdc hé sé dwong bang nhau, sé cdc hé sé
am bang nhau.

Chirng minh. Gia st: T (0) =a,; x> + ... + a,x> —byx’,- ... — b3x?,
la dang chinh tac cua T dbi voi co s& ()= {a Loeees 52,..., an}, trong do a;
>0,1=1,..1,b;>0,j=1,...,8

F(c)=ciy> +.. + ¢y’ —diy’, - ... - dyy>,, 1a dang chinh tic cta r

d6i voi co so () = {&}, Es..., &}, trongdo ¢ >0, k=1,..t,d; >0,1=
I,...,u.

Ta phai chung minhr=t,s=u
Gia su r <t. Xét khong gian con W sirlh bf)’i}lé vecto {Erﬂ,..., En} va
khong gian con U sinh boi hé vecto {&,..., &}. Tacd dimW =n -,

dimU=t Vir<tnént-r>0.TudoésuyradimW +dimU=n+t-r>
n=dimV.

259



Do dimW + dimU - dim (W n U) = dim (U + W) < dimV, nén dim
WnU)>2dimW +dimU -dimV=n+t-r-n=t-r>0.
Vithé: W U= {0}.
Giast p eWNnU vap =0,
Bzx’r+1 _ér+1 +"‘+X'r+s Er+s +"'+X’n§n = Y1‘E1 t...0+ Yt'gt
Khids: 0>-bx2 -..-bx?’ =T(@)=cy’+..+cy’>0

r+l

D6 1a diéu khong thé dugc. Vay r > t. Thay dbi vai trd coar va t, ta
laisuyrat>r. Dodor-t.

Ciing 1ap luan nhu vay ddi voi s vau, ta dugcu=s. [
Dinh 1y trén day duoc goi 1a luat quan tinh cia dang toan phuong.

Pé phat biéu mot tiéu chuan ciia dang toan phuong xac dinh duong ta
dua ra khai niém sau.

D061 voi1 ma tran vudng

a, 3p a,
A= Ay 8y 89
an Apg Ay
mdi dinh thirc
a, 3y ay
D, = Ay, 8y Ay ’ k=1,2..n
ay, 4 Ay

duoc goi 1a mot dinh thirc con chinh cia ma tran A.

Pinh ly 2. Gia suwa la ma tran cua dang toan phuong U trén khong
gian vecto n chiéu V. Khi do I la dang toan phuong xdc dinh duwong néu
va chi nén moi dinh thirc con chinh cua A déu duong.

Churng minh. Gia st I' 1a dang toan phuong trén V va A 1a ma tran

cua no doi voi co sé (€) = {€1,..., €2,..., En}.
Goi Vi 1a khong gian con cua V, sinh bdi cac vecto {€,..., €2,..., €k}
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(k=1, 2,..., n). Khi d6 thu hep cua r trén V (ky hi¢u 1a T'|y, 1a mdt dang
toan phuong voi ma tran

a, a,, .. a,
a a a
21 22 2k
D, =
Ay, Ay Ay

“=” Néu I xac dinh duong thi ['|y,, ciing xac dinh duong. Do d6 Dy
>0Voimoik=1,2,..., n.

“<” Gid sut Dy > 0 vé61 moi k = 1, 2,..., n. Ta s€ ching minh I" la
dang toan phuong xac dinh duong bang qui nap theo n.

Véin =1, D, =a; >0, biéu thirc cua dang toan phuong 1a I'(a) =
ar X12 > 0.

Gia str v6i moi n > 1, diéu khang dinh dung véi in - 1). Khi d6 dang
toan phuong

[t = [Jyng ¢6 ma tran 13 A, ;. Theo gia thiét, cdc dinh thic con
chinh cta A,.; déu duong. Do do, theo gia thiét qui nap, [',.;. Xac dinh
duong. Vi thé ¢o mot co sO {él, éz én_l} cia V,.; Sao cho r,; ¢co
dang chinh tic, trong truong hop nay ta co

[o(E)=k;>0,i=1,2,.., n-1. Khi 6 d6i voi co s¢ {&, E,,..., €0}
I' ¢c6 ma tran

k, 0 0 b,
0 k, 0 b,

- 0 OO
O 0 kn—l bn—ln
bnl bn2 bnn ann

Trong d6 by, = by, = @(&;, €1), vOi @ 1a dang song tuyén tinh d6i xtng
tuong ing cua I'. voi

n-1
a =ZYi§i + Yntp
i-1
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n-1 n-1 ,
Suy ra F(&) = Z kiYi2 + 22 binYiyn + annyn2

i=1 i=1

N .. z, =y, +— _ _
Béang phép 461 toa dé: ' K, 1=1,2,..,n-1

Zn:yn

Tim duoc co s¢ (C) = {El, éz én} cua V, d6i voi nd, ma tran cua
I' C6 dang:

k, O 0 0
0 k, 0o 0
C=| oo,
0 0 k,, 0
0 0 0 k

Goi T 1a ma trin chuyén tir co s6 () sang co s6 (§) ta c6 C =T'AT.
Do d6: ky..ky1 ky =|C| = [T|.|A||T] = [T).|TJA| = |A].
Vi |A| > 0 theo gia thiét vak; >0, v6ii= 1, 2,..., n- nén

__ 1Al

=121 > 0. Nhu vy dbi voi co sé (€), T c6 dang T({E1, Eo...,
k k, .k,

n

ém}) = Zkizf ,trong d6 k; > 0 véimoii=1, 2,...,n. Vay I' 1a dang toan
i=l1

phuong xéc dinh duong.
§4. KHONG GIAN VECTO OCLIT

4.1. Pinh nghia khong gian vecto Oclit
Dinh nghia.

1) Dang song tuyén tinh doi xvmg ¢ trén khong gian vecto V dwoc
goi la mot tich vé huong trén Vnéu vV a0 thuéc V ta ¢é ¢ (a,0)>0.

Véi o, B €V, s6 thuc ¢ (a,B) duwoc goi la tich vé hudng ciia ava
B, ki hiéu béi o.. B. Néu o = B, thay cho o.a ta viét o’
2) Khéng gian vecto V dwoc goi la mét khong gian vecto Oclit néu
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trén V co mot tich vo huong.

Chii y: Trén cting mot khong gian vecto thie V c6 thé xac dinh nhiéu
tich vo hudng khac nhau, va ta c6 thé nhan dugc nhitng khong gian vecto
Oclit hoan toan khac nhau.

Vi dy 1. Xét khong gian V céac vecto hinh hoc ¢6 chung gbc O. Trong
khong gian ndy, dang song tuyén tinh ¢ dugc xac dinh bsi: ¢(OA,0B) =
|OA|. |OB|cos (OA, OB), 1a mét tich vo huéng trén V, véi tich vo
hudng do, V 1a mot khong gian vecto Oclit.

Vi du 2. Trén khong gian R", dang song tuyén ¢ duoc xac dinh boi

@(B.B) = X1y1 + Xoy2 + .t XnYn, V6i B = (X1, Xops X0) B = (Y1,
Y2,e-es Vn), 1d MOt tich v hudng va R" 1a mot khong gian vecto Oclit, tich
v0 hudng nay dugc goi la tich vo hudng chinh tac.

4.2. Co sé truc chuin

Pinh nghia. Gia su E la mot khong gian vecto Oclit.

1) Hai vecto a, B cua E dwoc goi la truc giao néu &B = 0; ki hiéu
lia LB.

2) Véi méi o € E ta goi \l(&)z la chudn ciia vecto o, ki hiéu |a|.
Néu |a| = 1 thi ta néi o la vecto dinh chudn.

3) Co so (¢) = {E Lyeens 52,..., En} cua khong gian vecto Oclit E duoc
goi la mot co so truc chudn néu ¢ Ej = 0ij. (Trong do &; la ky hiéu
Kronecker thoa man 8;; = 1 khi i = j, 8 = 0 khii #j).

Vi du 1. Trong khong gian V cua vi du 1, muc 4.1, 3 vecto tuy ¥ OI,
0J, OK d6i mot vudng goc va cd do dai bang 1 lap thanh co sé truc
chuan.

Vi du 2. Trong khong gian vecto Oclit R" & vi du 2, muc trén, co s&

(e):€,=(1,0,...,0), &=(01,.,0),..,€, =(0,0,.,1)

12 mot co s6 truc chuan. Co s& (¢) duoc goi 1a co s¢ chinh tic cua khong
gian vecto Oclit R".
Vi du 3. HE vecto
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(B) Bl_(()lo) B2—(\/— \/—) Bs_(\/— y \/—

12 mot co sé truc chuan trong khong gian R, Vecto a = (1,4, 3) € R’ ¢6
biéu thirc toa do dbi véi co sc’r(ﬁ)nhu’ sau o =4.B, +2v2.B,- V2 B
véc to a c6 toa do ddi voi cosd (B)1a o = (4,242 - 2). Tachd |a| =

V26 .

DPinh ly 1. Gia su E la mot khong gian vecto Oclit. Khi do:

2) Véimoi o € E, moik € R tacé ||kal|| =|k| .|| all.

3) Véimoi a, B €Etacéd|a.B|<||a|l.||Bl], (bdtding thirc Cauchy
Bunhiakovsky).

tam giac).
Chirng minh. Goi ¢ 1a tich vo hudng trén E.
1) Hién nhién néu o = 0 = ||a||=0.

Nguoc lai néu [[a|| =0 thi o(a, a)= a’=|/a||* = 0. Tir d6 suy ra
suy ra o = 0 (do tinh x4c dinh cta ¢).

2) Ré rang: |[ka| = y/(ka)’ = k(@) = [k|.A/(@)> = k||| a||.

-

3) Véi moi &, B € E, voi moi gia tri cua x € R ta co:

0<|a-xB|*=a’-2xa.p +x°B>
Dod6 A'=(a.p)- o> B2<0= [a.p| < @ B
Vay |a. B[ <|la[L[B |-

Dau bang xay ra khi a = k. B (hai vecto «,p 1a phu thudc tuyén
tinh).
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4) Véi moi &,B<E ta cé: Jo + B =(a+Py=a2+2 a.p+p
Theo 3 = @.p < |a.B|s [a|.|B] = |a+B[ < a*+ p*+
2l |- [B| = o +Jfl" +2lal. 8] = (el + ) -
Vay o+ 8] < el + 3]
Dau bang xay ra khi a = k.B (v6ik > 0). [

Pinh 1y 2. Moi hé gom nhiing vecto khdc khong, doi mot truc giao
cua mot khong gian vecto Oclit déu doc ldp tuyen tinh.

Chirng minh. Gia st a4, o,, ,..., o, la nhitng vecto khac khong, doi

mot tryc giao cia khong gian vecto Oclit E, xét dang thirc Zki% =0.

i=1

Véimoi aj,j=1,..,rtacd

. (iki &ijai: >k, 6, =kl =k, lali=12.r
i=1 i=1

Viaj#0nénllal|#0néntacok=0. Vaykj=0Vj=1,..r.
Vay hé véc to 01y Oy, &r la doc lap tuyén tinh. [

Dinh 1y 3. Moi khong gian vecto Oclit n chiéu (n > 2) déu cé co so
truc chuan.

Chirng minh. Ta chimg minh bang qui nap theo n.
Véin =1 dé dang ching minh dugc ménh dé.

Véin =2, gid st o, a, la mot co s& nao d6 cua khong gian vecto
Oclit E.

d]
o]

Tim vecto B c6 dang: B=x;&; + a,, thod man di€u kién: p L €,

bat g = ta co: ] =1

Hay: 0=B.8,=X. €2+ Gy €,=X, + Gy €,

Suy ra: X5~ Qg €,
Nhu vady: B = a,—(a,, €1)& hoan toan dugc xac dinh.
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Pit: E2 = -, hién nhién l€5]|=1,do €, L €, nén theo dinh 1y 2 ta
p

duoc hé vecto {5 1 52} la doc lap tuyén tinh, do d6 1a mot co sd truc
chuan ctia khong gian Oclit 2 chiéu E.

Bay gio gia sir E 1a khong gian vecto Oclit n-chiéu véi n > 2 va ménh
deé da dugc ching minh vé1 moi khong gian c6 so chiéu < (n- 1). Goi F
la mgt khong gian con (n — 1) chiéu ctua E. Theo gia thiét qui nap F co
mot co sé truc chuén, chéng han: {&,..., €2,..., €1.1}-

— - - n-l - —
Lay tuy ¥ o, € E\F. Tim vecto B, c6 dang: B, = inai + a,, thoa
i—1

- - n-l > >
man diéu kién: B,. &;=0 (véimoij=1.2,.,n-1). Suyra » x& ¢+

i-1

anej=0,j=1,2,...,n-1.
Vi €€ = &; nén dang thic trén chi 1a: xj + a,&;=0.

Nhu vay B, dugc hoan toan xac dinh bdi cac Xj = - a,€5 v61 moi j =
1,2,..,n-1.

Dit: £, =, hién nhién 1an ||g,|| = 1, ta dugc mot hé truc chuan

—

=

gém n vecto {5 1 52,... En_l,gn}. Hon ntra theo cach xac dinh véc to B ta
c6 e, L e;(i=1,.,n-1)néntheo dinh 1y 2, hé {c}, €2,.. Ensen} 12
ddc lap tuyén tinh. Vi dimE = n nén né 1a mdt co s¢ truc chuan cua E. [
Viéc xay dung hé truc chuan trén day duoc goi 1a qud trinh truc
chuan hoa Giam - Smit.
Qua trinh truc chuin hod co thé xuat phat tir mot co s bat ky (o) =
{&1, Aoy s, &n} cho trudce. Khi do ta xac dinh £ = ﬁ sau do theo
OLIH
phuong phap tren ta Xac dinh 82 thong qua 81 Va az, . Xélc dinh Ei
thong qua €1,..., €;.] va al, , va cudi cung xac dinh e qua g Lyeees an_1 va
O p.

Cong thirc tong quat cia qua trinh truc chuan nay 1a:

266



. B -
By =0ty Eflﬁl
1
- k-1= 1
B, =d, - a‘i'zB'Bl,vdik:& ,n
=3
Dat & =% , vdi k=1,.,n

Ta nhan duoc h¢ {¢,..., €5...., €,} 1a co s& truc chuan can tim.

Pinh ly 4. Néu (e) = {5 Loy E2mns En} la mét co sé true chudn cua
khéng gian Oclit n chiéu E, thi véi ¥ o € E ta ¢6 :

& =(8.8) E,+ (0.8 E,+.+ (8.8, E,.

Churng minh. Vi (¢) = {¢,..., €2,..., €5} la cosd cia E nén a co sy
biéu dién duy nhat dudi dang:

A=CyE, +CE,+...+C E .

Véimbii=1,2,..,n, nhan vo huong hai vé cla dfflng thirc trén vo1
€ ta co:

(X.€)=C € E;+ CE4E; +...+ C,E,&; = ¢

Viy o c6 dang can chimg minh. [

Nhu vay, néu (e) = {s Lyeens 82, . *n} 1a co s& truc chuén cua kh6ng
gian ocht n chiéu E, thi ta c¢6 thé xac dmh ngay toa do cua mot véc to bat
ky ddi vé6i co s& da cho, do6 1a (a g 1 a 82,..., o e) ; nghia la o= (x;) voi
X; = a e, 1=1,..,n

Vi dy: Trong khong gian Oclit R® (v6i tich vo hudng chinh tic) xét

A - E 4 3 - 3 4 s
hé vecto sau: ¢, =(0,1,0); ¢, = (- 3 0, g). €3 (E’ 0, E)' D¢ dang
kiém tra duoc hé vecto 51, 52, 53 la mot co sé truc chuin cua R®. bé
biéu dién véc to o = (1, 4, 7) 1a mot to hop tuyén tinh cta co so trén ta
thuc hién nhu sau:
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Tinh a.€,=(1,4, 70, 1,0 =4

Lo 4 3 17
a.€,-(1,4,7(-—,0, =) = —

2= ( ) ( i 5) )

3 4 31

a.€,=(1,4,7(=,0, =)= —.

3= ( )(5 5) 3
Vay a =(1,4,7)=4€,+ %82 + %83

4.3. Khong gian con bu truc giao

Nhdn xét: Gia st F 1a mot khong gian con ctia khong gian vecto Oclit
E. Tap hop

H= {E e E| Bla Ve F} 1a mot khong gian con cua E.

Thétvéy,hiénnhiénH;tgvi 0 € H.Véi V Bl, Bz e HvaVvke
Rtaco: f1.0 =0, Br a =0Véimoi o € F.Doddé (B, + Ba).a =P1.
@ +Pra=0Va e F. Diéu ndy c6 nghia 1a (B, + B,) € H.

Tuong tu, ta cé (kB).a =k(B.a)=0,Va € F.Doddé kp e H.

Viay H la mot khong gian con cua E.

Pinh nghia. Khéng gian con H={B € E | B L o, Vo € F} duoc goi
la khong gian con bu truc giao voi khong gian con F.

Pinh Iy. Néu H la khéng giai? con bu truc giao 2/0"1' khong gian con F
cua khong gian vecto Oclit n chiew Ethi F "H= {0} vaE=F + H.

Chirng minh. Lay tuy ¥ « € F N H, theo cach xac dinh H ta thiy a
trye glao v6i chinh nd, nghia 1a o® = 0. Theo dinh 1y dinh Iy 1 (4.2) ta c¢6
a=0 vayFNH= {0}

Gia su {s Loy €20 r} 14 mét co sé truc chuan cua khong glan con
F Bo sung vao no dé dugc mot co s truc chuan cia E: {€,&,,..., €5,

Ertlseensy n}

Khi d6 mdi véc to a € E déu biéu dién duy nhit dudi dang:

&:Zr:xi +er =B+7, trongdé B = lesl,va Y“er
i=1

j=r+l J=r+l
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0 v6i moii= 1,.., r va j=r + 1., n nén véi moi

X‘?:XZII: Xjéj = (XY,E,J[ zn: ngj] = 2 Z ijl'éfcfl 0. Nghla 1a
n ; ‘

ALy,v6imoiAe F.Dodé yeH. Vaya =B +7 e F+H, vadods
E=F+H O

Khi V 1a khong gian vecto thbamén V=F + H,LFNH= {0 }» trong
do F, H la nhiing khong gian con cua V, ngudi ta noi rang V 1a tong trirc
tiép cta F va H.

4.4. Hinh chiéu ciia mgt vecto 1én khong gian con
Gia st E 1a khong gian Oclit n chiéu, F 1a khong gian con tuy ¥ cua E,
khi d6 Vo e E ta luén c6 biéu bién duy nhét a = p + v, voi B € F, y
e H, trong d6 H 1a khong gian con bu truc giao ctia F. Ta s& goi vecto p
13 hinh chiéu truc giao cia o Ién F va ky hiéu 14 hchra, con vecto y =
a - B =q - hchpa dugc goi la thanh phén cla o truc giao véi F.

Vi du: Xét khong gian Oclit R’ (voi tich vo hudng chinh tic) va

khong gian con F duoc sinh boi cac vecto sau: €, = (0, 1, 0); &, = (- ?,

0, %). Dé dang kiém tra duoc d6 1a co s truc chuan cua F. Theo Vi du

trén ta c6 hé &, = (0, 1, 0) ; 52=(-%, 0, %) : é3=(§, 0, - %) I3 co s&

truc chuan cu a R’.
Véi o = (2, 1, 3), ta co:

a=(a.€)E;+(QA.EJE,+ (A .EPE,= 181+§82+%s3

Khi @6 hinh chiéu truc giao cia o =(2, 1, 3) [én F la:
1 1 4 3 4 3

hhd—l'_.+__.=oyl90+_ —_709_ 2_—_’1’_.
chra=l.e,+ =€, ( ) 5( 5 5) (25 25)
Thanh phan cua o tryc giao voi F 14 : 18 €3 = (ﬁ , 0, 2).

5 25 25
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4.5. Phép bién ddi truc giao - Ma tran truc giao

Pinh nghia. Gid sit E la mét khéng gian vecto Oclit n chiéu. Ti
dong cau f. E — E duoc goi la mot phép bién doi truc giao néu

a)(B)=a.Bvéimoi @, B €E.

Pinh li 1. Gida sit E la mét khéng gian vecto Oclit n chiéu. T dong
cau f> E — E la phép bién doi truc giao khi va chi khi no bién co so truc
chuan thanh co so truc chuan.

Chirng minh.

=": Gid st ha mot phép bién ddi truc giao va (g) = {5 Loy €90y
gn) 1a mot co s& truc chudn bat ky cia E. Khi d6 f(e).f(g)) = ei¢; = &
voi moi i, j = 1, 2,..., n. Nhu vay ta ¢6 f(e;) L f(e;) véii=j, va|f(e))] 1
voiij=1,2,...,n

Vay hé {f(e1), f(€,),..., f(€ )} 1d mdt co s6 tryc chuan cua E.

<’ Giasu fla m6t tir ddng cdu cua E sao cho véi mdi co sd truc
chuin {&1,..., €2,..., €n} cia E ta c6 hé vecto {f(e ), f(€2),..., f(€,)} ciling

12 mot co sé truc chuén cua E. Vi o = Zx Ei Z y.& tuy y thuoc E ta

i=1 i=1
co:

n n

K@)fB) = f(lee, ). f(Zy,en— zx £&,). Zy,f<e EDIIISEICIICH

i=l j=1
:ZZXinEi -§j = XinSij =ZXiYi =a ﬁ
i=1 j-1 i=1 j=1 i1

Vay f 12 mot phép bién doi truc giao. [

Dinh ly 2. Gia su E la mot khong gian vecto Oclit, A la ma tran cua
tu d&ng cci'uf: E — E doi véi mét co sé truc chudan (&) = {1, €2perry
en}. T dong cdu f'la truec giao khi va chi khi 'AA = I (I la ma trdn don
vi).

Chirng minh.

=" Gia str f 1a mot phép bién ddi truc giao c6 ma tran ddi véi co so
truc chuan (¢) = {¢,..., €2,..., €5} 1a:
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Khi do6 f(E;).f(§;) = (Z a,&, J : (Z ahjgh] =YY aga,E &, .

k=1 h=1 k=1 h=1
n n n
Vif(€)f(€)=€,.€;= 3, nén a,;a.,E, &y Z 838, = 8
k=1 h=1 k=1

Nhung Zakiakj chinh 13 phan tir & dong tht i va cot thir j ctia ma tran
k=1

tich ta.A.

Vay AA=L

“=” Gia sir ' A.A =1, ciing nhu trén ta c6: f(e i).f(gj) =¢. Ej =d;. Do
d6 hé vecto {f(g,), f(€,),..., f(€,)} 12 mot co sd truc chuén cia khong
gian vecto Oclit E. Vay theo dinh 1y1 f 1a mot phép bién doi truc giao. [

Pinh nghia. Ma trdn vuong A duoc goi la mot ma tran truc giao néu
‘A.A=1(I la ma tran don vi).

HE qua. f la mot phép bién doi truc giao khi va chi khi ma tran cua
no doi voi mot co so truc chuan la mot ma tran truc giao. ||

Vi du: Cac ma tran sau la nhitng ma tran tryc giao:

a) Ma tran don vi I;

b) Az[c?sa —sina);
sina cosa
1 0 O

¢ B={0 -1 O
0O 0 -1

4.6. Phép bién déi dbi xirng
Pinh nghia. Gid sit E la mét khong gian vecto Oclit n chiéu. Ty

dong cau f E — E duwoc goi la phép bién doi doi ximg nén a f(B) =
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fl(a).B, Va, p € E.

Pinh ly. Gia su E la mot khong gian vecto Oclit n chiéu. Ty dong
cau f cua E la phép doi xung nén va chi néu ma tran cua f doi voi mot co
SO truc chudn la mot ma trdn doi xirng.

Chirng minh.
=" Gia su f l1a phép bién do61 doi1 xing cua E va ma tran cua f doi

vO1 co SO truc chuin (e)= {E Loy € 2yenns En} la ma tran A = (a;),. Khi do:

n
f(sj) = Zakjsk , nén:
k-1

€ .£(€)=£.0 a,&)= Zakjéi.§k= a; (1)
k=1 k=1

f(8).8,= QO a,€,)E= ) ayE, &= a; 2)
h=1 h=1

Vi f1a phép bién d6i dbi ximg nén &.f(¢;) = f(e;).£;. Do d6 a;; = aj;,
Ta c6 A 1a ma tran ddi ximg.

<": Gia sir ma tran cua ty dong cau f doi voi co so truc chuan (g) :
{€1,.., €2,..., €5y la ma tran do1 xung A = (a;),. Khi do ta c6 cac dang

thire (1) va (2) & trén. Voi hai vecto o = Zx,._é,- B = Z yi;:i tuy v cua

i=1 i=l

Vi a;; = a;;, do ma tran A d6i xtrmg nén o.f(p)=f(a)p.
Vay f 13 phép ddi xtmg. [
4.7. Ung dung

D¢ néu 1én mot img dung cua phép bién doi truc giao ta can dén cac
dinh ly sau:

Pinh li 1. Néu A la mét ma trdn doi xvimg véi cdc thanh phan la
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nhitng s6 thuc thi moi nghiém cia da thire ddc trung |A — ki déu la sé
thue.

Chirng minh. Gia su k 1a mot nghiém cua phuong trinh [A —kI| =0
Xét phuong trinh (A - kI,)X = 0. Gia su X’ 1a mot nghi¢ém khong tam

t
thudng ctia phuong trinh do, ta c¢6 (A - kINX"=0= X’ (A - kI[)X" =
= X*AX"=kX"X° (%)

ul

u, — — L

Gia st X’ = . Khi @6 ‘'X° = (v, u,..u,). Ta c6 X*X’ =

u

n

> u; -u, 14 s6 thuc. Do d6

i=1
k'X’ X = k. Zu ‘u, = k. Zu u, =k X° X' = (kXOX) ViAla

ma tran ddi xting vé6i cac phan tir 1a nhitng s thuc nén ta co X’ AX? =
(X" AX%) ='X"X". Do d6 X’ AX’="X"X"= X" AX". vay ‘X" AX la
sd thuc. T (*) suy ra kX’ X% 1a sb thuc. Theo nhan xét & trén co
‘X X" 1a 56 thuc, do do k 14 s6 thyc. Dinh Iy dugc chimg minh. [

Dinh ly 2. Néu f la mét phép déi xirng ciia khéng gian vecto oclit n
chiéu E thi hai khong gian con riéng ung voi hai gia tri riéng phan bo
cua f phadi tryc giao voi nhau.

Chu’ng minh. Giasuf: E > Ela phep d6i xung, Fi, F; 1a hai khong
gian con lan lugt sinh boi cac vecto riéng ay, a» tu’orng u’ng vo1 hai gia
tri riéng phan biét ki, k,. Khi do, véi hai vecto tuy y o € Fy, B e F,, taco
f(a) =k a; f(B)=k2B . Vi f 1a mot phép bién d6i déi ximg nén f(a)p =
af(B). Do d6 (k;a).p = a.(ksp). Suy ra (k, — k;)(a.B)=0. Vik, #k;
nén o.p = 0. Vay F, truc giao v6i F,.[]

Pinh ly 3. Néu f la mét phép bién doi doi xu’ng cua khong gian vecto
Oclit n chiéu E, thi E ¢é mét co sé truc chudn gom nhitng vecto riéng

cuaf.

Chirng minh. Vi ma tran A cua f doi véi co so truc chuan (g) =
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{€1y.., €2,.., €4} 12 ma tran do1 xung nén theo dinh 1y cac gia tri riéng
cua f déu la so thuec.

Ta chimg minh bang qui nap theo n.
Véin = 1, dinh 1y hién nhién dang.
Véin = 2, gid st k; 1a mot gia tri riéng cua f va &1 12‘1 vecto riéng

twong tng. Goi F 1a khong gian con cua E sinh boi &, = H H a,vaHla
o

khong gian con bu tryc giao v6i F. ViF " H={6} va E=F + H, nén
danH = dimE - dimF = 1.
Tac6 f(B) e Hv6iV B e H. That vay, ldy tiy y a € F tacé o .f(B)
=f(a).p =0vif(a)=k;ae Fnénf(p) € H.
1

Gia sir o, 14 co sé cua H. Dt &, = ——a,, hé {&,, £} 1a mot co s&
(05)

truc chuén cta E. Vi f(E ») € Hnén tdn tai k, € R sao cho f(Ez) = kZEZ.

Nhu vay hé {&,, &,} 13 co sO truc chudn cia E gém nhing véc to
riéng cua f.

Gia sirn > 2, va ménh dé dung véin - 1.

Goi k; 1a mot gia tri riéng cia f va F, H cling l1a nhitng khong gian
nhu trén. Lap lai 1ap ludn trén ta c6 dimH =n - 1 va H 1a khong gian con
bat bién d6i voi f. Nhu vay thu hep f]i; 18 mét phép bién doi doi xing cta
khong gian n - 1 chiéu H. Do d6, theo gia thiét qui nap H c6 mot co s&
tryc chuan {&,..., &,} gdm nhiing vecto riéng cua f. Vi &, L &, voi moi
=2,..., 1, nén {El, Ez En} 1a mdt co s& truc chuén cua E gém nhiing
vecto riéng ctia f. Ta c6 diéu can ching minh. [

Tir day vé sau ta chi xét cac dang toan phuong trén khong gian vecto
ocht R", va ta Van ky hiéu co so chmh tic cia Ra 13 co s& gdm céc vecto

£ 1=(1,0,...,0), 82 0, 1,..., 0),.., sn =(0,0,.., 1).
Dinh ly 4. Moi dang toan phwong trén khong gian vecto Oclit E" dua
dwoc vé dang chinh tac nho mét ma tran tryc giao.
Chirng minh. Gia st dang toan phuong I trén E" ¢6 ma trin d6i véi
co so chinh tac 1a A. Khi d6 A 1a ma tran doi xing. Coi A 1a ma tran cua
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phép bién doi tuyén tinh f ddi v6i co so chinh tic. Do A 13 ma tran ddi
xtmng, nén theo dinh 1y 3, ton tai mot co sé tryc chuan ciia Rn gom nhiing
vecto riéng cua f, gia st do 1a (§) = { &y, &o,..., &n}. Khi dO ma trdn B cua
f d6i v6i co so (&) 1a mot ma tran chéo. Ky hiéu T 1a ma tran chuyén tir
co s& chinh tic (e)={¢e1,.» €250, €} sang co sO (§) khi d6 T 1a ma tran
tryc giao. Ta c6 B - 'TAT 1a ma tran cta dang toan phuong r d6i véi co
sO (§) va la ma tran chéo, nén doi vai co so (§) dang toan phuong I' cé
dang chinh tac. [

Tu dinh i trén suy ra: Cdch tim ma trgn truc giao dua dang toan
phuong trén R" vé dang chinh tac.

Gia sir A 1a ma tran cta dang toan phuong ddi voi co sé chinh tic
cua Rn. Ta thuc hién cac budc sau:

1) Tim céc gia tri riéng la nghiém cua da thuc dac trung |A — k.

2) Tim cic vecto riéng tao thanh mot co s tryc chuan cua R".

3) Tim ma tran chuyén T tir co s& chinh tac sang co so truc chuan
vura tim duoc.

Vi dy 1. Pua dang toan phuong trén RA vé dang chinh tic

‘I“(d) = 5x%,2 + 9%, + 9%,% — 12X,X, — 6X,X5, VO & = (X, Xp, Xy).

Giai. Ma tran cua r doi véi co so chinh tac la

5 -6 -3
A=|-6 9 0
-3 0 9

Tim nghiém cua da thire ddc trung:

5-k -6 -3
|A -kI|=| -6 9-k 0 |=k(9-k)(k-14)
-3 0 9-k

Tacc')k1 ZO,k2=9,k3= 14
¢ Tim cac vecto riéng:
- Véi k; =0, giai hé:
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5x, - 6x, -3x, =0
-6x, + 9%, =0

-3x, +9x, =0

Vecto riéng c6 dang: (3cy, 2¢4, Cy).

- Véi k, =9, giai h¢:

-4x -6x,-3x, =0
-6x =0
-3x =

Vecto riéng c6 dang: (0, c,, -2¢;).
- Vi k; = 14, vecto riéng c6 dang: (—§c3, 2¢3, C3)
Chon co s¢ trie chuan (£) gdm nhitng vecto riéng:
£ = (321)
1

Ez =£(0, L —2)

= 1
és = \/__76-(_5’ 6, 3)

Ma trén chuyén tir co s¢ chinh tic sang co s6 (&) 1a

3 0 5
V14 J70
|2 1 _6
Vi 5 o |
1 2 3
V14 5 70
Néu toa d6 cuia vecto a 1an luot d6i voi co sd chinh tic va co so ()
Xl YI
laX=|x,|vaY=]y,|,thitaco:
X3 Y;
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Vay ddi véi co s6 (), ['(a) = 9y,” + 14y,”

Vi du 2. Tim phep bién doi truc giao dua dang toan phuong sau trén
Ra vé dang chinh tac.

I(a)=x2-8x%,— 16 x,X; + 7Xy> — 8X,X; + X5°, & = (X, X, X3)

Gidi. Dang toan phuong I' ¢ ma tran doi véi co s chinh tac la:

1 -4 -8
A=|-4 7 -4
-8 -4 1
Da thure dac trung:
1-k -4 -8
JA-kI|=| -4 7-k -4 |=-k*+9k*+8lk-729=(k-9)*(k+9).
-8 -4 1-k

Céc nghiém cua da thirc dac trung la: k; =-9, k, =k; =9
- Véi k; =-9, gidi hé phuong trinh

10x, - 4x, - 8x;=0
{—4x, +16x, - 4x,=0
-8x, - 4x,+10x,=0
(5%, ~2x, — 4%, =0
hay {1 X, 4%, +%,=0

4x, +2x, -5x, =0

ta dugc nghi¢m c6 dang (2c, c, 2c¢).
Chon [§ 1 =(2, 1, 2) ta dugc nghiém riéng tng voi k; = - 9.
- Vo1 k, =k; =9, hé phuong trinh tuong tng la:
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~-8x, —4x, -8x,=0
—4x, -2x, -4x, =0 hay 2x,+x,+2x;=0.
-8x, —4x, -8x,=0

Nghiém cua h¢ phuong trinh nay c6 dang: (d, - 2d - 2e, ¢).
Vi hang cua h¢ phuong trinh bang 1 nén khong gian cac nghiém co
chiéu bang 2. Chon mdt co s¢ cua khong gian nay:
BZ: (1, - 2’ 0)9

B3: (0) - 2, 1)

Do 1a hai vecto riéng ting voi k, = k; =9. Theo dinh 1y 2, ta c6 B, vé
B 3 truc giao vo1 &4. Vi thé, mudn dugc mot co s¢ truc chuan ctua R’ gan
cac vecto riéng chi can truc chuan hod hé vecto {B,, B3}.

< g o_[ 1 2 AE I -
Da (-0 tacs e, < 1
Chon: A, =t£, + B, sao cho A, =0.

Muén vay phai cé: 0 = 52713= t&22 + Ez B,=t +[—~)(_2)=t+i

J5
Suy ra

-

__ 4
V5

Nhu vay: X3 = [—%,—%,1).

i _ k(4 2 B
bav g“uxiu‘( 395 3\/5’36)

H¢ vecto (§) = {El, Ez Em} 1a mot co s chuédn cia R’.

Vi
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CE _ 4 _
i“_( 35

2 5
3\/5’3\/5—J

ta c6 ma tran chuyén tir co s& chinh tic thanh co so (€) la:

WD W+ W[

4

35
2

NG
5

35

Pay chinh 12 ma tran cta phép bién ddi tuyén tinh tryc giao dé dua
dang toan phuong da cho vé dang chinh tac.

Déi v6i co s¢ (), v6i o = {y1 &1 +y,E, + y3&3} tacod T(a) =

+9y3+9y;.

-9y,

Vi¢e tim phep bién d6i truc giao dua dang toan phuong vé dang
chinh tic nhu da lam trong cac Vi du trén s& dugc str dung nhleu khi dua
phuong trinh cia dudong bac hai, mat bac hai vé dang chinh tac.
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TOM TAT

§1. DANG TUYEN TiNH, DANG SONG TUYEN TINH

1.1. Pinh nghia
Cho V la khong gian vecto
1) Anh xa f:V — R duoc goi la mot dang tuyén tinh trén V néu
f(@+B)=F(@)+f(B)va,peV;
f(k@)=kf(d),Vde V,VEkeR.

2) Anh xa ¢ : V xV — R duoc goi la mot dang song tuyén tinh trén V
néu

) @

un @

véimoi a, a;, o, E ﬁl, E thuoc V va moi k € R.

3) Dang song tuyén tinh ¢ dwoc goi la doi xirmg néu o(a,B) =
o(fa) Va,p €V.Dang song tuyén tinh ¢ duwoc goi la thay phién néu
o(a,B)=-p(B,a) Va, p V.

Pinh Iy 1. Gid sir V la khéng gian vecto n chiéu véi co s6 la {,..,
52,..., En}. Anh xa f:V —Rlamot dang tuyén tinh trén V khi va chi khi

i
i=1

ton tai n s6 thuc cy,..., ¢, sao cho f(E) = Za.ci, VoI moi g = Zaigi eV
i=1
Khi do'f(;:i) =c, voimoi i = 1,..., n, va f la dang tuyén tinh duy nhat
trén V thoa man diéu kién nay.
Pinh 1y 2. Gid sir V la khéng gian vecto n chiéu véi co s6 la {¢ ...,
€ 2seees Enf- Anh xqa ¢: V xV — R la mot dang song tuyén tinh trén V khi
va chi khi ton tai n’ s6 thuc {d;|i,j =1, 2,..., n} sao cho
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¢(c?, ﬂ)=zn:i:xlyjdy, vdi moi a= le i Zyls e V. Khi do
(o(é",,.s"‘j) =d;, vdi moi i, j=1,.., nva ¢ la dang song tuyén tinh duy nhit
trén V théa man diéu kién nay.

1.2. Ma tran cia dang song tuyén tinh

Dinh nghia Cho {51, . 52, . } la mot co so cua khong gian
vecto n chiéu V trén tru’o’ng SO thuc R ¢ la mot dang song tuyén tinh

trén V, ky hiéu ¢(&;, € j)—a,-j eR,Vi,j=1,2,.
Ma tran vuong cap n sau duoc goi la ma trdn cia dang song tuyén

tznhgodozvmcqsc{sl, 82, . n} da cho.

@ @y . @,

Nhdn xét. Gia st V 1a khong gian vecto v6i co 8G {€1,...,€2,...,En} VA
A = (aj)), 1a ma tran cua dang song tuyén tinh ¢ trén V. Khi d6 vo1 moi

a=Yxg, Zylelthaco 0@ B)= Y axx,

i=1 i=1 j=1

Nhu vay, néu biét ma tran cua dang song tuyén tinh ¢ ddi voi mot co
s& ndo do, thi ta c6 thé xac dinh anh @(a, B)cuacip (a, ) tuy y; nghia
la mot dang song tuyén tinh dugc hoan toan xac dinh bo1 ma tran ctia nod
do1 voi mot co so da cho.

1.3. Lién hé giira hai ma trin ciia cing mét dang song tuyén tinh
doi véi hai co s¢ khac nhau

Dinh Iy. Cho (€) = {&1,.., E2,r €0}, (§) = {E1, Epenry Em} 1 hai cO
s cia cung mot khéng gian vecto n chiéu V trén R, A = (a;), va B =
(by)n lan lwu la cde ma trdn ciia ciing mot dang song tuyén tinh do trén V

doi vdi cdc co sd twong img () va (&), T = (ti)n la ma trdn chuyén tir (€)
sang (&). Khi d6 B ="TAT.
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§2. DANG TOAN PHUONG

2.1. Dang toan phwong

Pinh nghia. Anh xa T : V— R (R la truong s6 thire) dwgc goi la mot
dang toan phu"ong trén V néu ton tai mot dang song tuyén tinh f trén V

sao cho T(a) - Aa,a) véi moi o € V. Khi dé f dwoc goi la dang song
tuyen tinh sinh ra dang toan phuong T'.

Tén tai trong tng 1-1 gifta cac dang toan phuong trén V va cac dang
song tuyén tinh do1 xtg trén V; nghia la néu r 1a mot dang toan phuong
trén V thi ton tai mot va chi mdt dang song tuyén tinh doi xing ¢ sinh ra
.

Dang song tuyén tinh d6i xtmg ¢ sinh ra dang toan phuong I' dugc
goi la dang cuc cuaT.

Gia st V 1a khong gian vecto n chiéu véi co s6 1a {51, Y €y, »n}
Anhxal :V xV — R 1amot dang toan phuong trén V khi va chi khi '

(oc)—z Zx U,V01m01(x—2xal,eV trong do a; (i, j : 1, 2,..
i=l  j=1

i=1
n) la day cac sb thuc xac dinh.

2.2. Ma tran cua dang toan phwong

Dinh nghia. Cho T la dang toan phuong twong vng voi dang song
tuyén tinh doi ximg ¢. Ma trdn cia ¢ doi véi co sé {,..., €2, €n}
cing duoc goi la ma tran cua dang toan phwong T doi véi co o ay

Neu A= (ay)n la ma trén cia dang toan phwong T déi véi cé sO
{s leees €29eres Enl, thi A €6 tinh chdt a; = ¢(ei, &) =0(gj, €i) = a;

Ma trin c6 tinh chat nay duoc goi la mot ma tran doi xung.

Véi o = Zx &, biéu thuc T (a) = Z Zx a; duoc goi la biéu

i=1

thirc toa do cua I

2.3. Dang toan phuwong xac dinh

Pinh nghia. Dang toan phuwong I trén khong gian vecto V duoc goi
la xdc dinh néu I1o.) = 0 kéo theo a = 0.
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Pinh Iy. Néu I"la mét dang toan phwong xdc dinh thi I'(a.) ¢6 cing
mot dau véi moi o, € V.

Dang toan phuong I trén khong gian vecto V doc goi la xac dinh
dwong (am) néu I (o) > 0 (I"(a) < 0) véi moi a # 0 thujc V. Néu I'la
mot dang toan phuwong xac dinh duwong (dm) trén khong gian vecto V va
W la mot khong gian con cua V thi thu hep cua I'trén W (ky hiéu la [y)
cing la mot dang toan phwong xac dinh dwong (am) trén W.

§3. PUA DANG TOAN PHUONG VE DANG CHINH TAC

3.1. Pinh nghia. Gia su I"la mot dang toan phwong trén khong gian
vecto V. Néu doi véi co sé &) = {%1, %2 %n} cia V biéu thirc toa dé
cua I'la

r(a‘):ikixﬁ, (d:ixifiJ (1)

i=1
thi biéu thirc nay dwoc goi la dang chinh tic cia dang toan phwong I

Trong trieong hop nay ma trn cia dang toan phwong I"doi véi co s¢
(&) la mot ma trdn chéo (a; = a; = 0voii #j).
Viéc doi co SO dé mot dang toan phwong da cho g‘éi VOi €O’ SO moi ¢6
dang chinh tac dwoc goi la dwa dang toan phwong vé dang chinh tac.
’ 3.2. DPinh ly. Moi dang toan phuong déu dwa dwoc vé dang chinh
tac.
Heé qua. Gid sit I"la mét dang toan phwong c6 dang chinh tic I' (o)

= Zk,.xf . Thé thi I'la dang toan phuwong xdc dinh dwong khi va chi khi
i=1
ki> 0, voimoii=1,.. n.

C6 nhiéu phuong phap khac nhau dé dua mot dang toan phuong vé
dang chinh tac: phuong phép chéo hoa ma tran, phuong phdp Jacobi,
phuong phap LagTange.

3.3. Dung phin mém Maple dé dwa dang toan phwong vé dang
chinh tac
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Ta c6 thé sir dung phuong phap LagTange voi sy hd tro cua phan
mém toan Maple dé dua biéu thirc toa d6 cua dang toan phuong vé dang
chinh tic. Quy trinh cu thé nhu sau:

Trudc tién ta phai sir dung hai 1énh tao moi1 truong tinh toan la:
>restart;
>with(student);

[D,Diff, Int, Limit, Lineint, Product, Sum, Tripleint, Changevar,
Completesquare, Distance, Equate, Integrand, Intercept, Intparts, leftbox,
leftsum, makeproc, middlebox, middlesum, midpoint, powsubs, rightbox,
rightsum, showtangent, simpon, slope, summand, trapezoid]

Trong qua trinh bién d6i can chd y phan biét trudng hop a;; # 0 véi a;
=0.

3.4. Pinh ly quan tinh

Dinh ly 1. (1uat quan tinh) Trong hai dang chinh tdc baz‘ ky cua cung
mét dang toan phwong sé cdc hé sé dwong bang nhau, sé cdc hé so tim
bang nhau.

Doi voi ma trgn vuong

G, Gy ay,
A= Qg Oy Qs
anl a’n2 ann
moi dinh thurc
a;, Gy ay,
a Qa.,. Qa.
21 Gy 2
Dk = ’ k = 1) 2) H n
Ay Gy Qe

dwoc goi la mot dinh thue con chinh cua ma tran A.

Pinh ly 2. Gia sir A la ma trdn cua dang toan phuwong I trén khong
gian vecto n chiéu V. Khi do 1 la dang toan phuwong xdc dinh duwong néu
va chi nén moi dinh thurc con chinh cua A déu duong.

284



§4. KHONG GIAN VECTO OCLIT

4.1. Pinh nghia

1) Dang song tuyén tinh doi xitng ¢ trén khéng gian vecto V dwoc goi
la mét tich v6 hwdng trén V néu ¥V o =0 thuéc Vita cé ¢ (a,a) > 0.

Véi o, BV sé thue o(a, B) duoe goi la tich vé huéng cia o va p ki
hiéu boi 0. B Néu a = 6, thay cho 0.0 ta viét o’.

2) Khéng gian vecto V dwoc goi la mét khéng gian vecto Oclit néu
trén V co mot tich vo hudng.

4.2. Co sé true chuin

Pinh nghia. Gia su E la mot khong gian vecto Oclit.

1) Hai vecto o, B cua E dwoc goi la truc giao néu &B = 0; ki hiéu
alp.

2) Véi méi o € E, ta goi \(x)* ld chudn cia vecto o, ki hiéu |a|.
Néu ||a|| = I thi ta néi a la vecto dinh chudn.

3) Co so (g) = {E Lyeres E2mns En} cua khong gian vecto Oclit E duoc
goi la mot co so truc chudn néu Ei, Ej = 0, (Trong do d; la ky hiéu
Kronecker thoa man 6; = 1 khii = j, 6; = 0 khi i # ).

Dinh ly 1. Gid su E la mot khong gian vecto Oclit. Khi do:
1) Véi o € E, ||a|| =0 khi va chi khi a =0.

2) Véimoi o € E,moik eRtacé|kal|| =K .| ol

3) Véimoi a, B € Etacé|a|<||al|l.||B|l (bt ding thic Cauchy-
Bunhiakovsky).

4) Véimoi a, B € Etacé|lo + Bl <|al| +|B|| (bt ding thirc tam
gidc).

Pinh Iy 2. Moi hé gom nhitng vecto khdc khéng, doi mét truc giao
cua mot khong gian uecto Oclit déu doc lap tuyén tinh.

Pinh 1y 3. Moi khéng gian vecto Oclit n chiéu déu cé co sé truc
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chudn.
Dinh ly 4. Néu (e) = {5 Lyeees € 2pens En} la mét co sé truc chudn cia
khéng gian Oclit n chiéu E, thi véi ¥ o € E ta ¢ :

o= (& . :5:1)(_5:1 + (& . (_5:2):‘3:2 +..+ (agn)(;n

4.3. Khong gian con bu truc giao

Pinh nghia. Khong gian con H = (B €E | B L a, taVae F} duoc
goi la khong gian con bu truc giao v&1 khong gian con F.

Pinh Iy 1. Néu H la khéng gian con bii truec giao véi khéng gian con
F ciia khong gian vecto Oclit n chiéu E thi FAH= {0} va E=F + H.

4.4. Hinh chiéu ciia mét vecto 1én khong gian con

Pinh nghia. Gid si E la khéong gian Oclit n chiéu, F la khéng gian
con tuy ¥ cua B, khi d6 V o € E ta luén cé biéu dién duy nhdt o = B+
v,vdi, B € F, v € H, trong dé H la khéng gian con o truc giao cia F.
Ta sé goi vecto B la hinh chiéu truc giao cua a lén F va ky hiéu la hchg
o, con vecto ? =q - [§ = a - hchpa dioc goi la thanh phcfn cia o truc
giao voi F.

4.5. Phép bién ddi true giao - Ma tran truc giao

Pinh nghia. Gid st E la mét khéng gian vecto Oclit n chiéu. Ti
dong cau f. E € E dwoc goi la mot phép bién déi truc giao néu f(a).
f(a,p )= . véi moi o, € E.

Pinh Iy 1. Gid st E la mot khéng gian vecto oclit n chiéu. T dong
cau f- E — E la phép bién doi tryec giao khi va chi khi no bién méi co s
truc chuan thanh co so truc chuan.

Pinh ly 2. Gia su E la mot khong gian vecto oclit, A la ma trdan cua
Tir dong cau f- E — E doi véi mét co s6 triee chudn (€) = {...., €2,...,
ent. Tir dong cdu f'la truc giao khi va chi khi 'AA = I (1 la ma trdn don
vi).

) Pinh nghia. Ma trgn vuong A dwoc goi la mot ma tran truc giao
néu
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‘AA =1 (1 la ma trdn don vi)

H¢ qua. f la mot phép bié{z doi triee giao khi va chi khi ma trdn cia
no doi voi mot co s6 truc chudn la mot ma trdn tryc giao.

4.6. Phép bién doi doi xing

Pinh nghia. Gid st E la mét khéng gian vecto oclit n chiéu. Tw dong
ciu f- E — E dwoc goi la phép doi ximg néu a f(B) = fla).p,
Va,pekL.

Pinh ly 1. Gia su E la mot khong gian vecto oclit n chiéu. Ty dong

cau fcua E la phép doi xirng néu va chi néu ma trén cia f doi véi mét co
G truc chudn la mét ma trén doi xung.

4.7. Ung dung

Pinh Iy 1. Néu A la mét ma trdn déi ximg véi cac thanh phan la
nhitng so6 thwc thi moi nghiém cua da thuc dac trung | A — kI | déu la so
thue.

Pinh 1y 2. Néu f la mét phép déi xing ciia khéng gian vecto oclit n
chiéu E thi hai khong gian con riéng wng voi hai gia tri riéng phan biét
cua f phai tryc giao voi nhau.

Pinh 1y 3. Néu f la mét phép doi xung cua khong gian vecto oclit n
chiéu E, thi E ¢ mét co s6 true chudn gom nhitng vecto riéng cia f.

Pinh 1y 4. M6i dang toan phwong trén khéng gian vecto oclit E"
chiéu dwa dwoc vé dang chinh tac nho mot ma tran truc giao.

Tim ma tran truc giao dua dang toan phuong vé dang chinh tic:

Giad sir A 1a ma trdn cua dang toan phuong doi véi co sé chinh tac
cua R”. Ta thuc hién cac budc sau:

1) Tim cac gia tri riéng 1a nghiém cua da thirc dac trung | A — k7 | .
2) Tim céc vecto riéng tao thanh mot co so truc chuan cia R”.

3) Tim ma trdn chuyén T tr co s¢ chinh tac sang co s& truc chuan
vira tim duoc.
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BAI TAP

§1. DANG SONG TUYEN TiNH

1. Viét ma tran ctia dang song tuyén tinh trén R3, & day
G =(%,.%,,%,), B = B(y), Y2 ¥s)
a) 9(d B) = 2%y, - 3%¥5 + 4%:1 — Xy
b) (&, B) = 4%,¥, — 5 X,Ys + 8X,¥, — 6Xo¥5 + Xs¥s

2. Tim ma tran ctia dang song tuyén tinh ddi xtng trén R3:

a) ¢(q, B) =3 X1y, + 4 X2 — 3 Xo¥s + 6 Xo¥3 — X¥3
b) 0 (d, B) = 2 X5 — 6 Xy¥s + Xo¥s — Xo¥s + 5 Xy,

3. Cho ma tran cta dang song tuyén tinh ¢ trén R’ c¢6 ma tran déi véi
co s¢ chinh tac 1a
4 2 0
-1 0 5

2 -2 -3

Tim ma trin cta ¢ ddi v6i co so & gém cac vecto:
£,=(0,2.1), €,=(1,1,0), £,=(-1,3,0).

4. Cho dang song tuyén tinh ¢ trén R® ¢6 ma tran d6i voi co so () 1a

2 -1 1
A=l0 3 5
1 0 -2

Ma tran chuyén tir co s6 () sang co so (&) cua R" 1a

1 0
T=|2 1
0 2

Tim ma trin caa ¢ ddi v6i co sé (€).

— O
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§2. DANG TOAN PHUONG

5. Tim ma trdn cta dang toan phuong trén R3 c6 biéu thic toa do
sau:

a) T'(a)= X12 + )'122 — 3%,Xy;
b) I'(a) = 2x,° + 3%,° — x,° + 4x,X, — 6X,X; + 10X,Xs;
¢) T(a) = 2x,% + 4%,° + 9%, + 4X,X, — 6X,X; — X,Xs.

6. (;ho cac dang toan phuong sau day dugc viét dudi dang ma tran.
Hay viét chung dudi trang thong thuong:

3 0 -1
a)(X, X2 X)) | 0 -2 1
-1 1 2 X,

4 1 0 X
b)(x, X, x3) |1 3 -1 X, |
0 -1 -1 b'e

7. Viét cac dang toan phuong sau day duéi dang ma tran:
a) T'(a)=3x"~x"+ 4x,X;, & = (x,, Xp);
b) I'(a) = x,.2+ 2x,% — 6X,X, — 2X,X;3 + XoX;.

8. Tim biéu thirc toa do ciia mdi dang toan phuong dudi ddy sau khi
thirc hién Phép bién doi toa do tuong tng
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a) F((I) = 5X12_ 3)(22 + 6X1x27 (_i. = (xly X2, XS)

{ X, ==Y, +2¥,

X, ==Y,

b) T'(d) = x,° — 2%," + %;% - 4%,X, — 2%,X3, & = (X;, Xy, X5)
X, =Yy, +2y,
L=y,
X35Y."Ys

C) r(d) = 2X12 - 3X22 - 6XIX2 + 2X1X3 - 4X2X3, (-i - (Xl, X2, X3)

y
’(1—3'1"‘23'2_53
1X2 =¥,
X3=Y3 Y,

d) I'(a)= X12 - Xa2 + 2X,X, — 4X,X3 + 6X,X;3, 0= (X;, X, Xp)

¥, =X, +X, - 2x
Yo =Xy

Y3 =X; — X4

3

§3. PUA DANG TOAN PHUONG VE DANG CHINH TAC
9. Pua cac dang toan phuong sau vé dang chinh tic, véi

a = (X, X, X;) € R%

a) I'(a)=x,%+ 2x,° + 2X,X, + 4X,Xg;
b) T(a) = x,2 + 4%, + X2 — 4x,X, + 2X,X,;

¢) T(a)=x2+x%,"+ X" — 2X;%, + 2X,X; + 2%,Xg;
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d) r(d) - 2X12 + X22 - 3X22 - 4X1X2 - 4X2X3
e) T'(a)=2x"+ x>+ 3x,° — 4\/5x2x3;
f) T(a) = 2x," + X3° — 6X,X, + 2X;X; — 4X,X,.

10. Véi cac ky hiéu trude dinh 1y 6.7, ching minh ring mot dang
toan phuong xac dinh am khi va chi khi (-1)*D, >0,k =1, 2,..., n.

§4. KHONG GIAN VECTO OCLIT _
11. Trong khong gian vecto Oclit ta dit: cos (&, B) = &, va goi do
1a co sin cta goc gitra hai vecto @ va B. ol "B“
Hay tinh chuan va co sin cia goc giita hai vecto sau trong R*:
a) & =(1,2,3), B=(0,2, 1);
b) @ =(1,0,0), B =(, 1,-1).
12. Trong khong gian vecto oclit R? cho co s¢ gdm:

£ 1= (1’ 2, 3), §2: (09 2’ O)’ E3 = (0) O’ 3)- TI'IIC ChIléll'l hoa hé vecto da
cho.

13. Trong khong gian vecto ocht R4, hiy tryc chuan hoa hé vecto
gom céc vecto sau:

£,-(1,0,1,2), €,=(-1,0,-1,0), §,=(0, 1, 1, 1)

14. Trong khong gian vecto oclit E v6i co s6 truc chudn {€ 4, €3, € 3.
Hay tinh &@.B, [|&, [B],cos(a, B)

a) 0 =38~ 28,, B = E,+48,,

b) & =&,+83E,— €5, P=—8,+2E,+ &,
C) (_i =4*2+€3,B:_5§1+ 53
d) & = 28,— .+ £, P =28, + 38,

—

mi

15. Tim ma trdn truc giao dua cic dang toan phuong trén R’ sau day
vé dang chinh tac, a = (x, X,, X;) € R
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a) T'(a) = 5x.2 + 9%, + 9x,” — 12%,X,— 6%,Xg;
b) T'(@)= 4%+ X2 + 9x,% — 4%,X,— 6X,%X; + 12%,%;;
¢) T(6) = 5x,% + X% = X3° + 2, X, — 4%X,X; — 2X,X;

d) T(a) = 3x,% + 8%,% + 3%;% + 2%,X, + 4%X,X, — 4X,X,.
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VAINET LICH SU

Cac dang toan phuong bat dau dugc nghién ctru khoang tir nim 300
dén nam 200 trudc cong nguyén boi cac nha toan hoc Hy lap Euclid,
Archimedes va Apollonios. Euclid ndi tiéng v&i bo sach "Co s6" gom 13
tap trinh bay mot cach hé théng toan bo kién thic toan hoc liic bay gio.
Archimedes dugc nhiéu ngudi danh gia 1a nha toan hoc vi dai nhat trong
lich str boi cac phat minh khoa hoc ctia minh. Apollonios néi tiéng vi bo
sach "Céac nhat cat hinh non" gom 8 tap v6i khoang 400 dinh 1y. ong la
nguoi dua ra cac khai ni¢ém truc giao, cong thire chinh tic va ching minh
dugc sy ton tai cac dang chinh tac truc chinh trong truong hop hai chiéu.
Chinh Apollonios 1a ngudi dua ra t€n goi cac mat bac hai nhu dip,
hyperbol va parabol. Viéc phan loai cac dang toan phuong trong khong
gian 3 chiéu dugc hoan thanh nim 1748 béi nha toan hoc Thuy Si Euler.
Dang chinh tic ctia cic dang toan phuwong nhiéu chiéu duoc Lagrange
ching minh nam 1759. Luat quan tinh dugc Sylvester va Jacobi phat
hién phat hién vao khoang nim 1850. Gauss la ngudi dau tién st dung
ma tran dé nghién ctru cac dang toan phuong.

Khong gian Euclid (oclit) ban dau duoc hiéu nhu 1a khong gian thuc
3 chiéu véi hé tién dé Euchd. Nha toan hoc ngudi Ba lan, Banach (1892-
1945), 1a nguoi dau tién mo rong sy nghién ciru sang khong gian nhiéu
chiéu va ong duoc coi 1a 6 ong t6 cua cac khong gian dinh chuan. Ma tran
truc giao dugc dinh nghia dau tién boi Frobemus. Weierstrass 1a nguoi
dua ra chung minh chinh xac "moi ma tran ddi xung thyuc 1a chéo hoa
duoc" vao nam 1858.
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Chuwong VIl
QUY HOACH TUYEN ANH

MO DAU

Tu tudng t6i wu hoa da c6 tir thoi xa xua, ngay tir khi con nguoi phai
suy nghi dé tim cach hanh dong sao cho c6 loi nhit cho minh theo nhimng
muc dich xac dinh. Nhitng yéu cau cap bach cta sy phat trién nén kinh té
va qubc phong lai cang 1am nay sinh nhitng ¥ tudng twong tu. Do d6 da
xuat hién mot bai toan can phai giai quyét, d6 1a bai toan tim quyét dinh
t6i wru.

Pé giai quyét mot cach cd hiéu qua bai toan Ay, trudc hét can phai
x@y dyng mot mo hinh toan hoc cho no, trén do thé hién dugc ban chat
ctia mdi ddi twong di dugc khao sat va su lién quan can phai ton trong
giita chiing; ngoai ra, duong nhién can phai chi rd muc tiéu mong muén
dat duoc

Bai toan tim quyét dinh t6i vu v6i mo hinh toan hoc di dugc xay
dung duoc goi 14 bai todn quy hoach todn hoc hay bai todn t6i wu hod.
Sy lién quan giita cac ddi twong di duoc khao sat trong qua trinh xdy
dung mé hinh toan hoc thuong duogc thé hién dudi dang mot hé phuong
trinh va bat phuong trinh, coi d6 nhu 13 nhitng diéu kién (hay rang budc)
khong the b6 qua. Néu tat ca cac ham cé mit trong bai toan ay la cac
ham tuyén tinh thi ta c6 bai todn quy hoach tuyén tinh. Quy hoach tuyén
tinh 1a mot b phan co ban va cé nhiéu tmg dung thuc tién trong linh vuc
t6i wu hoa.

Trong chuong nay ta chi xét cac bai toan quy hoach tuyén tinh véi
cac phuong phap va thuat toan giai ching, dugc xem nhu mdt ing dung
ctia Pai s6 tuyén tinh.
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§1. BAI TOAN QUY HOACH TUYEN TiNH

1.1. Mot vai bai toan thyec té
1) Bii todn ldp ké hoach sin xuit

Mdt co s& san xuat dy dinh san xuét hai loai san phém A va B. Cac
san pham nay dugc ché tao tir ba loai nguyén liéu L, IT va IIL Sb luong
don vi dy trit cua tung loai nguyén li¢u va sd luong don vi tung loai
nguyén liéu can dung dé san xuat ra mot don vi san pham mdi loai duoc
cho trong bang dudi day:

Loai nguyén | Nguyén liéu | sb lugng don vi nguyén liéu can dung
ligu du triv cho viéc san xuit mot don vi san pham

A B

I 18 2 3

II 30 5 4

111 25 1 6

Hay l1ap ké hoach san xuat, tirc 1a tinh xem cin san xuat bao nhiéu
don vi san pham mdi loai dé tién 14i thu duoc 13 16n nhét biét rang, ban
mot don vi san phidm A thu 13i 3 trim nghin ddng, ban mot don vi san
pham B thu 13i 2 trim nghin dong. Ta hay x@y dyng mo6 hinh toan hoc
cho bai toan trén. Goi x va y theo thr ty 1a s6 lugng don vi san pham A
va B can san xuat theo ké hoach. Khi d6 tién 13i thu dugc s& 1a

z=3x +2y.

Do nguyén liéu du trit c6 han nén x va y phai chiu nhitng rang budc
nao do, cu thé la:

2x + 3y < 18 (Rang budc vé nguyén liéu I)
5x + 4y < 30 (Rang budc vé nguyén liéu II)
X + 6y < 25 (Rang budc vé nguyén licu III).

Ngoai ra con cac rang budc rat ty nhién nira 1a x > 0, y > 0 vi s6 don

vi san pham khong thé am.
Bang ngdn ngit toan hoc, bai toan trén co thé phat biéu nhu sau: Tim
X va y sao cho tai d6 bi€u thirc z = 3x + 2y dat gid tri 16n nhat véi cac
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rang budc:

(2x + 3y <18
5x + 4y <30
X + 6y £25

. x20,y>20
Bai toan 1ap ké hoach san xuét tong quat c6 thé phat biéu dudi dang:

f(x)=3e.x,
i=1

Hay tim vecto x = (xy, X, ..., X,) Sao Cho tai d6 ham f dat gia tri lon
nhat vdi cac rang budc:

2) Bai todn vdn tdi.

C6 mot loai hang can duoc van chuyén tir hai kho (tram phét) Py va
P, t6i ba noi tiéu thu (tram thu) Ty, T, va Ts. Bang dudi day cho biét s6
luong hang can van chuyén di & mdi kho va s6 luong hang can nhan &
mdi noi tiéu thuy, va cude phi van chuyén mot don vi hang tur mdi kho tdi
noi tiéu thyu tuong ng:

Tram Phat Tram thu Luong Phat
T1 T2 T3
P1 5 2 3 30
P2 2 1 1 75
Luong thu 35 25 45

Hay lap ké hoach van chuyén thod man moi yéu cau thu phat sao cho
chi phi van chuyén 1a nho nhat.

Néu ki hi¢u x; (i= 1,2 vai=1, 2, 3) 1a lugng hang can van chuyén
tir kho P; to1 noi ti€u thy T; thi m6 hinh toan hoc cua bai toan van tai noi
trén s¢ la:
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Tim cac sb xj(i=1,2vaj=1,2,3)sao cho tai d6 biéu thirc
5x11 + 22X + 8Xy3 + 2Xp; + Xon + X3

dat gié tri nho nhat vi cac rang budc:

(X + X3 + Xg3 =30
Xo; * Xoo * Xo3 =75

Xn T Xy =35

§ Xy + Xgo =25
X3 + X535 =45

\x; 2 0,1=1,2vaj=1,2,3.

bé téng quat hod bai toan van tai, ta goi m la sb tram phat; n 1a sb
tram thu; a; la lwong phat tur tram phat tha 1 (1 =1, 2,..., m); b; 1a lugng
thu cua tram thu th®t1 G=1, 2, ..., n) ; ¢ 1a cude ph1 van chuyen mot
don vi hang tir tram phat thu: 1 tO’l tram thu tha j; x; la luong hang can
van chuyén theo ké hoach tir tram phét thi i dén tram thu tha j (i = 1,
2,..,m;j=1,2,.., n).

Bai toan van tai tong quat duoc phat biéu nhu sau:

Hay tim cac s6 xu i=1,2,.,m;j=1,2,.,n), toc la tim ma trdn x =
(xij) kiéu (m,n) sao cho tai d6 ham

1.2. Bai toan quy hoach tuyén tinh

1) Dang téng quidt ciia bai todn quy hoach tuyén tinh
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Tir cac bai toan da néu cung rt nhidu cac bai toan thuc té khac ta c6
thé thay bai toan quy hoach tuyén tinh tong quat cd dang nhu sau:

~Yex K

’Héy tim vecto X = (X1, X2, ..., Xy). Sao cho tai d6 ham dat gia tri nho
nhat (hodc 16n nhan véi cac rang budc:
trong doé: I[IcM = {1,2,., m}
Jc N =1{1,2,..n}
I' = M\ L
Y a,zb, iel (2)
i=1
Ya,=b, iel (3)
j=1
x,20,jed 4)

Trong bai toan trén, ham f(x) duoc goi la ham muc tiéu; cac rang
budc (2) va (3) dugc goi la cac rang buoc cuong burc; rang budc (4) dugc
goi 1a rang buodc ty nhién, nd cling thudc loai rang budc (2) nhung vi
mubn nhan manh nén ta vin tach riéng.

Mdi vecto X = (X1, Xa, ..., X,) thod min tat ca cac rang budc dugc goi
1a mot phuwong an. Phuong 4n ma tai d6 ham muc ti€u dat gia tri nho nhat
(hodc 16n nhat) duoc goi 1a phirong dn t6i uu; gia tri dy dugc goi 1a gid
tri i wu cia ham muyc tiéu trén tap cac phuong an.

Dbi voi bai toan quy hoach tuyén tinh doi hoi gia tri ham muc tiéu
dat gia tri nho nht (hodc 10n nhit) ta ndi d6 14 bai todn cuc tiéu hod hay
bai toan dang min (hodc bai toan cac dai hoa hay bai toan dang max).
Phuong an x dugc goi 1a tét hon phuong an y néu: f(x) < f(y) d6i voi bai
toan dang min (f(x) > f(y) ddi véi bai toan dang max).

Gidi bai todn quy hoach tuyén tinh duge hiéu 1a im dugc du chi mot
phuong an t6i wu; hodc 1a ching t6 trén tap phwong an ham muc tiéu
khéng bi chan, tc 1a ham muc tiéu c6 thé nhan gia tr nho tuy y (hoic
16n tuy y) d6i voi bai toan dang min (hodc max) trén tap phuong an; hodac
1a chung t6 tap phuong 4n 1a rdng (nguoi ta dd ching minh dugc rang,
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dbi v6i bai toan quy hoach tuyén tinh x4y ra mot va chi mot trong ba kha
nang trén).

Ta c6 thé thay rang
f(x) = max f(x) = -f(x)= mixn[—f(x)]

Chinh vi vy, vé mit 1i thuyét, dudi day ta chi dé cip toi cac bai toan
quy hoach tuyén tinh dang min, dugc viét dudi dang gon hon:

f(x)= Y cx, — min

j=1

Zaux]_ oo 1el

) Zau ;=b, 1el
kszO, jed

bé viéc trinh bay dugc ngan gon, ta dua ra cac ki hi¢u va quy uodc
sau day:

a) Néu A 12 ma tran kiéu (m, n) thi A; = (aj, ap, ..., aiy) 12 vecto dong
(ma tran dong) thir i cua A; Aj : (ayj , @, ..., amj) 1a vecto cot (ma tran
coOt) thur j cua A.

b) Néu A = (a;) va B = (b)) 14 hai ma tran cting kiéu thi bt dang thirc
ma tran A > B dugc hiéu la a;; > b;; v61 moi 1, .

bdac biét, voi vecto (ma tran) x = (X4, Xa, ..., X,) thi x > 0 duoc hiéu 1a
Xj = 0 vO1 moi j.

¢) Mdi vecto dugc xem nhu ma tran cot trong cac phép tinh ma tran
(néu khong noi gi thém hodc khong c6 quy ude gi khac).

Néu c =(cy, ¢y, ..., Cy) VA X = (X4, Xy, ..., X,) 12 hai vecto nao do thi
biéu thirc (cung ki hiéu tuong tmg)

n
(c, x)= chxj
i=1

duoc goi 1a tich vo hudng cia hai vecto ¢ va x.
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Néu xem ¢ va x 1 hai ma trin cot thi
n
L —
cX = Z CX;
=1

1a ma tran cap 1, trong d6 ‘c 1a ma tran chuyén vi cta ¢ (con co thé ki
hiéu 1a ¢' hay ¢'). Dé cho gon, sau day ta s& quy udc:

n
cX = chxj ={c, X).
j=1

Nhu vay, vot cac ki hiéu va quy udce néu trén, bai toan quy hoach
tuyén tinh tong quat dugc viét dudi dang gon hon nhu sau:

f(x) = 'ex > min (1)
Ax>b,,iel (@)
{Aix=bi ,iel 3)
x20,jed (4)

trong d6 A = (a;j) 1a ma trdn kiéu (m, n).

2) Dang chinh tic va dang chuan tic cia bai toan quy hoach tuyén
tinh.

Xét bai toan (1) - (4).

a) Néu I =@ va J =N thi ta c6 bai toan quy hoach tuyén tinh dang
chinh tac, n6 co6 dang:

f(x) = 'cx - min
Ax=b
{ x>0,
trong do b = (by, by, .., by); A duogc goi la ma trdn rang buoc.

b) NéuI'= @ va J = N thi ta c6 bai toan quy hoach tuyén tinh dang
chuan tac, n6 c6 dang:
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f(x) ='ex - min
Ax>b
{ x> 0.
D@ thay rang, bang cac phép bién doi thich hop ta co thé dua bai toan

quy hoach tuyén tinh bat ki vé dang chinh tic hodc 1a dang chuén tic, cu
thé 1a:

- Méi phuong trinh Ax = b; dugc thay bdi hé hai bat phuong trinh
Ax>b,va-Ax >-b.

- Mdi bat phuong trinh Alx > b, duoc thay boi hé
AX-X,+1=b;vax,+;=>0

trong d6 4n mdi x,, ; ; duge goi 12 an bu (hay bién bu)

- Mdi bit phuong trinh Ax < b; duoc thay boi hé
AX-X,+1=b;vax,+;<0

trong d6 an moi x,, ; ; duge goi 13 an bu (hay bién bu).

- Mbi 4n x; khong c6 rang buoc vé ddu déu c6 thé viét thanh hiéu cua
hai 4n m6i khong am: ¥, = x| - x| ; x,20 ; X120

- Néu 4n Xj €O diéu kién Xj < 0 thi ta dat x; = -t; voi t; > 0.

Vi du 1. Pua bai toan sau vé dang chinh tac:

f(x) = bx; + 2x, — 4x; — max
(4%, + TX, + X323
Xl - X2 o 2X3 S - 1

2%, + 3x, + 6%, =11

20, x,20

Gidi

Bai toan da cho la bai toan dang max nén ta d6i dau ham muc ti€u dé
dua v€ dang min. Pua vao hai an bu ty, ts tng v6i1 rang budc thir nhat va
thtr hai. An x3 khong c6 rang budc vé dau nén ta dét X3 = t3 — tg. Cuoi
cung, dat x; = t;, X, = t,, va ta ¢ bai toan dang chinh tac sau:

\
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F(t) = - 5t, — 2t,+ 4t; — 4t — min

(4t + Tty + t3 — t, — te =3
b, — t, — 2t + ty+ 2t =1
ot, + 3t, + 6t, — 6tg =11
L t,>0, i=1,2,3,4,5,6.

Vi du 2. Pua bai toan sau vé dang chun tic
fx)= x,+3%, — X3 > min

(2%, + 7%, + X532 D

— 3%, + 5%, - 2x,<-6

X, — Xt x5 =1

L X2 0,x,<0.
Gidi
Dét X1 =1, X0=-1,X3=1t3-1 roi thé vao bai toan da ChO, sau khi da
nhan hai v€ cua rang budc thr hai voi - 1, ta c6 bai toan dudi dang chuan
tac sau:

F(t) = t, — 3t, — t, + t, — min
(9, —Tty+ ty— t,2 5
3t, + bty + 2t; — 2t, > 6
§ ti+ tet ty— t,2 1
b = by~ gt ty=-1

| 420, j=1,2,3,4.

1.3. Y nghia hinh hoc va phwong phap d6 thi
Xét bai toan quy hoach tuyén tinh hai an
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f(x) = - 2%, + X, = min

[ X, +2%, 2 2 (1)
2%, - 3%, < 6 (2)

ﬁ 4x, + 5%, < 20 3)
x;20 (4)

L Xy 2 0 (5)

Sau déy ta dua ra cach giai bai toan da cho bang phuong phap hinh
hoc. Trudc hét ta hdy biéu dién hinh hoc tdp phuong 4n cua bai toan
(hinh 1).

\r\\ B ';:_.-” (m)
|/ @)
(___:" (m) E > '
i3 .-':; L ’ L)
® "o DN %Xl
& 3)
4)

Hinh 1

Trén mit phang toa d6 0x;x, cac rang budc duge biéu dién bdi cac
ntra mit phang. Cac nira mit phang (1) - (5) dugc danh sd theo thi tu cac
rang budc ngay trén bd cua chung. Khi xac dinh mdi nira mit phang ay,
dé chi nra mat phang twong ng bi loai bo ta xo4 mot cach tuong trung
boi ba vach song song lién nhau vudng goc véi bo ciia no.

Nhu vay tip phuwong an dugc biéu dién béi hinh ngdi giac 16i
ABCDE, ta ki hiéu n6 1a X.

Tap céc diém (x1, X3) sao cho tai d6 ham muc ti€u nhan gia tri z dugc
xéac dinh boi phuong trinh f(x) = z, cu thé 14 -2x, + x, = z. D6 1a duong
thang vudng goc voi vecto ¢ = (-2, 1) ma ta s& goi 1a dwong mirc (v6i
mirc 13 z) Khi z thay ddi ta c6 mot ho dudng muc song song.
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V& duong mirc (m) di qua mot diém nao d6 cua tap phuong an, néu
n6 khac rong, ching han qua diém C(0, 1). Khi d6 (m) c6 phuong trinh -
2x; + X, =1 vi f(C) = 1, d6 1a dudng thang duoc thé hién boi duong "nét
dut" trén hinh v&. Tinh tién dudng muc (m) theo mot huéng nao do
nhung van song song véi chinh né sé twong tng 1am ting dan gia tri ham
muc ti€u, theo hudng nguoc lai, s twong ung lam giam dan gia trj ham
muc tiéu. O bai toan nay ta phai chon hudng tinh tién duong murc (m)
sao cho tuong ng lam giam dan gia tri ham muc tiéu. Mudn Vay ta tinh
gia tr1 ham muc tiéu tai mot diém nao d6 khong thude (m), chang han
diém D(2, O). Khi d6 ta c6 f(D) = - 4 < f(C) - 1. Nhu véy ta dd xac dinh
duoc huong tinh tién, dugc chi rd boi mii tén trén hinh v€. Theo hudng
ay ta tinh tién duong mirc (m) cho téi vi tri giéi han (g), néu co, tic 13 vi
tri van co chung véi tap phuong an it nhit mot dlem dong thoi toan bo
tap phuong 4n nam hoan toan vé mot phia cua vi tri 4y. Trén hinh V&, vi
tri gi6i han (g) duoc thé hién bai du:ong 'cham gach". Kh1 d6 mdi diém
chung ndi trén 1a mot plluullg an t61 wu. RS rang ta co X =(g) Xl
tap phuong an toi vu cua bai toan. O bai toan nay, X = {A}. Nhu vay
bai toan c6 phuong an t6i wu duy nhit, d6 13 giao cac bd cla nira mit
phang (2) va (3), cac toa d6 ctia nd dugc xac dinh bai hé phuong trinh

. _ 45
2x, -3x, =6 - '
4x, +9x%, =20 8
X, =
11
x40 8
vay X° = ITRRTI phuong an ti uu ciia bai toan da cho va
82
f(x*) = ——.
(x*) T

Trong truong hop tong quat, néu tap phuong an khac rong ma khong
c6 vi tri gidi han thi ta két luan bai toan c6 ham muc tiéu khong bi chan.

Chu y.

Phuong phap d6 thi néi trén khong nhiing giai duoc cac bai toan co
hai an ma con c6 thé giai dugc mdt 16p cac cac bai toan c6 hai rang budc
cudng buc voi sO an tuy y.

Trong truong hop tong quat, neu tap phuong an X ¢ Ra cua bai toan
quy hoach tuyén tinh khac rong va ton tai st > 0 sao cho:
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Xc{ (%,

,I +x+ +x <r

thi bai toan dé c6 phuong an t6i wu.

D6i voi bai toan hai an thi, trong truong hop dy, X 1a mét da giac 16i
(tap X chi c6 mot phan tir cling dugc xem la mdt da giac 161) va it nhat
mot trong cac dinh cua n6 1a phuong an toi uu.

Tr6 lai vi du & muyc 1.3, tip phuong an 13 da giac 16i ABCDE.

Ta c6: f(A) = —1— ,f(B) =5, f(C) = 1, (D) = -4, f(E) = -6 va f(A) la

gi4 tri nho nhat trong chung. Vay A 1a phwong an t6i uu.
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§2. PHUONG PHAP PON HINH VA
CAC THUAT TOAN CUA NO

Nhu ta di biét, moi bai toan quy hoach tuyén tinh déu c6 thé dua vé
dang chinh tac. Tir cac két qua thu dugc khi nghién ctru bai toan c6 dang
chinh tic d6 ta dé dang suy ra cac két qua tuong tng cia bai toan ban
dau Dudi ddy, ta chi xét bai toan quy hoach tuyén tinh dang chinh tic,
gi4 st n6 c6 dang:

f(x) ='cx > min
Ax=b (1)
x20

trong do gia thiét ring A 1a ma tran kiéu (m, n) véi m <n va hang (A)=m

2.1. Mt s6 tinh chét ciia bai toan quy hoach tuyén tinh dang
chinh tac

Pinh nghia 1. Mbi bé go”‘m m vecto cot doc ldp tuyén tinh cua ma
tran A dwoc goi la mot co so cua no.

Gid sit {A"i=1,2, ..., m} la mot co sé ciia A. Nén dit

Jo={it Jo worjn)vama tran B=[ A" 47 ... 4"

thi ta ciing ndi J, hay B la mot co so cua A.

Pinh nghia 2. Gid su J, la mot co so cua ma tragn A khi do phwong
an x = (x;, X3, ..., X,) cua goi toan (1) dwoc goi la phuong an cuc bién
g voi co 6 J, néu xj = 0voi moij & J, ( Ta ciing noi Jy la co sO cua
phirong dn cwc bién do).

Céac an Xj 7V(')'i j ¢ J, dugc goi la an phi co so. Cac an Xj Vo1 J € J,
dugc goi la dn co so, gia tri cia ching nhan dugc bang cach giai hé
Cramer

Y xAl=b (@)
jed,
Tir dinh nghia suy ra rang, néu J, 1a mot co so cia A va nghiém cia
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hé (2) ¢6 it nhat mot thanh phan am thi khéng co phuong 4n cuc bién nao
ung véi co so J,.

Ngoai ra, dé thay r?mg s6 thanh phan duong ctia mot phuong an cyc
bién cua bai toan (1) t6i da 1a bang m. Mot phuong an cyc bién dugc goi

1a khong suy bién néu n6 co dang m thanh phan duong, duoc goi 13 suy
bién néu né co it hon m thanh phan duong.

Bai toan (1) duoc goi la khong suy bién néu moi phuong an cuc bién
ctia nd déu khdng suy bién.

Co thé thiy ngay rang, s6 phuong an cuc bién cua bai toan quy hoach
tuyen tinh dang chinh tic 14 hiru han, boi vi s hé con doc 1ap tuyén tinh
gom ding m vecto cua h¢ hiru han cac vecto cdt cia ma tran A 1a hitu
han.

Vi du. Tim tat ca cac co s¢ cia ma tran rang budc va cac phuong an
cuc bién (n€u c6) ung véi moi co s¢ ay doi voi bai toan quy hoach tuyén
tinh dang chinh tac c6 h¢ rang budc:

X, ~X, + X5 =1
3X, + X, — X3 =7
x;20,)=12,3

Hay biéu dién hinh hoc tip phwong an cia bai toan ay.
Gidi

1 -1 1
3 1 -1
Trong 3 hé con ngm dung 2 vecto cua hé gdm 3 vecto cot ciia A chi
c6 hai hé doc lap tuyén tinh, d6 1a cac hé {A',A%} va {A', A’}; hé con lai
1a {A% A’} phu thudc tuyén tinh vi det[A'A%1 = 4 = 0, det[A'A%] = -4 %0
va det[A’A’] = 0.
Hai hé con doc lép tuyén tinh éiy chinh la cac co s cua ma tran A:
- Vo1 hé {A A? } thi x3 = 0; Con x, X, dugc xac dinh bdi hé

Ma tran rang budc la
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X

%=1 2
=
3X1 + X2 =17 =]
Vixy, X, > 0nén taco x = (2, 1, 0) la phuong an cyc bién (n6 khong
suy bién vi c6 2 thanh phan duong).

- Voi hé {Al, A3} thi x, = 0; con X, X3 dugc xac dinh bdi hé
X +X, =1 X, =2
1T A3 = 1
3X, - X, =7 X, =~1

Nhu vdy, tng v6i co s& {A%, A’} khéng c6 mdt phuong an cuc bién
naovix3=-1<0.

Vay bai toan chi c6 mot phuong an cuc bién khong suy bién tmg voi
cosé {A', A*} hay cosd J, = {1,2},d6 lax=(2, 1, 0).

Biéu dién hinh hoc tap phuong an:

D@ thay rang, moi phuong an cta bai toan déu co x; = 2 (cong vé voi
ve hai phuong trinh trong hé rang bugc).

Vay h¢ rang budc da cho tuong duong vé1 hé:
X, =2
X, X, =1

X, 20,x, 20

Tap phuong an 1a tia Mz, M 1a diém cuc bién (hinh 2)

X &
2 y
..................... | \z
........ <
l i £
| Hinh 2
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Pinh ly 1. Phuong dn x = (X, X,..., Xy) 7&,0 cua bai toan (1) la
phuong an cuc bién khi va chi khi hé vecto lién ket voi no, tirc la hé H(x)
= {A'|x;> 0}, doc lap tuyén tinh.

Chitng minh. Diéu kién can dugc suy ra tir dinh nghia. Ta s& ching
minh diéu kién du. Gia sir H(x) 1a hé doc lap tuyén tinh. Néu tap chi sb
=4 Xj> 0} com phan tir thi 'H(x) chinh la co so cua ma trén A tuong
ing voi x. Néu trai lai, tue 1a sO phan tir cua J, 1a | J, | <m, thi ta co thé
bo sung vao H(x) mot sb vecto cOt cia A dé dugc mot hé gom m vecto
doc lap tuyén tinh, vi hang(A) = m va H(x) 12 mgt hé con ctiia h¢ cac
vecto cot ctia A. Trong moi trudong hop ta déu tim dugc mot co sé cta A
ung véi x. Vay x l1a phuong an cuc bién.

Pinh li 2. Néu bai todn (1) cé tdp phwong én khdc rong thi né cé it
nhat mot phwong dn cuc bién.

Chitng minh. Trudc hét ta quy uéc rang, néu vecto & 1a phuwong an
cua bai toan (1) thi ta coi né la phuong an cyc bién. Ta cling gia thiét

thém rang, moi vecto cOt cua A déu khac 0. Gia st x = (x1, X2, - Xn) la
phuong an c6 k thanh phan duong va cac thanh phan con lai déu bang 0.
Khong [am mét tinh chat tong quat co thé gia thiét rang Xy, X, ..., Xx > 0;
Xit1] = Xpa2 = ... =X, =0.

Vi x 1a phuong 4n nén ta c6
XA+ XA+ L+ AR =D, (3)

Gié sir hang cua ma tran [A'A?...A*] bang r. Vi hang (A) = m nén ta
¢6 r < m va hién nhién r < k. Néu k = r thi 10 rang x la phuong an cuc
tién vi {A" A2 Ak} doc lap tuyén tinh. Neu trai lai, tirc 1a r <k, thi,
khong lam mét tlnh chat tong quat, ta gia thiét rang ma tran

- -~

all a2 h alr
A9y 8gg e Ay,
L_arl ar2 A arr_
la khong suy bién.
Xem (3) 1a hé phuong trinh v6i céc an x4, Xy, ..., X, n6 twong duong
vl hé r phuong trinh dau . Giai hé nay, véi cac an chinh x;, ... , x; va
cac an tu do X.¢1,..., Xx ta duoc
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X, =p; + Z QX 1=1,2,..,r. (4)

i=r+l
trong do p; va q;j la cac hang s6 xac dinh nao do.
Nhu vy, néu coi X, Xy, ..., X, la cdc an thi hé (3) va hé (4) tuong
duong véi nhau.

Vi tham s6 0, hé (4) c6 thé viét

xj - eqr+l,j = p] + qr+l,j(xr+l z ql] i ] 1 2 (5)
i=r+2
Néu dat
%,-6, nfu j=r+1
X =9% néu j>r+1

+un ., néu j<r+l

i=r+1

thi tir h¢ thirc (5) suy ra
X, =p;+ Z q;%, J=L2, ..t (6)
i=r+l

so sanh (4) va (6) ta thiy X=(Xj, X,,..., X,) 1a phuong an ctia bai toan
(1) khi va chi khi

X =x,-08q,,,20, 1=12,.,r 6<6 :
o Rt ) o ° ©0<min(8,,x,,),
Xr+1 =Xr+1 -—9 20

>0 vaj=1.2,. %
qr+1,s

l'+1]
r+l,j

) X
trong d6 6, = mm{ ’

Ta chon 6 = min(0,, X.11). Néu 0 = x,.; thi X, =0 néu 0 = 0, thi
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is =X, ‘eoqm,s =0,va nhu vay voi1 cach chon do thi phuong an x cé $b
thanh phan bang 0 nhi€u hon so vo1 x.

Cho x dong vai tro x va qua trinh cu tiép tuc nhu trén, sau mot sd
hitu han budc s€ thu dugc mdt phuong an ma hé vecto lién két véi no
ddc lap tuyén tinh hoac thu dugc phuong an 0, tirc 1a thu dugc phuong an
cuc bién.

Bo6 dé 1. Néu phwong dn x = (X1, Xa,...,x,) khong phdi la phirong dén
cwe bién ciia bai todn (1) thi ton tai cdc phwong dn phan biét x' va x° sao

cho x==x'+=x°,
2 2

Chung minh. Vi x khong phai la phuong an cuc bién nén x # 0.
Khong 1am mét tinh chit tong quat ta c6 thé gia thiét rang, x ¢ r thanh
phan dau tién 1a duong va cac thanh phan con lai bang 0, nghia 13 nd ¢
dang x = (X, X2, ..., X, 0,...,0) V61 x;,>0,1=1,2, ..., 1. Vi X khong
phai 1a phu’O’ng an cuc blen nén H(x) = {A1 A’ A"} phu thudc tuyén
tinh. Khi d6 ton tai cac s6 o, 0, ...,0, khong dong thoi bang 0 sao cho:

o, Al o, AP+t A=
Véi a 14 s6 duong tuy ¥ ta ciing co:
ac,A' + ao, A2+, 4 a0, AT=0 (7)
Vi x 1a phuong 4n nén ta co:

XA+ x, AP+ 4+ x A= (8)

Tir dang thac (7) va (8) suy ra:
(%% 0o )A'+ (%, + a0p)AP + (%, £ aa,)A"= b, 9
Lap hai vecto sau day:
= (X, — 00, Xg— 00lg, .., X, — OO, O,..., 0) € R",

= (x; + a0y, X, adty,...,X, + aar, 0,... 0) € R",

Dox;>0,i=1,2, .., rnén cbd thé chon dugc a > 0 du bé sao cho

X; + ax; > 0. Khi d6 cung véi dang thic (9), suy ra x', x° 1a cac phuong
an. D& thay x' # x* (suy ra tir cac didu kién o > 0 va céc sb a,..., o,
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khong dong thoi bang khong) va rd rang ta c6
X = LI P lxz. 0
2

Chii y. Trong phép chimg minh bo dé 1, co thé gia thiét trong céac
soat, oy, O..., o, cO it nhat mot s6 duong. Khi do dé thay rang, x'>0
khi va chi khi :

. X.
O<o<a =min{—+:0,>0;.
0
Néu o; > 0 véi moi i thi x2> 0 Vi moi o > 0. Néu ton tai chi s6 i sao

cho o; < 0 thi x* > 0 khi va chi khi 0 < o < o = min {—ﬁ: o; <0} . Do
d6 ta c6 thé chon o sao cho x' > 0, x* > 0, ddng thoi trong r thanh phan
déu tién cta x' hodc x* ¢ it nhat mot thanh phan bang 0, cu thé la:

Chon o = o néu o; > 0 v&i moi i, hodc o = min(a’, @ ~) néu ton tai
sao cho o; < 0.

Nhu vay, tir phuong an x khong phai 13 phuong an cuc bién c6 thé
xay dung duoc hai phuong 4n phan biét x', x* sao cho x =%x‘ +%x2 ,
trong do it nhat mot trong hai phuong an xay dung duoc c6 sd thanh
phan duong it hon so vdi x.

B6 dé 2. Néu x° la phwong dn t6i wu va x', x° cdc phwong an phén
biét cia bai todn (1) sao cho x° =%xl +%x2 thi x' va x° ciing la phwong
dn t6i wu cia bai todn do.

Chitng minh. Vi f(x) 1a ham tuyén tinh nén
1, 1 1 1
f(x%) = f(=x' + =x%) == {(x") +={(x?).
(x%) (2 5 ) 2() 2(2)

Véi gia thiét xo 1a phuong an t6i wu, ta co :
f(x°) < f(x") va f(x°) < f(x%)..

Gia s it nhat mot trong hai bat dang thirc trén xay ra v6i dau bat
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déng thirc thyc su (<), chéng han:
f(x%) < fix") va f(x°) < f(x?).
Tir 6 suy ra f(x°) < %f(xl) + %f(xz). P6 1a didu vo 1i. Vay f(x°) =
fix") = f(x%), tirc 1a x', x* cling 1 cac phwong an tbi wu.

Pinh li 3. Néu bai todn (1) c6 phwong dn t6i wu thi né cé it nhdt mot
Phuwong an cuc bién la phwong dn toi vu.

Chirng minh. Gia st x 13 phuong an t6i vu cta bai toan (1). Néu x =
0 thi, theo quy udc, n6 chinh 1a phuwong an cyc bién tdi wu . Gid sir x # 0
khong phai 12 phuong an cuc bién. Theo bd dé& 1(va phan chi y khi
chimg minh n6 ) ¢é thé xdy dung dugc hai phuong an phan biét x' va x*

1 1 o L, A . (N
sao cho x = Ex1 +5x2 ; trong do it nhat mot trong hai phuong an xi va

X2 ¢6 sb thanh phan duong it hO‘l’l s0 voi x, chang han x'. Theo b dé 2 thi
X 1a phuong 4n t6i wvu. Néu x' khong phai 1a phuong an cyc bién thi cho
x' dong vai tro x, ta lai xay du’ng dugc phuong an t6i wu xa co s6 thanh
phan duong it hon so v6i x'. Qua trinh ctr tlep tuc nhu vy, sau mot sd
hiru han budc s€ xay dung dugc phuong an t61 wu c6 hé vecto lién két
v6i n6 doc lap tuyén tinh hodc dén lic thdy vecto 0 1a phuong an t6i uu.
Du trudng hop nao ta ciing thu duoc phuong 4n cuc bién toi uu.

Dinh li dugc chung minh.

2.2. Phuwong phap don hinh
Co so li ludn

Pé giai bai toan quy hoach tuyén tinh bat ki nao do, truéc hét ta dua
bai toan vé dang chinh tic bang mot s6 phép bién d6i don gian di biét.
Pbi véi bai toan quy hoach tuyén tinh dang chinh tic, nhu trén day da
trinh bay, néu c6 phuong an thi c6 phuwong an cuc bién, néu c6 phuong
an t6i vu thi c6 phuong an cyuc bién tbi vu. Didu d6 cho thdy vai trd quan
trong cua cac phuong an cyc bién trong viéc dé xuat cac phuong phap
gidi bai todn quy hoach tuyen tinh dang chinh tic, ddng thoi co thé sur
dung tinh hiru han cua s6 cic phuong an cuc bién cua bai toan do.
Phuong phap don hinh la mt trong cac phuong phap dung dé giai bai
toan quy hoach tuyén tinh dang chinh tic. Y tudng cia phuong phap don
hinh la: Xuét phat tir mot phwong an cuc bién da biét (bang cach nao do),
néu n6 khong phai 1a phuong an t6i wu thi tim cach xay dung mot
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phuong an cuc bién khéac tot hon phuong an cuc bién ban dau. Qua trinh
ctr ldp lai nhu vay, sau mot s6 hitu han buéc sé thu duoc phuong an tbi
uu hodc nhan biét duge bai toan d6 c6 ham muc tiéu khong bi chan.

Gia str cAn giai bai toan quy hoach tuyén tinh dang chinh tic:

f(x) ='cx = min (1)
Ax=b (2)
x>0 3)

trong d6 A 12 ma tran kiéu (m, n) v6i m <n va hang (A) = m.
Rang budc (2) con co thé viét dudi dang x;A' + x,A> +...+ x, A"=b

Ta gia thiét rang bai toan (1), (2), (3) khong suy bién (moi phuong an
cuc bién déu c6 dung m thanh phan duong), va di biét mot phuong an

cuc bién c6 dang X = (X10, X205 - --» Xno) trong do x;0 > 0 voi 1 € Jo, |Jo|=m;
Xj():O Vo1 1 & J().

Nhu vy, co sé ung voi X 1a J, hay H(X) = {A': i € J,} va mdi
vecto A’ (j = 1,2,...,n) déu biéu thi tuyén tinh duy nhit qua H(X), ching
co

i = i -

A= ZJ:X“A , i=1,2,.., n (4)

Néu goi B 1a ma tran c6 cac cot 1a cac vecto trong co s {A 1€ Jo}
va dit x' =(x;) € R™, i € Jpthi Al=Bx'hay ¥ = B'Al,i=1, 2,..

Vi ki hidu x° = (x0) € R"vac’=(¢;) € R"v6ii € Jp; A’ =D thi 15
rang ta co:

ied,
va do d6 x' =B ' A ciing dung véi j = 0.

Dinh nghia. Ta goi A; = ey ¢,j=1,2,..., nlawdc luong cua an X;
(hay ciia vecto A) vng voi co so J,.

Ré rang ta c6 ;= Z ¢;x;-¢, -Chuy rang, néu j E J thi A;=0, tirc la

1€d,
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woc lwong cua moi an co so déu bang 0. That vay, gia su Jy = {j1, Jo,

. - N A A .4 A ki -1 A i i 78
im}. Do B'B =1 la mét ma trdn don vi cap m nén X*=B Al=T (14
cot thir i cua ma trgn 1).

Taco A='¢% -¢=¢CI-¢=¢-¢=0 vii=1 2., m

Bo dé 1. Gid sir x = (Xy, Xa, ..., Xn) ld phuong dn bdt ki ciia bai todn
(1), (2), (3). Khi d6 ta cé cdc hé thirc:

X=X, - qu X, (1€ dy). (5)
1#d,
Chirng minh. Ta co
b=) XA =YgA. ()
=l ied,
Mit khac , vi x 13 phuong 4n (cha ¥ dang thire (4) ) nén:

b= ZXAJ Y x A+ Y xAl= Zwazx(zqu*]

ied, jed, ied, jed ied,

. Z(X Yz j ¢

ied ied,

Vecto b biéu thi tuyén tinh mdt cach duy nhit qua co s {Ai c1€ o}
nén tur (6) va (7) suy ra:

Tir d6 suy ra diéu phai chimg minh.

Pinh li 1. (d4u hiéu t6i vu)

Nén itng voi phuong dn cdac bién X ¢ co 5o Jyma A< 0 vdi moi j¢&
Jo thi X la phwong dn t6i wu ciia bai todn (1), (2), (3).

Chirng minh. Gia st x = (X, Xa, ..., X,) 14 mot phuwong an bat ki cta
bai toan (1),(2),(3). Nhan hai v€ cua(5) voi c; r6i lay tong theo i€, ca
hai vé ta duoc
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Sen-Fon-Ta[Tan - Ton-F| Tenk

ied, ied,, ied, jed, ied, jed, \ iedq

hay Zcixi: f(i) _Z Zcx lj)

ied, jedy \ied,

cong ca hai vé cua dang thirc trén voi Z C;X; ta dugc
jed,

f®)= %)~ Z(Z ¢X; = cj)xj hay fix) = f(i)—ZAij .

jed, \ied, jed,
vi x la phuong 4n nén x;> 0 v6i moi j ¢ Jo, cung véi gid thiét A< 0 voi
moi j ¢ Jo tur (8) ta suy ra f(X)< f(x). Bat ding thirc nay ding voi
phuong an x bat ki nén X 1a phuong 4n t6i uu. D6 1a diéu can phai chiung
minh.

B6 dé 2. Véi mgij ¢ Jy ta xet vecto' n chiéu s’ = (sj)voii=1,2,..,n
dvwoc xac dinh nhw sau:

-x, néuiej,
s. =<1 néu i =J 9)
0 néui ei, Ul
Khi d@6 ta c6 'cs' = -A , As' = 0, va véi tham sé 6> 0 thi vecto x(6) =
X + &' la phuong dn ciia bdi todn (1), (2), (3) khi va chi khi x” - ¢ >0
Chung minh. RS rang ‘cs' = 'c” (-x)) + ¢;= -('¢"X' - ¢ = -A
Chu y dén (4) ta co

S’_ZSUA‘ =Y s A+ Y s A =Y x A +1A =-AT+ AT =0,

ied, ied, ied,

Cubi cung ta xét vectol xiét. RS rang ta co Ax(0) : AX+ OAS = AX=
b. Do d6, dé xiét 1a phuong an thi diéu kién can va dua 1a x(0) > 0.

Néu datx(0) =X +0s'=x'=(x),i=1,2,...,nthitaco
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X;o ~0x; néuied,
x.ij =40 néui= j (10)
0 néuied,u {j}

Nhu vay, véi 6 > 0 thi x' > 0 khi va chi khi x; - 0x;; = 0 v61 moi i€]
diéu d6 twong dwong voi x” - 0x’ > 0. Pinh 1i dugc chimg minh hoan.

Chu y.
- Néu x! SOthirérélngxo- 0x' > 0 v&i moi 0> 0 Vi x"> 0, va nhu
vay khi dé x(0) 1a phuong &n v&i moi 6 > 0.

- Vi x” > 0 nén c6 thé chon 6 > 0 du nho sao cho x(0)> 0, nghia 1a
x(0) 1a phuong an voi 6 > 0 da nho.

- Do y nghia hinh hoc, dugc mo ta bdi hinh 3, nén si dugc goi la
huéng chip nhan dugc tai X néu x(0) 1a phuong 4n, va khi d6 ta néi x(0)
1a phwong dan tim dwoc theo huong si (tir X) .

X2A

X+ 0s'

Hinh 3

Pinh Iy 2. (D4u hiéu ham muyc tiéu khong bi chin)

Nén ing véi phirong dn cdc bién X ¢é mét chi s6 j dé A>0vax;<0
thi ham muc tiéu cua bai toan (1) , (2), (3) khong bi chan (tirc la, trén tap
phuong an ham muc tiéu co thé nhdn gia tri nho tuy y.

Chirng minh. Theo bd d¢ 2, va chi ¥ sau d6, véi gia thiét x' < 0 thi
x(0) = X + 0s’ 1a phuong an v6i moi © > 0. Ta cé

{(x(0)) = 'cx(8) = 'e(X +08)) ='cX +0'cs = {(X) - 04, (11)
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Do A;> 0 nén ro rang f (x(0)) > -0 khi 0 — + o0,

Piéu d6 chimg t6 ham muc tiéu c6 thé nhan gia tri nho tuy y trén tap
phuong an, toc 1a ham muyc ti€u khong bi chan. Pinh i dugc ching
minh.

Chii §.
Theo phan chii ¥ sau bo d& 2, vai gia thiét x” > 0 (hay X khong suy
bién) c6 vo sd phuong an dang x(0) véi 0 > 0 dit nho. Khi d6, néu ton tai

j sao cho A; > 0 thi tr (11) suy ra f(x(0)) < f(X), nghia la c6 vo sO
phuong an tét hon X .

Néu xu_élt hién d4u hiéu ham muc tiéu khong bi chin (té)n tai j sao cho
A;> 0 vax' <0) thi, theo (11), c6 thé tim duoc phuong an ma tai d6 ham
muc tiéu nhan gia tri a cho trude, trong d6 a < f(X).

That vay, tr (11) ta co
fX)-a

f(x()=f(X)-0A=a<0=0,=
Nhu vay phuong an can tim 13 x(8,) = X + 0,8
B6 d8 3. Néu { A': i € Jo} la mét hé m vecto doc Idp tuyén tinh trong
. Af= ) x A .
RI_n va néu o , trong do xg.# 0 m voi s € Jy thi hé m vectogom
A'(i € Jo, i #5)va A" ciing djc ldp tuyén tinh.
Chirng minh. Néu c6 cac sb B, y; thoa man

BA* + > 1A'= 0 (12)

e,
1z

thi thay A" boi bidu thirc cua né ta dugc.

B Z x, A+ Z yA'= Z (bx, +y,)A'+ BxyA® = 0. (13)

led, e, ied,
15 128

vihé {A' i e Jp} doc 1ap tuyén tinh nén tir (13) suy ra Pxy : PXix + Vi
=0.
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Nhung do x4 # 0 nén 3 = 0, khi d6 (13) tré thanh
D 1A=0 . (14)

ted,
123

Hé {A':i € J,, i#s} doc 1ap tuyén tinh (vi n6 1 hé con cuia hé doc 1ap
tuyén tinh da cho) vado do tar (14) taco y; =0 (1 € Jy, i#s). Vay B =y, =
0 (1 € Jy, 1#s). su kién nay dugc suy ra tur (12), va tir do suy ra di€u phai
chirng minh.

Pinh li 3. Néu ing véi phwong dn cdc bién X ton tai mot chi sé j sao
cho Aj > 0, va véi moi j ma A; > 0 vecto X' ¢6 it nhat mot thanh phan
dwong thi v&i moi j do, theo hudng s' cé thé xdy dung duwoc mot phwong
dn cwe bién mdi tot hon X (trong truong hop X khong suy bién).

Chitng minh. Gia st k 1a mot chi s6 ma A, > 0 va vecto X* = (Xy), i
e Jp co it nhat mot thanh phan duong. Theo bd dé (2), vecto xiét x(0) +
0s* 1a phuong an khi va chi khi x° - 0x* > 0 hay

Xp— 0%, 20 véi moi 1€ J, (15)

Coi (15) 1a hé bat phuong trinh bac nhat véi an 0. Néu véi i nao d6
ma x; < 0 thi do © > 0 nén bat phuong trinh twong tmg 13 hang dang. Do
dé hé (15) tuong duong voi hé

Bang cach giai hé (16) ta thiy rang xat) 1a phuong an khi va chi khi

. X .
0<f<min{—>:ied, x, >0}
X ik
Gia sir gia tri nho nhat trén day dat duoc tai chi s6 i=s € J, khi d6 ta
hay chon:

xs()

. 0
0=0,=min{— :1edy, x;,;>0} =
xik xsk

RO rang |6, > 0. x,0 — 6, x4 =0 va x,>0.

Nhu vay voi cach chon d6 thi phuong an méi x’ = x(6,) = (x',,),
1=1,2,....,n dugc xac dinh (theo (10)) nhu sau :
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Xio ~Ox,, néui=4dJ,\ {s}

x;k =40, néui=k (7)
0 néu ¢ (J, \ {sp) u {k}

Ngoai ra, theo (11) ta c6 f(x') = f(X) - O Ay, va didu d6 chung t6 f(x")
< f(X), tirc 1a x', tot hon X.

Xét hé m vecto gdom A' (i € Jo \{s} va A", n6 duoc thiét 1ap tir co s6 {
A':ie J} cua X bang cach thay A® boi A* va giit nguyén cac vecto con
lai. Trén day di chi rd thanh phan xg > 0; theo bd dé 3, rd rang hé dang
xét 1a doc lap tuyén tinh. Do d6 phuong 4n x* duoc xac dinh bai (17) 1a
phuong an cuc bién. Pinh 1i da dugc chung minh.

2) V& truong hop bai toan suy bién.

Sau day ta xét truong hop bai toan (1), (2), (3) suy bién, nghia 1a ton
tai phuong an cuc bién c6 it hon m thanh phan duong. Chu y rang, ngay
ca khi (X 1a phuong an cuc bién khong suy bién thi phuong 4n cyc bién
x’ van ¢6 thé suy bién néu tap

. X . X
={t 16, =min {-L:1edy, x, >0} =22}
‘ Xic X Coé qua mot
phan tu.

That vay, gla sus, re K (r=s). Khido xq - kask =0 va Xy - O X =
0, nghia 13 x’ ¢6 nhiéu nhit 1a m - 1 thanh phan duong, tic 1a x* 1a
phuong an cuc bién suy bién.

Bay gi0 ta gia st rang X 1a phuong an cyc bién suy bién, tirc 1a ton
tai i € J sao cho x; = 0. Khi d6 theo (16), vecto x” = x(0) = X + 0s* 1a
phuong an khi va chi khi 6 = 0, nghia la x* =x(0) = X vata thiy X img
v6i hai co s& khac nhau. Néu tinh trang trén xay ra lién tiép mét sb lan
thi c6 nguy co 1a gap lai mot co s da dung trude d6. Néu khong c6 bién
phép gi ngén chdn thi tir d6 clr xoay vong mai theo mot day htru han cac
O s0 cua X ma van ct khong roi khoi duoc X , khong cai thién duoc gi
vé gia tri ciia ham muc tiéu. Ta goi do 1a hzen twong xoay vong. R.G
Bland da chung minh quy tac tranh xoay vong do minh dé xuat vao nim
1977, dugc goi 14 quy tdc Bland c6 ndi dung nhu sau:

A A A k \ 5 \ s A 5 A r 7
Ti€u chuan dé dua A" vao co sé: k 1a chi s6 nho nhat trong cac udc
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luong duong, tic lak =min {j: A;>0 } .
Tiéu chudn dé loai A® ra khoi co so : s 1a chi s6 nho nhit trong K.

Tir d6 suy ra rang, néu dwa A" vao co so theo quy téc Bland va sd
= 1 thi khong xdy ra hién tugng xoay vong.

Cac bién phap tranh xoay vong nhu phuong phap nhiéu loan,
phuong phép tir vung, ké ca quy tac Bland, chi 1a sy dam bao vé mit
toan hoc ma thdi, boi vi trong thyc té hién twong xoay vong la rat hiém,
du rang c6 khong it cac bai toan suy bién. B4i vay, hau nhu cic chuong
trinh tinh toan trén may tinh dién tur, nguoi ta khong cai dat cac bién
phap tranh xoay vong. Vi nhimg I trén nguoi ta thuong dung phuong
phap ngau nhién dé chon cac vecto dua ra va dua vao co sa, két hop véi
su can nhic ki cang trong timg trudng hop cu thé.

3) Cong thirc d6i co so.

Tir co s6 li luan ctia phuong phap don hinh ta thdy rang, xuat phat tir
phuong an cuc bién X da biét, sau khi kiém tra thdy chwa thé két thuc
viéc tinh toan dugc (chwa xudt hién dau hiéu t6i wu hay dau higu ham
muc ti€u khong bi chén) thi ta phai tién hanh xdy dung phuong an cuc
bién méi x” (c6 thé trung voi X nhung co s¢ thi khac nhau). Qua trinh d6
s& két thuc sau mot s0 hiru han budc, khi da tim dugc phuong an t61 wu
hodc két luan dugc rang ham muc ti€éu khong bi chan.

Ta noi ring da thuc hién mot budc ldp néu nhu d6i véi mdi phuong
an cuc bién xuat hién trong qua trinh ndéi trén, sau khi kiém tra xong ta c6
dugc mot quyét dinh tiép theo.

Trong mdi budc lap ta can phai xac dinh gia tri ciia cac tham sd Xij> A
; £(f1a gia tri ham muc ti€u), trong do viéc xac dinh x;; la kho khan nhat

vi vOi moi 1 ta phai giai mot hé¢ Cramer dé tim chung. Do co sé cua
phuong an cyc bién & moi budc 1ap chi khic co s¢ ¢ budce lap trudce cod
mot vecto nén ta ¢ thé tim duoc cac cong thic truy toan cho phép tim
duoc gia tri ciia cac tham s6 & mdi budc, ké tir budc tht hai, tir gia tri
ctia cac tham sb tuong ting & budce trude.

Goi gia tri cua cac tham s6 & bude trudce 1a Xij, Aj, va gia tri tuong
ting & budc tiép theo 1a x*, A, f.

Gia su co s¢ cua phuong an cyc bién ¢ bude trude 1a { Aiiely), 6
budc tiép theo 1a { A': i € Jo\ {s}) U{k}}, dinhiénlak =0 vak ¢ J,.
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Vecto A" dwa vao co so ( thay thé A%, s € Jo) c6 dang
A= x, A", véi x,> 0 (18)
1ed,

vO1 mSij =0,1,2, .., nvecto Aj biéu thi tuyén tinh qua co s ¢
budc trude va budc ti€p theo nhu sau:

A=) x A (19)
ied,,

A= Y X A A" 20
ieJ, \{s}

Tur (18) suy ra vecto A ¢6 dang:
1 .
A== (A= T x, A) 1)
X ied, lfs)
Thay A°® vao (19) ta dugc
A= Y g A+ - Y AD=

ie J,\{s} Xex ie J,\{s}

Y (x, - x, A+ LA, 22)

ied, \{8} Xoy Xok

Do Al biéu thi tuyén tinh mot cach duy nhét qua co s¢ & budc tiép
theo nén, so sdnh (20) va (22), v61j=0,1,2..., nvai € Jy\{s} ta co:

xo=x 0y 29
ij i’ X ik
sk

Mit khac, nhu ta d3 biét ( xem chimg minh dinh 1y 3)

X.
frafo kA (24)
xsk

va theo dinh nghia ta c6:
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1 ] ] x 4
- ]
A= ), eXtoX—c, = -4, (26)
ied; \fs} X
Tuy nhlen néu ky hi€u f= X110 VA Aj = X, VO1] =1, 2,..., n thi ¢

thé thdy rang ca bdn cong thirc (23), (24) (25), (26) déu cb the thong
nhat lai thanh hai cong thtic (23), (24).

4) Thuét toan don hinh gdc.
Xét bai toan quy hoach tuyén tinh dang chinh tic
f(x)="‘'cx — min
Ax=D 27
x20,

trong d6 b > 0, va A 1a ma tran kiéu (m, n) voi m < n dong thoi trong A
c6 mot co sé don vi.

Ta goi bai toan c6 tinh chat nhu vy 13 bdi todn chudn. Ching han hé
Ax =b co dang

X +a1,m+lxm+1+ +aln anbl
X2-|- 49m+1 xm+1+"' + 8gn Xn=b2
Xm+ a-m,m+1 Xm+1 ot 8mn anbm

Vi b > 0 nén khong can tinh toan gi ca ta thiy ngay mot phuong an
cuc bién g véi co sé don vi, do 1a X =(by, by, ..., by, 0, 0,...,0) .

Theo cong thirc x' = B'AJ, v6i B =1 1a ma tran don vi cip m ta c6 X’
=Aj=0,1,2,.,n

D¢ thuan tién cho viéc tinh toan ta sap x&p cac so li€u vao mot bang
sau day ma ta s€ goi 1a dang don hinh ting vo1 X :
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0 o, e ¢, R ¢; G Cy
¢ | Coso | x
: Xl xzm x* X" xm+1 % xk . &
1
o | A [ x| 1 0w 0w 0 Xy Kjee X Xy
2
¢, | A° [ x| 0 1 0 0 Xpa Xy Xy )
Cy A Xe 0 0.. 1. 0 xl;,m+l e xsj v Xy oo Xy
¢, | A" |x,1 0 0. 0. 1 Xy Xgiee Xppeoo Xy
£ 10 0. 0. 0 A, An A. A

Trong bang don hinh dau tién ndy, cot dau tién ghi cac thanh phan
cua ¢’, img véi cic vecto trong co sc")’ duoc ghi ¢ cdt thur hai; cOt thir ba
ghi cac thanh phan twong tmg cia x’. Dong trén cung ghi cac thanh phan
ctia vecto ¢, dong thtr hai ghi cac vecto x' ma céc thanh phan cta né duoc
ghi vao cot tuong Gng.

Vix'=Al, (=0, 1, ..,n)nén cac sb lidu & bang dau tién, ké tir cot
x’, chinh 1 cac thanh phan cta ma tran [b] A], tic 1a xo = by , x;; = a5 (i =
,2,..,m;j=0,1,..,n). D(‘)ngcuéicfmgghif=f(i)vécécAj(j=
1,2, ..., n)ma gia tri cua chung dugc tinh toan ngay trén bang don hinh,
cu thé la:

0.0 ’ ’ A r c~ r A 0. _0
*f=c x: Tinh tich v6 hudng giira cic vecto cOt c” vax'.

A= '’ - Cj : Lay tich vo hudng cua cot ¢’ va %) 10i trir di ¢ (c;
duoc ghl & phia trén cung cua cot x).

Sau khi da tinh dwoc cac wéc lugng A; ta tién hanh kiém tra tinh toi
uu cua phuong an cyc bién dang xét:

- Néu xuit hién ddu hiéu t6i wu (Aj<0) véimoij =1, 2,., n) thi
phuong an cyc bién dang xet la phuong an t6i wu voi cac thanh phan co

s dugc ghi trén cot xo, cac thanh phan phi co s& bang 0, va két thuc viée
tinh toan.

- Néu xuét hién dau hiéu ham muc tiéu khéng bi chan (ton tai chi 0 j
sao cho A;> 0 va x' <0 ) thi dung lai va cho két luan.
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- Néu khong xay ra hai truong hop trén thi ta tién hanh xay dung
phuong an cuc bién vdi co sé moi (néu phuong an cuc bién dang xét 1a
khong suy bién), qua cac budc sau:

* Xac dinh vecto A¥ dua vao co s méi theo tiéu chudn Ay > 0,
thuong dung tiéu chuan Ay = max {A; : Aj>0} .

* X4c dinh vecto A® bi loai khoi co s6 cii (néu da quyét dinh dua A
vao co sO) : Lap ti s6 gilta cac phan tir & cot xo va cac phan tor duong
tuong ing ( cung mdt dong) & ¢t xu dé€ xac dinh ti s6 nho nhat, va tir do
xac dinh chi s0 s:

10

Xk Xik

rled,, x, >0

Phan tir xg duoc goi 1a phan tir truc, dong tmg véi chi sé s ( ta ciing
goi la dong s) dugc goi 1a dong xoay, cot x* (ta cling goi la cot k) dugc
goi la cot xoay.

Tiép theo ta 1ap bang don hinh tGng v&i phuong an cuc bién theo co
s& méi ma cac s6 lidu ciia bang duoc xac dinh theo cac cong thirc (23) va
(24). Toan bd cac phép bién ddi nhu vay dugce goi 1a phép xoay xung
quanh phan tir truc xy. Nhu vy, bang don hinh méi duoc suy ra tir bang
don hinh trudc bang cach, trén dong xoay, thay cs boi chi thay AB boi
A, sau d6 thuc hién cac phép bién ddi ké tir cot x°, theo (23) va (24), cu
thé 1a:

* Chia moi phan tir ctia dong xoay cho phan tr truc xg, nhu vay la so
1 xuat hién tai vi tri tryc.

* Pé tinh dong i méi (i € Jo \ {s}), ta lay dong i cii trir di tich cua
dong xoay da bién d6i voi phan tor nam & giao gitra dong dang tinh va cot
xoay. Lam nhu vay ta dugc s6 0 & moi vi tri ciia ct xoay, trur vi tri truc;
nghia 1a cot k bay gio 1a vecto don vi. Viéc xac dinh f va A; 6 bang don
hinh maé1 dugce thuc hién nhu ¢ bang don hinh trudc.

Qua trinh tinh todn cr ti€p tuc nhu vay, sau mot so6 hiru han budc s€
két thic khi xuat hién dau hiéu t61 vu hodc dau hi€u ham muc tiéu khong
bi chan.

Vi dy 1. Giai bai toan quy hoach tuyén tinh sau:
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f(x)= x;-x,+ 2%, - 2x, — 3% > min
" X4 + X+ X,— Xg=2
X, + x, + x,=12
4x, + 2%, + X5 +3%, =9

x>0,j=1,2,8,4,5,6.
"

Gidi
Bai toan can giai 1a bai toan chuan. Ta thay ngay X = (2, 12 0,0,9,
0) la phuong an cuc bién tng voi co s¢ don vi gom cac vecto Al A® A5

Két qua tinh toan dugc thé hién ¢ bang dudi day; trong doé o bang do*n
hinh thtr 3 ( budc thir 3) ta c6 Aj< 0 véimoi j, do la dau hiéu t6i wu.

Vay phuong an tdi vu la x = (0, 8, 0, 3, 0, 1) véi f(x ) =-17

1 -1 2 ~2 0 -3

c’ Co so x° 5 v y p " r
1 Al 2 1 0 1 (1) 0 -1
-1 A® 12 0 1 0 1 0 1
0 A® 9 0 0 4 2 1 3
-10 0 0 =] 2) 0 1

-2 Al 2 1 0 1 1 0 -1
| A’ 10 = 1 -1 0 0 2
0 A 5 -2 0 2 0 1 (5)
-14 -2 0 -3 0 0 (3)

-2 Al 3 3/5 0 715 1 1/5 0
-1 A’ 8 -5 1 ~9/5 0 =25 0
-3 AS 1 -25 0 2/5 0 1/5 1
-17 | -45 0 -21/5 0 -3/ 0

Gidi thich. O bang don hinh tht nhét ta co:
max {Aj:A>0 ) =max {As=2,A= 1} = A, =2. Do d6 A* dugc
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dua vao co so, cot x*1a coOt xoay (trén bang A4 = 2 dugc dat trong ngoac);

b : 1%, 2 X, 12 %, 9| X
mln —lg_:xl4>0)1=1)275 =mln ;0=__’ﬂ=_’_§_0~:-— =;0
Xi4 Xy 1oxy 1 %5 2] x,
ttrc 1a min dat duoc & chi sé s = 1, do do Al bi loai khoi co s, dong tng
vo1 né 1a dong xoay va phan tir truc 1a x4 = 1 ( né dugc dat trong ngoac).

* 0 bang don hinh tht hai, trong ¢t ”sbcy=-2 thay cho ¢; = 1,
trong cot ghi co s& A* thay cho A', cac s lidu dugc suy ra tir bang don
hinh tht nhét bang cach ap dung cac cong thic (23), (24). Ta cd Ag =3 1a
udc lugng duong duy nhét nén cot x° 1a cot X0ay;

min ﬁ(-)m:Ais >0 }=min Xﬂ:lg,fég-:é =xi°, tic 13 min
Xi6 Xog 2 Xgg O] Xgg
dat duqc‘ & chi b s = 5, do d6 A bi loai va dong ung véi A’ la dong
xoay, phan tur truc 1a x5 = 5 (trén bang n6 duogc dat trong ngoac).
Tuong tu ta c6 bang don hinh thir 3, tai d6 xuét hién d4u hiéu t6i wu.
Vi dy 2. Giai bai toan quy hoach tuyén tinh sau:
f(x) = - x; + 3%, — 3%; + X, > min
([ 4x, + 3%, - 3%, +x, 212
-x;+ X, — X4 <H
X; + 5x, — 5x4 <6

x20j=1,23,4.

Gidi

Dua bai toan vé dang chinh tac vdi cac an bu xs , X¢ , X7 ta dugc
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f(x) = - x, + 3x, — 3x3 + X, & min

(4x, + 3%, — 83X, + X, — X; =12
=%+ x,— x4 + Xq =5
ﬁ X, + BX, — Bx; + Xy, =6
L %20, j=1,2,3,4,5,6,7.

Do 1a bai toan chuan. Ta c6 bang sau:

& 9 -1 3 -3 1 0 0 0
Cosd | x°
x! x? x° x4 ¥ x* X
1 Al 12 (4) 3 -3 1 -1
0 Af 5 -1 1 -1 0
0 A’ 6 1 5 -5 0
12 (6) 0 0 0 -1

-1 Al 1 34 -34 14 -1/4
0 A’ 0 74 -14 14 -1/4
0 A’ 3 0 1714 =714 -1/4 1/4
-3 0 -15/4 1514 -5/4 1/4

O O = O |0 | —= O
O |- O O | |- O O

O budc 2, do Ay = %5 >0Vax = (_%’_Z 17

——) <0 néntaco két
4 4

luan bai todn c6 ham muc ti€u khong bi chan.
5) Thuat toan don hinh hai pha.

Thuat toan don hinh gbc (hay chi can goi 1a thuat todn don hinh)
dung dé giai bai toan quy hoach tuyén tinh dang chinh tic & dang bai
toan chuén, tic 1a co gia thiét b> 0 va ma tran rang budc A c6 mdt co s&
don vi. Tuy nhién, trong thyc té hau nhu khong gap bai toan chuan nhu
vay Sau day ta s€ trinh bay mot thuat toan khac, dugc goi la thudt toan
don hinh hai pha hay thudt todn hai pha dé giai quyét bai toan quy hoach
tuyén tinh dang chinh tac tong quat.

(14 str can giai bai toan ( ma ta s€ goi no6 la bai toan chinh)
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f(x) = tex min
Ax=Db
x 20

trong d6 A 13 ma tran kiéu (m, n) bat ki va b > 0.

Piéu kién b > 0 ludn co thé thuc hién duoc vi néu b; < 0 thi chi can
nhan hai vé cia phuong trinh twong ung véi -1 .

Tuong trng vé1 bai toan chinh ta xét bai toan phu sau day:

F(x,w)= Xt Xust ... T Xpey = MiN

Ax+w=b

x20, w20
trong A0 W = (Xp+1 » Xp+2 5-++v5 Xp#m) 3 V& Xpig VO11=1,2, ... , m la c4c an
moi1 duge dua vao, ta s€ goi chung la cac an gia.

Bai toan phu con co thé viét dudi dang:
Fx,w) = X+ Xpue t... + X = Min
ranXptapX to. tapX, t X, = b,

AyXy T 8gXp T ...t 8%, + X0 = by

amlxl + am2X2 52500 amnxn + xn+m = bm

“x20,j=1,2,..,m+n,

Pé cho tién, ta ki hiu A" =1 (i=1,2, .., m) la cac vecto don vi
va goi ching 1a cac vecto gia.

Goi tap phuong an cua bai toan chinh va bai toan phu theo thu ty la
XvaX’

Trudc hét ta thdy rang, x € X khi va chi khi (x, 0) € X’ (ta hiéu (x,
0) 1a vecto (X1, Xz, ..., Xn, 0, ..., 0) € R™),

Ngoai ra ta c6 nhan xét: (x, 0) € X’ 1a phuong an cyc bién cua bai
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todn phu khi va chi khi x € X 1a phuong an cuc bién ctia bai toan chinh
(chuing c6 cung mdt hé vecto lién két, hodc déu 1a vecto 0).

Bai todn phu c6 tap phuong an X* = J vi (0, b) € X’ , va F(x, w)=0
v6i moi (x, w) € X’ , nghia 1a F(x, w) khong thé nhan gia tri nho tuy y
trén X’. Do d6 bai toan phy c6 phuong an t6i wu.

Vi bai toan phu 1a bai todn chudn nén co thé tién hanh giai n6 bang
thuat toan don hinh (gdc), sau mot sé hiru han budce dau hiéu tdi wu xuat
hién va ta thu duge phuong an cuc bién tbi vu (X, W) = (X, X,,..., X, ).

C0 hai truong hop xay ra:

a) W =0, tc laton tai i € {1, 2,..., m} sao cho X, > 0 (co it nhat
mot an gia nhan gia tri duong):

Khi d6 ta két luan bai toan chinh c6 tip phuong 4n 14 rong. That vay,
néu ton tai x € X thi (x, 0) € X’ va F(x, 0) = 0. Mit khac, do W = 0 nén
F(X, W) > 0. Suy ra (x, 0) la phuong 4n tot hon (X, W), diéu nay trai
v6i tinh t6i wu cia (X, W). Viy X = &

b) W = 0, tirc 12 moi 4n gid déu nhan gia tri bing 0:

Khi do F(X, W)=F (X, 0)=0. Vi (X, 0) la phuong an cuc bién cua
bai toan phu nén x la phuwong an cuc bién cua bai toan chinh.

Ta xét hai tinh hudng sau:

Tinh huéng 1. Néu moi vecto trong co so cua (X , 0) gdm toan cac
vecto cOt ciia ma tran A thi ta xoa bo cac cdt trong bang don hinh cudi
cung ké tir cot x™' dén cot x™™ (nghia 13 x04 bod cac cot ing v6i an gia).
Sau do ta giai bai toan chinh Xuat phat tir phuong an cyc bién X bang
thuat toan don hinh gbc; di nhién 1a phai thay d6i dong trén cung, trudc
1a hé s6 ciia ham muyc tiéu trong bai toan phu, bay gio 1a hé s cua ham
muc tiéu trong bai toan chinh, dong thoi cdt co cling phai thay doi theo
cho phu hop; tinh lai dong ghi cic wdc lugng (cho bai toan chinh) dé
kiém tra X .

Tinh huéng 2. néu trong co sd cla (X,0) van con p vecto gia (p = 1)
thi ta x04 bd ngay cac cot ing vai cac an gia con lai; didu chinh cac hé s6

cua ham muc tiéu ghi ¢ dong trén cung va ¢ ¢6t co cho phu hop, voi luu
¥ rang hé sb cua cac 4n gia trong ham muc tiéu tng véi p vecto gia néi

trén ta cho bang 0; tinh lai cac wéc luong dé kiém tra X . Sau d6 ta tiép
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tuc dung thudt toan don hinh gbc dé giai bai toan chinh xuit phat tur
phuong an cuc bién X , ngay tir bang don hinh cudi cung, dau rang trong
do6 c6 mat p vecto gia noi trén.

Nhu viy, dé giai bai toan chinh ta phan ra hai giai doan (hay hai
pha). Pha thtr nhat nham muc dich tim dugc phwong an cyuc bién (néu co)
ctia bai toan chinh. Pha thir hai nham giai bai toan chinh xuat phat tir
phuong an cuc bién (néu c6) di tim duoc ¢ pha thir nhat. Chinh vi vay ta
goi cach giai do la thuat toan hai pha.

Chuy:
* Néu trong ma tran A & bai todn chinh da c6 san mot vai vecto cot la

cac vecto don vi khéac nhau thi ta chi can dua vao bai toan phu moét s6 an
gia vira du dé c6 dung m vecto don vi.

* Néu ¢ mot budc nao dé mdt vecto gid bi loai khoi co s thi tir cac
budc sau ta xoa bo cdt trong ung.

Vi du 1. Bang thuat toan hai pha giai bai toan sau:
f(x) = 2x, + 6x, — Bx,+ X, + 4x; > min.
[ X,— 4%, + 2Xx, — 5%, + 9%, = 3.
X, — 3x; +4x,-56x; =6
X,— X3t X4, — X =1

x; > 0, 1=1, 2, 3, 4, 5.

Gidi
Trong ma tran rang bugc A da co At la vecto don vi nén chi can dua
vao hai 4n gia X, X7 Ung v6i hai phuong trinh cudi, ta c6 bai toan phu

F (x,w) = x4 + x;, = min

— 4%, + 2%, — 5x, + 9x; =3

— 3%, +4x, — 5x; + X =6

< Xo— X3t X4 — X3 +x; =1
L X;20, 3=1,2,3456,7.

trong d6 w = ( ¢, X).
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Viéc tinh toan duoc thé hién trong bang dudi ddy (xem phan giai
thich)

% co| .2 6 5 1 4 1 D
f F | so ¥ ¥ x X x° x* X
0 Al 3 1 -4 2 -9 9 0 0
1 A® 6 0 1 -3 4 -b 1 0
1 [A" ]| 1 0 1 -1 1) -1 0 1
0 2 -4 (5 -6 0 0
0 Al 8 1 1 -3 0 4 0
1 A® 2 0 -3 0 -1 1
0 A’ 1 0 1 -1 1 -1 0
0 -3 (1) 0 -1 0
2 0 Al 14 1 -8 0 0 (1)
-5 0 A’ 2 0 = 1 0 -1
1 0 A 3 0 -2 0 1 -2
F 0 0 0 0 0
f -9 0 0 (1)
4 A® 14 1 -8 0 0 1
-5 A* | 16 1 =11 1 0 0
1 A’ 31 2 -18 0 1 0
7 -1 -1 0 0 0
Giai thich.

- Lac dau, chi ghi vao dong trén cing cac hé sb 1 cua cac an gia
trong ham muc tiéu F(x, w); cac h¢ s6 con lai bang 0 ta khong can ghi,
cling la chu dinh danh cho dé ghi cac h¢ s6 cua f(x) trong pha 2.

- O budc 3, dau hiéu t6i wu doi vaéi bai toan phu da xuat hién, trong
co s& khong co6 vecto gid. Luc nay, cung véi viée ghi cac hé s6 cia ham
f(x) vao dong trén cung va cac h¢ s6 phu hgp vao cot co (&6 nhanh bén
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trai) ta tinh cac udc lugng Ai(f) Gmg v6i ham f(x) 1di ghi vao dong tiép
theo dugc ki higu 1a f (dé phan biét véi Ai(F) 1a cac udc lugng tng véi
ham F va ghi vao dong c6 ki hi¢u 1a F).

- Cht y rang, trong budc hai ta d xac dinh A’ vao co so thay cho A°,
nghia 13 tir budc ba trd di moi 4n co s¢ déu khong phai 13 4n gia nira.
Nhu véy, bt dau tir budc ba ta chi 1am viéc voi bai toan chinh, do d6
khong can tinh cac Ai(F) ntra ma tinh ludn A(f).

Cudi cung ta thu dugce phuong 4n tdi vu can tim 13:
X =(0,0,16,31,14) voi f(x)=7.
Vi dy 2. Giai bai toan sau ddy bang thuat toan hai pha:
f(x) = 7x; + X~ 4x, - min
(- 6x, + 4%, + Bx; - 20
X;+t 2x,+ X3 = 8
3X1— 2X2 - X3 S—' 8
L x20,j=1,23.

Giai

Sau khi dua vao cac 4n bu x4, x5 > 0 ung véi cac rang budc cudng
burc bat phuong trinh, dong thoi cha y bién do6i sao cho vé phai b > 0, hé
rang budc cudng burc tr¢ thanh:

6X1 - 4X2 - 5X3 + X4 = 20
X+ 2x, + x4 = 8
-3x,+ 2%, + X4 -x; = 8.

Dua vao 2 an gia xs, x5 ta co bai toan phu sau:
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F (x,w) =%, + X, &> min
(

6x, — 4%, — 5%; + x4 =20

X, + 2x, + x5+ Xg = 8
-3x,+ 2x, + X3— x5 + X, = 8
L %20,7=1,2,3,4,5,6,7.

viéc tinh toan duogc thé hién trong bang dudi day:

¢’ Cosd | x' 7 1 -4 0 0 1 1

x! ¥ ¥ x* ¥ x¥ X

0 Al 20 6 -4 -5 1 0 0 0
1 A° 8 1 (2) 1 0 0 1 0

1 A’ 8 |-3 2 1 0 -1 0 1

-2 (4) 2 0 -1 0 0

0 0 Al 36 8 0 -3 1 0 0
1 1 A’ 4 |12 1 (1720 0 0 0
0 0 A’ 0 |-4 0 0 0 -1 1
F —4 0 0 0 -1 0

f -13/2 0 (9/2) 0 0 0

0 A 60 11 6 0 1 0 0
-4 A’ 8 1 2 1 0 0 0
0 | A’ 0 |-4 0 0 0 -1 1
-32 |-11 -9 0 0 0 0

Gidi thich: O budc ba, dau hiéu t6i wu xuat hién va phuong an téi uu
ctia bai toan 1a x” = (0, 0, 8) véi f(x') = - 32.

Chu ¥ rang, & budc 2 dd xuét hién ddu hiéu t6i wu ddi v6i bai toan
phu, nhung trong co s¢ cta phuong an tdi wu dy c6 mot vecto gia 1a A’ .
Khi d6 ta x04 ngay cc cot ing cac vecto gia con lai, d6 13 cot x°, nhung
cot ndy da bi x04 ngay tir budc hai boi vi A° bi loai khoi co so dau tién.
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Vi dy 3. Giai bai toan sau bang thuat toan hai pha:
f(x) =2 x; - 2x, + 3X3 = min
2x; +2%x,— x5 <1
X, — Xp—3x3 21
520, j=1,2, 3.
Gidi
Pua vao hai 4n bu X4, X5 Va an gia X¢ ta ¢6 bai toan phuy

Ta c6 bang sau:

F (x,w) =x; — min

2x, + 2x, — %3 + X, =1
X, — Xy— 3X3—X;+X%x5 =1
20, j=1,2,3,4,5,6.

(\}

: Cd 86 XO xl 2 X31 X4 X5 XG

0 A1 @ 2 a1 0 0

1 A 11| 1 a1 8 0 -1 1
M -1 -3 0 -1 0

0 AV w2l 1 1 -u2 12 0 0

1 A | 0o -2 -2 -2 -1 1
0 -2 52 -2 -1 _ 0

O budc hai, dau hiéu toi vu da xuat hién nhung trong co s¢ tuong
’ r s 9 & .7 . 5 R SR P 1 A A A
g c6 vecto gia A° voi gia tri cua an gia 13 xg = 5 > (0 nén ta két luan
bai toan c6 tap phuong 4n 1a rong.

2.3. Giai cac bai toan quy hoach tuyén tinh bang may tinh dié¢n tir
( Theo lap trinh tinh toan véi Mathematica 4.0)

1) Gidi bai todn quy hoach tuyén tinh cé dang
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z(x) = ‘cx > min
Ax<b
x20.
Vi du: Giai bai toan
z(X) = 2x, + 4x, + x; + X, > max
(2%, +3x, +x, <4
2x, + X, <3
X, +4x,+x, <3

%20 ,j=1234

Trudc hét ta dua bai todn vé dang mat bang cach do6i dau ham muc
tiéu dé duoc

- 2(X) = - 2X - 4%, - X, -X4 —> min.

Ta dung céac I¢nh sau:

Clear [x1, x2, x3, x4, z, ineqs, vars]
vars ={x1, x2, x3, x4} ;
z[x1_,x2_,x3_,x4_]=-2x1- 4x2 -x3 —x4 ;

ineqs = {2x1+3x2 +x4 <=4, 2x1 +x2 <=3, x2+ 4x3 + x4 <= 3};

ConstrainedMin[z[x1,x2,x3,x4],inegs,vars]

Két qua: {—%?, x150,x2-> % x3 —+1—52-, x4 - 0}}

Vay dap s cua bai toan 1a :
X =(0, 4/3, 5/12, 0) 1a phuwong an tbi wu véi z(x) = 23/4
2) Gidi cdc bdi todn quy hoach tuyén tinh cé dang
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z(x) = 'cx— max
Ax<b
x2 0
Vi du. Giai bai toan da cho trong vi du & muc 1).

Ta dung céc I¢nh sau:

Clear [zx, x, valsx, inegsx]

zx = 2x [1] + 4x [2] + x [3] + x [4] ;

inegsx = {2x [1] + 3x [2] + x [4] <=4, 2x [1] + x[2] <=3,
x[2] +4x [3) + x [4] <=3} ;

ConstrainedMax [zx, ineqgsx, {x[1] , x[2], x[3], x[4]}]

Két qua: {—2-5’-, &[1]=> 0, x[2] _>§ x[3]> % x[4] > 0}}

Vay dap sd cua bai toan 1a:
x = (0, 4/3, 5/12, 0) 1a phwong an ti wu véi z(x ') = 23/4.
3) Gidi bai todn quy hoach tuyén tinh dang chudn tic
z(x) ='cx — min
Ax>b
x>0
Vi du: Giai bai toan
2(x) = 84x, + X, > min
(2%, +X,+%X3 =2 5
X;—Xo+X; 2 1
) 4x, - X3 23

L x20,7=1,2,3.

)
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Ta dung céac 1énh sau:

Clear [matrixa , x, ¢, b ]

c={84,0,1};

b={ 5,1, -3 };
matrixa={{2,1,1},{1,-1,1},{4,0,-1}}:

xvec = LinearProgramming [c, matrixa, b]

C. Xvec

Kétqua:{0,2, 3}
3

Vay dép so cua bai toan la:

X = (0,2, 3) 1a phuong an toi uvu véi z(x ) = 3.
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TOM TAT

Dé giai bai toan quy hoach tuyén tinh bﬁng thudt toan don hinh, trudc
hét phai dua né vé dang chinh tac. Sau khi bién do6i sao cho vé phai cua
cac phuong trinh déu khong 4m, néu cn, ta s& dua vao cac an gia véi sd
luong vira dii dé ma tran trong hé rang budc cudng birc mdi cd6 mot co so
don vi. Tir ddy ta tién hanh thuat toan hai pha d6i voi bai toan chuan vira
thiét lap duoc.

Trong truong hop da biét mot phwong an cuc bién cua bai toan quy
hoach tuyén tinh dang chinh tac ta tién hanh nhu sau:

Thue hién phép bién d6i so cip trén cic dong ctia ma trin rang budc
dé thu duge ma tran moi co cac vecto (cot) don vi khac nhau img voi cac
an co sé. Néu phuong an cuc bién da biét 1a khong suy bién thi c6 diing
mot co so don vi. Néu phuong an cuc bién da biét 13 suy bién thi hodc 1a
bién d6i tlep, hoc 1 dua thém vao mot sb an gia dé c6 mot co sd don vi.
Tir d6 tién hanh thuét toan don hinh dé giai bai toan.
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BAI TAP

1. M6t co s& san xuat co thé san xuat duoc hai loai hang I va II tir hai
loai nguyén li¢u A va B.

Trit lugng cta cac nguyén liéu A va B theo thir tu 1a 6 va 8 don vi.

Pé san xuat mot don vi hang loai I can 2 don vi nguyén liéu A va 3
don vi nguyén li¢u B; san xuat mot don vi hang loai II can 1 don vi hang
loai A va 4 don vi nguyén li¢u B.

Gi4 ban mot don vi hang loai I va loai II theo thtr tw 1a 7 va 5 don vi
tién té. Qua tiép thi duogc biét, trong mot ngdy, nhu cau tiéu thy loai hang
I khong quéa 2 don vi, nhu cau tiéu thy loai hang I hon nhu cdu tiéu thu
loai hang II khong qua 1 don vi. Van d& dit ra 13 can san xuat mdi ngay
bao nhiéu don vi hang mdi loai dé doanh thu 13 16n nhat.

Hay 1ap md hinh toan hoc cho bai toan thuc té trén.
2. Dung dinh nghia chimg t6 rang, x = ( 0, 2, 3 ) 1a phuong 4n ti wu
cua bai toan sau:
f (x) = 84 x,+ X, — min
r2xl+x2+x3 25
X, —Xtx; 21
< 4X1 - X3 2 - 3

x, 20.

\
3. Dung dinh nghia ching minh rang, d6i véi mdi bai toan sau x 1a
phuong an toi vu:
a) X, +Xx, > min
(—x;, +2X,+ X3+ x, =1
~-2%,+ X, tx;+ x, =2
\ 3x, +2x,=3

x, 2 0;
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va X=@0,-1,0,3).

b) x, +x, —» max

(X, +X,+ X3+ x, =1
X, tx,+3x;,+2%x,<4

-x, + x,+9x;,+4x,=16

\ x; 20;

va X =(0,1,3,-3).

4. Pua cac bai toan sau vé dang chinh tac:
a) x, +xX, > max

2%, + x, 21

X, — Xy <0

x, 20,x%, 20.
b) %X, — X, — min

0<x,<3

X2 2"“5.

5. Giai cac bai toan sau bang phuong phap db thi:

a) —x; +X, — min
(—2x, + x, £2
X, —2X, <2
X;+ X, £O
. x; 20,x, 20.
b) x, - 3x, —» max
(4x, + 3%, 212
—x,+ X, < 5

ﬁ x, +56x, £ 6

L x, 20.

6. V&1 bai toan dang chinh tac co hé rang budc
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X, tx,+x,=4
X, — X =0
x,20,)=1,2, 3,

héy xét xem trong cac phuong an sau, phuong an nao la phuong an cyc
bién ( khong suy bién hay suy bién ):

x'=(2,2,0),x°=(0,0,4),x’=(1, 1, 2).

7. Hiy tim tit ca cac phuong an cuc bién cta bai toan quy hoach
tuyén tinh c6 hé rang budc:

3x, — 2x, + X4 = 6
X; — 2X, X, =-2
x20,]=1,23,4

D6 12 bai toan suy bién hay khong suy bién.
8. Cho bai toan

X; — X, —> min
X, +tx, 23
tx, +x, <2

X; 20,x,20

trong d6 t 13 tham so.

Bang phuong phéap db thi hay tim tat ca cac gia tri cia t sao cho:
a) Tap phuong 4n 1a rong.

b) Tap phuong an khac rdng nhung ham muc tiéu khong bi chin.
¢) Bai toan c6 phuong an toi wu duy nhat.

d) Bai toan c6 v6 sb phuong an tbi wu.

9, Cho bai toan quy hoach tuyén tinh

f(x) = ‘cx = min
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a) Chting minh rang néu x' va x> 1a cac phuong an thi Ax'+ (1 - A)x>
v6i 0 <A <1 Cling la phuong an.

b) Chimg minh rang néu x' va x” 1a cac phuong 4n t6i vu thi Ax' + (1
- M)x* voi 0 <A < 1 ciling 13 phuong 4n tdi uu.

10. Ching minh rang, d6i v6i cac bai toan sau ham muc tiéu khong
bi chan:

a) f (x) = 3x; —x; » max
[ x,+ x, =2
_X1+ X2 S2

X, — 2%, £ 2

\ XIZO,szO.

b) g(x) = bx, — x, +2x; — 5 X, & min

[ x,— X, +2x, <7
2x,+ x, +3x;—3x, <9

ﬁ 3x, - 2x, + X+ x4 <6

(x,20,7=1,2,3,4.

11. Cho bai toan

3X1 + 2X2 + 5X3 - 2X4 — min

1
~3

Xl + 7X3 - 3X4

1
—

X, — 2%y + X,
3%, — x, +x;, =16
x20,j=123,4)5.

Tim phuong an cuc bién tng véi co so {A°, A*, A’} va kiém tra tinh
toi wu cua no6 bang cach tinh cac udc lugng (A 1a ma trdn rang budc).
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12. Giai cac bai toan sau bang thuat toan don hinh (tén goi chung cho
thuat toan don hinh gdc va thuat toan hai pha):

a) x, +x, +X; - min
[ X,— X, — 2Xg =5
X +2x, - 3x;+x, =3
Xg +2x, —bx;+6x;=5H
(%20, j=1,2,3,4,5,6.
b) 2x, + 4%, + X; + X, > max
(x; +3x,+x, <4
2x, + x, <3
Xot4x;+x, < 3

| x,20,j=1,2,3,4.

c) 2x,—8x,+ X3 — min
(6%, + 8%, —2X; <1
2x, —8x, + x5 <3
- X, —Hx, +x3 <2
L =0, j=1,2,3.

d) x;— %, + X3+ X, +X;— Xg —> min

[ x,+ x3 + x,+ 3%; =5
2%, + X, — 2X3 + Xq =2
4
X, + x5 +xX3+2x; =2

x20, )=1,2 3,4,5,6.

e) 3x,; + 3x, + 2x;+ 7X, —» max
3x, +2x, + x5 + 3x, + 2x; <15
X, +2x, + x;+4x,+x5; <19
x20,3=1,2,3,4,5.
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h)

1)

k)

X, + X, — X3 —> min
2x; —x, + x4 =2
4%, — Xy, + 2x,4 =1
X, + 2%, — 4x4 >4
x2>20,3=1,2 3.

X, — X, + X3+ X, —> max
X, +x,+x3+ x,=10
X, — X3 + 2X, = 0
2x, + x5 + 8x, =30
x,20,j)=1,2,3, 4.
2x; + X, — 4%; — max
2%, +2x,— %3 <1

X, +3x,+x; <-2
3x; + 4%, — X3 <3

X3 =20.

X, — 2%, + 3x; — min
2x; + x,+ 3x3 =2
2%, + 3x,+4x; = 1
X, — Xy + X3 £4
x,20,)=1, 2, 3.
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VAINET LICH SU

Sy ra doi ciia Quy hoach tuyén tinh néi riéng va Quy hoach toan hoc
n6i chung cé thé coi 12 vao nim 1939. Phirong phdp don hinh ndi tiéng
do gido su Dantzig (George Bernard Dantzig, 6ng sinh nam 1914) dé
xuat tir nam 1947, dén nay van dugc st dung rong rdi nhit cho Quy
hoach tuyén tinh. Cubi thang 8 ndam 1997, hon hai nghin nha khoa hoc tir
khip cac nudc trén thé giéi di tham du Hoi nghi quéc té "Quy hoach
toan hoc" tai Lausanne (Thuy Si) da lam 1€ ky niém 50 nim ngay phuong
phap don hinh dugc cong b, va ngdy do cing chinh thirc duoc lay lam
"Ngay Quy hoach tuyén tinh" trén thé gi6i.

Gan day, di xuat hién phuong phap ellipsoid ctua Khachian (ra doi
nam 1979), phuong phéap "diém  trong" cua Karmarkar (ra doi nam 1984),
do 1a nhimg thanh twu méi va rit quan trong, dugc quan tdm ca vé mit 1y
thuyét 14n kha ning giai quyét cac bai toan quy hoach tuyén tinh c¢& lén.
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LOI GIAI -HUONG DAN -TRA LOI

Chuong I. PINH THU'C

2.2)ccd 1 +2+3+4+5=15nghich thé, sgn(c) =-1.
b) c6 p nghich thé, sgn(p) =-1.

3 n(n-1)
n(n-1) nghich thé, sgn(p) = (1) 2

4 (1 2 3 4 5 6 4. (1 2 3 4 5 6
o = =06, H = 2

pcol+2+..+(n-1=

6 5 4 3 2 1 2 6 3 1 6 4

yio(1 2 3 wn))_
nn-1n-2..1 P
Vi 1 = sgn(oo™) = sgn(o)sgn(c™) nén sgn(c™) = sgn(o) = -1.
n(n-1)

Tuong tu, sgn(u™) = sgn(y) = -1; sgn(p™) =sgn(p) = (-1) z

1 2 3 4 5 6 1 2 3 4 5 6
ol = , po=
3 6 4 1 2 5 2 5 6 3 1 4

3. a) Céc tich c6 mat trong dinh thic: aj;a34a33a41, 21422831243.
b) Ca hai déu c6 dau "+".

4. Dbi vai tich 41132834854, ] = 3, k =5 hodc j =5,k = 3.
Déi véi tich ajpayazamass, j 1, k=4hodcj=4,k=1.

5. Chi c6 mot tich : a;3a,,83; c6 dau "-".

6. Tich a;ja,,...a,, c6 ddu cong;

n(n-1)
Tich ajpas,.;...a, 6 dau la (~1) 2

7. Huéng dan: Nhan cot thit nhat voi 100, nhan cot thi hai véi 10,

ro1 cong vao cot cudi.
8. Huong dan: Tach dinh thitc & vé trai thanh timg ciia nhiéu dinh
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thirc, bé di nhitng dinh thirc bang 0, rdi ddi chd cac cot ciia nhitng dinh
thire con lai.

9. Huéng dan: a) Nhan dong thi ba véi -1 10i cong vao dong thir hai.

b) Cong ba dong: thu nhat, thi hai, tht tu.

10. BS: a) -88 ; b) -3 ;¢) -626 ;d) 75 ; e) -180 ; ) -180.

11.DbS: a) 1 ; b) 876.

12. BS: a) -238 ; b) 576.

13. DS: a)-1344 ;b)-9;¢) 108 ; di 24 ;

e) Hurdng dan: Lay dong thtr nhat cong vao tat ca cac dong con lai;

f) Hurong dan: Lay dong thir nhat cong vao dong thtr hai. Liy dong

thr hai vira duoc cong vao dong thir ba; 1dy dong tht ba vira dugc cong
vao dong thir tu; cu ti€p tuc nhu the.

14. Huéng dan:

a) Lam nhu vi du 2, muc 5.5;

b) Tinh cac dinh thtrc con cap 1, cp 2, cip 3, cap 4 & goc trén bén
trai. Coi chung 1a D, D,, D3, D4, con dinh thirc da cho 1a Dn. Nhan dang
cac dinh thuc Dy, D,, D3, D4 du doan két quéa va chimg minh du doan ay.
DS :x™ +2x" +3x™" ...+ nhay Y k"

k=1

¢) Nhan dong thir n v&i —a; réi cong vao dong thir n, nhan dong thir n
- 2 v&i — a; 161 cong vao dong thtr n - 1, ct nhu the ... , nhan dong th
nhat v&i - ai r61 cdng vao dong thir hai. Khai trién dinh thirc vira dugc
theo cot thir nhat. Pua nhan tr chung ¢ cac cot cua dinh thic vira dugce
c6 ra ngoai dau dinh thuc. 4p dung phuong phép trén vao dinh thirc vira
dugc. DS n (a; -a;)

1<j<isn

15. BS:a) (-3,0,5);b)(1,-2,1);¢) (3,0, 1, 1);d) (0, 2, -1, 2); e)
(1,2, 1,0).

16. Huong dén: Pinh thie D 1a dinh thire Vandermonde, con cac Di
cling 1a nhitng dinh thirc Vandermonde véi aj dugce thay boi b.
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H(ai -b)

DS: x. = L——,je{l,&...,n}

H(ai _aj)

%]
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Chuwong II. KHONG GIAN VECTO

2. Tra loi: a) Khong ; b) Co ; c) Khong ; d) Khong; e) Khong.
8. Tra loi: a) Co ; b) Co; ¢) Khongl di Co; e) Khong; 0 Co
9. Tra loi: Khong.
10. Trd loi: Khong vi nd khong c6 phén tir 0.
ra, ra, ra,

11. OS: Phén tir phai tim 13 [—,—,r,—j
47477 4

12. Huéng dan: Gia sit U # V. Khi d6 tdn taimdt & € V\U. Suy ra

—

G e W Hiy chimg minh ring moi B e U déu thuéc W bang cach xét

xem @ + P thudc U hay thuéc W.
15. Huéng ddn: Gia str X 1a mot khong gian con cia V chia U U W.
Chimg minh rang U + W < X.
16. Huong dan: Viét

(5, —2> 1) - B = r1(23 0) 3) + r2(05 2’ '_1) + l"3(1, 2, 3)
= (2r,+ 1y, 2ry+ 215, 3r,— 1y + 31y).

2r, +1; =5
Giai hé phuong trinh 2r, +2r, = -2
3r, —r, +3r; =1

Ps: B=4d,-28,+ 3d,

17.ps: B=—0a,+ as

18. Hudng dcfn:‘ Tim 1y, 15, 13 sao cho 1y a, +1,0, + 13 ;= 0 . Néu
co 1y, 1, 13 khong dong thoi bang 0 thi h¢ phu thudc tuyén tinh.
PS: a) Poc 1ap tuyén tinh;  b) Phu thudc tuyén tinh ;
¢) Phu thudc tuyén tinh ; d) Doc lap tuyén tinh.
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19. Trd loi: a) Doc 1ap tuyén tinh; b) Phy thudc tuyén tinh.
20.PS:a=5b=-12.

21. ¢) Tra loi : Khong vi B,=B,-B,

22. Hudng dan: Gia st |3 e R&; "R @,. Thé thi tdn tai ry, 1, thudc
Rsaochor @, = B =r,Q,hayr &, -4, = 0 . Tu gia thiét suy ra két
luan cua bai toan.

23. Huong dan: Ching minh rang hé vecto méi nhin dugc ciing doc
1ap tuyén tinh.

24. Huong dén: Thyc hién nhu vi du 2, muc 4.1.

25. Hudng dan: Trudc hét hiy xem hé vecto di cho c6 doc lap tuyén
tinh khong. Néu c¢6 hdy ching minh n6 1a hé sinh.

Tra loi: a) Co; b) Co.
28. Huéng dan:
Gia sir| P€ R mZjo + Thé thi ton tai Iy, T2y .5l .. .50, thudce R sao

#1

cho re;= P =re ot €ttt g,

hay NE et €~ e+ it 1,E,= 0

Tir gia thiét suy ra két luan cta bai toan.

29. Huréng dan: Xét xem hé vecto co doc 1ap tuyén tinh khong. Néu
khong hay xét xem trong h¢ c6 hai vecto nao doc 1ap tuyén tinh khong.

Tra loi: a) dimV =2; b) dimV =3 ; ¢) dimV = 3.

31.a) Taco: 2 =dimU <dim(U + V) < dimV.

Néu dim(U + W) < dimV = 3 thi dim(U + W) = dimU
ViUcU+WnéntrdosuyralU=U + W.

Do d6 U = W (trai gia thiét). Vay dim(U + W) = 3.

Suy ra dim(U N W) = dim(U) + dim(W) - dim(U + W) = 1.

b) Néu dim(U + W) = 4 thi trai v6i gia thiét U = W. Do d6 dim(U +
V) - 5 hodc dim(U + V) =6.
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Tra loi: dim(U N W) =3 hoac dim(U N W) = 2.

32. Huong dan: Xét xem hé vecto { @, G, |3 1 2} c6 doc lap
tuyén tinh khong

37. 1 -1 1 -1
_ 0 1 -2 3

b) PS:T=|, o 1 _s
0 0 0 1

¢) Huong dan: C6 2 cach giai:
Cach 1. Tim ma tran chuyén tir co so (&) sang co sd (g) roi ap dung
cong thirc doi toa do.

Cach 2. Coi toa d cua f(x) ddi v6i co so () 1a (1, ¥, y3, Y4). Diing
cong thure d6i toa d6 voi ma tran chuyén T tir co sO (¢) sang co so (&) da
biét trong cau a), ta dugc mot hé phuong trinh dbi voi an vy, ya, y3, Va.

Ds: (6, 3,2, 0).

0 0 0 1
peaTo|0 0 L0
38.Ds:a) T= 01 0 0
1 0 0 O
b) (79 Oa 5: _2)7
c¢) Cling 1a ma tran T trong cdu a) .
d) (0, 1, 4,2).

39. BS: hang(A) =3 ; hang(B) =2 ; hang(C) =4 ; hang(D) = 3.
40.DS: a) {6y, S,);bi { B, By Byio) (7, 7o T4},
41. Hudéng dan:

bat T = (a;) 1a ma tran chuyén tir co s o sang co sé B. Theo dinh
nghia ctia ma tran chuyén ta duoc cac hé phuong trinh dbi voi cac ajj.
Giai cac hé nay se tim duoc cac aj;.
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-2 1 -1 —1—
2
2 -2 1 —3—
bS: T= . g .
o 2 = -=
2 2
1 0 E 0
2

2 6
bS: @, =, 0, =).
¢ ( = 5)

d) BS: (-3, 5,-1, 2).
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Chuwong I1I. ANH XA TUYEN TiNH

1. Tra loi: a) ;b);d); f); g);h).

2. Tra 10i: Pon ciu: g), h); Toan ciu: d) , f); Khong c6 dang ciu.

3.DS: Vo1 a = (al, ay, 3.3), f(&) = (al + ap, 2&1 - 23,3, -a, + 233).

4. Hudéng dan: Trude hét chimg minh ring &, @, G5 l4p thanh
mot co s& cia R, Thuc hién nhu ching minh dinh li muc 1.2.

Pé tinh f((1, 0, 0)) ta can tim toa do cua vecto (1, 0, 0) d6i véi co s
noi trén.

Tra loi: f((1, 0, 0)) = (0, -2, 2).

5.DS: & =(3, % . 0).

8.b) Gia sit A lamét cosd ciia Vva & =1 +..+ 1,0, Y =
5101 ...+ 5,0 msaochof(ﬁ) f(Y) Thé thi: r; B, +...+ 1, B,

+. —i—smBm V1Blacos0’cuaWnenr1 = 81500 Tm = S Do d6 & =
Suy ra f 1a mot don cdu. Theo gia thiét f 13 toan cdu. Vay f1a dang cau.

9. PS: a) Imf ={(a,0,0) | a e R}, Kerf={(0, a,, a,) | a, a;€ R};
Img={(a,0,b) | a,be R}, Kerg={(0,0, a;) | a;e R};
Imk = R% Kerk ={(0, a,-a) | a € R};
Imp=R?,Kerp=1{(0,0,2a) | a e R};
Imq=1{(a,b,0,¢) | a, b, c e R}, Kerq={(0, 0, 0)};
Imt = R?, Kert = {(0, 0, 0)}.
b) dimImf=1, dimKerf = 2;

dimImg = 2, dimKerg = 1;

dimImk = 2, dimKerk = 1;

dimImp = 2, dimKerp = 1;

dimImq = 3, dimKerq = 0;
dimImt = 3, dimKert = 0.
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10. BS: Imd = P, 14 tp gdm da thirc 0 va cac da thirc bac khong qua
1 trén R, Kerd = R.

dimImd = 2, dimKerd = 1.

, 12. Huong dan: Chung minh réng flu 12 mdt don cAu va mot toan

cau.
13.

a) o (f+g)(ay, a,, a5) = (2a,-2,, 2, ay). Im(f + g) = R®, Ker(f + g) = {(0,
0, 0)},

dimIm(f + g) = 3, dimKer(f + g) = 0;

e (f — g)(a,, aj az) = (ay, a, —ay), Im(f — g) = {(a, a, b) | a,b € R},
Ker(f—g) ={(a, 0,0) | a € R}

dimIm(f - g) = 2, dimKer(f — g) = 1.

e fg(a,, a,, a;) = (a;— a,, 0, 0), Imfg ={(a, 0,0) | a € R}, Kerfg =
{(a,a,b) | a,b € R},

dimImfg = 1, dimKerfg = 2.

e gf(a,, a,, a;) = (a,— ay, 0, 0), Imgf ={(a, 0,0) | a e R},

Kergf ={(a,a,b) | a,be R},

dimImgf = 1, dimKergf = 2.
b) e(f + g)(a,, a,, a3, a,) = (3a;+ ay, a;— a,), Im(f + g) = R?, Ker(f+g)
={(0, 0, a3, a,) | a5, a,€ R} _

o (f-g)(ay, ay a5, a)) = (a;— a,, a,—ay), Im(f—g) ={(a, - a) | aeR}.
Ker(f—g)=1{(a,a,b,c) | a,b,ce R}

dim(f—g) = 1, dimKer(f — g) = 3.

e fg(a,, a») = (2(a; + ay), 0), Imfg = {(a, 0)| a € R}, Ker(fg) = {(2, -a)|
a € R}, dimIm(fg) = 1, dimKerfg = 1.
e gf(a;, ay) = (2(a; + ay), 0), Imgf ={(a,0) | a € R}, Kergl ={(a,—a)| a € R}
dimImgf = 1, dimKergf = 1.

14. a) gf(a,, ay, a,, a,) = g(a; + ay, a3, a,) = (a;+ a,, 23— ay).
b) Imgf={(a,b) | a,b e R}, Kergf ={(a,—a,b,b) | a,b € R}.
c) Co.

16. Tra 1oi: a) Khong. Vi du: f: R* — R* 1a dong cau dong nhit va
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g: R*— R® xéc dinh b1 g(ab a) = (-a;,-a,) déu 1a don ciu nhung (f +
g)(a1, a2) = (0, 0) la dong cau 0.

Tuong tu, fva g déu 1a nhitng toan cdu nhung f + g khong phai 1a
mot toan cau.

18. Hudng dan : a) Gia st {€,..., €,,} 1a mot co so cia V. Chimg
minh rang hé vecto {f(g 1) 5eees 1( € m)} doc 1ap tuyén tinh trong W. B6
sung va h¢ nay dé dugc mot co so:

(F(E 1yeves F(E ), Emitse.... Eu}. Xdc dinh dnh xa g béi gf(€;) = €
véimoij e {1,.,m}, g(5)=0,Vsimoije {m+1,.,n}.

b) Gid sit {&1, ..., &) 12 mot co s6 clia W, véi mdi &, véi moi j €
{1,..., m}, ¢d dinh mot ;cfj sao cho f(gj) = éj. Xac dinh g boi g( ij) = ‘_o"J-
voimoij € {1,..., m}.

21.a)Tacd G € f'f(A) < f(Q) € f(A)
< ton tai mot &' € A sao cho f(&)=f(&")

<:>f(§_§')= 0 o & - a' e Kerf

Q
i

< tOn tai mot 8 eKerf sao cho & - G'= & hay o
Kerf.

b) B e f(f'(B)) < tdn tai motd ef'(B) sao choB = f(G) va f(&)e
B

< B N Imf.
22. a) f va g la nhitng 4nh xa tuyén tinh.

That vay, v6i @ = (ay, a,, a3, a4),
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B=(,,b,,b;,b) e R* var,s e R, tacé:
rd +sP = (ra,+ sby, ra,+ sb,, ra;+ sby, ra,+ sb,),
fra + sB) = (ra, + sby, ra, + sb,, — ra; — sbgy, ra,+ sb,)
= (ra,, ra,, — ras, ray) + (sby, sb,, — sbs, sb,)
= 1(ay, 8, — a3, ay) + 8(by, by, — b5, by)
=rf(a,, a,, a3, a,) +sf(b, , by, by, by
= rf(&) + sf(B).
Tuong tu dbi voi g.
e fva g 12 nhitng ding cAu. C6 nhiéu cach ching minh. Xin gi6i
thi€u hai cach.
Cdch 1. Chimg minh chung 1a nhitng don cdu va nhiing toan ciu.

Chang han, chtmg minh cho g:

+ Néu g(a‘) = O = (09 09 Oa O) thi g(al: A, a3, 3.4) = (zab A, a3, - 3.4) =
(0,0, 0,0). Do d6 aj=a; = a3 = a4 = 0. suy ra a= 0 ; nghia 1a g 1a mot
don cau.

+ Giasit B = (b, by, bs, by)e R* 1a mot vecto tuy ¥.

Dét a = (%: b2a b3a - b4)9 ta co g(a) = (bla b2a b3: b4) = B ; thia la g
1a mot toan cAu.
vay g la mot dang céu.

Cdch 2. Chirng minh rang f va g bién mot co s& thanh mot co sa. Ly
co s& chinh tac cua R4, ta co:

g(1,0,0,0)=(2,0,0,0)
g(0,1,0,0)=(0,1,0,0)
£(0,0,1,0)=(0,0,1,0)
£(0,0,0,1)=(0,0,0,-1).

Heé vecto nay doc 1ap tuyén tinh vi néu
r1(27 03 07 O) + rZ(Oa 17 O) 0) + r3(09 07 19 0) + r4(09 Oa 09 _1) = 6 thi
(2ry, 15, 13, -14) = (0, 0, 0, 0). suy rar; =1, = 13 = 14, =0.
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Vi dimR* = 4 va hé nay c6 4 vecto nén theo h¢ qua muc 5.1, Ch. II,
dg’) la mdt co so cua R, Lai theo h¢ qua muc 2.3, Ch. III, g 1a mot dang
cau.

¢) h=f+ gkhong phai 1a mot don céu vi

véi & =(0,0,0,1) = 0 tacd (f+ g)(&)=1(0,0,0,1)+(0,0,0, -1)
= 0.

N6 ciing khong phai 1a mot toan ciu vi

(f + g)(ay, ay, a3, a4) = (3ay, 2a,, 0, 0), V&1 moi a = (aj, ay, a3, a4) nén
khong c6 O nao dé

(f+g)(a)=(0,0,0,1).

¢) K = (ay, as, a3, a4) € Kerh khi va chi khi

(f+ g)( ay, ay, a3, a4) = (3a;, 2a,, 0, 0) = (0, 0, 0, 0)

khi va chi khi 3a; = 0 = 2a, hay khi va chi khia; =0 =a,

Do d6|K = (0, 0, a3, a5) va Kerh = {0, 0, a3, a4) | a3, as € R}.

Vay (e) = {(0, 0, 1, 0), (0, 0,0, 1)} 1a mot co s& cua Kerh.

Imh = {(3a,, 2a,, 0, 0) | a1, a, € R}.

Nhu vay mdi vecto thudc Imh co dang (3a;, 2a,, 0, 0) = a,(3, 0, 0, 0)
+ ay(0, 2, 0, 0). Do d6 h¢ hai vecto (3) = {(3, 0, 0, 0), (0, 2, 0, 0)} la mot
hé sinh ctia Imh. Ban doc tu kiém tra ring hé nay doc 1ap tuyén tinh. Vay
do6 1a moét co so cua Imh.

d) Ta c6 h(0, 0, 0, 0) = (3, 0, 0, 0), h(0, 1, 0, 0) = (0, 2, 0, 0). Do do6
co thé chon:

EF (1,0,0,0), zz =(0,1,0,0).

Theo gia thiét, U 1a khong gian sinh boi hai vecto E I Ez.

V6i @ = (a, ay, a3, a4) tuy ¥ thude R?, ta co:

a =a;(1,0,0,0)+ a0, 1, 0, 0) + a3(0, 0, 0, 1, 0) + a40, 0, 0, 1).
Via(1,0,0,0) +ay0,1,0,0) € U, a3(0,0,0, 1,0) +a40,0,0, 1) €

Kerh, nén
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G e U + Kerh; nghia 1a R* = U + Kerh. Mit khéc, hién nhién U +
Kerh c R*. Do d6 R* = U + Kerh.

Giasdt @ e UnKerh. Vi@ € Unén @ =a(1,0, 0, 0) + a0, 1, 0,
0).

Vi @ e Kerhnén & = a3(0, 0, 1, 0) + a4(0, 0, 0, 1). Nhu vay:
a1(19 09 09 O) + aZ(O) 19 09 O) = 33(0, O) 17 O) + a4(09 09 09 1)
hay (ab ay, Oa O) = (09 O: as, a4)'

Toedosuyraa=a,=a;=a,=0.Vith & =0 .

Vay U n Kerh = {6}.

e) (_2a 05 19 O) - gf(xla X2, X3, X4) = (2X1: X2, X3, _X4)9 suy ra (Xla X2, X3,
X4) = ('19 09 '13 0)

f) Gia sit ¥ | = (X1, X», X3, X4) 12 anh nguoe ciia &, = (0, 2, -1, 0). Thé
thi (09 29 '13 O) = f(Xla X2, X3, X4) = (Xl’ X2, -X3, X4)'

Do d6 |7, =(0,2, 1,0).

Tuong tu, ta tim dugc anh ngugc cua Ez =(1,0,1,0)1a ?2 =(1,0, -
1, 0).

Ban doc tu kiém tra rang hé hai vecto {&,, &,} doc 1ap tuyén tinh.
Vi f 1a mot déng cau nén f ' ciing 1a mot dang cdu. Do d6 71 =f
(&), Yo=f (&) va £ (W) sinhbsi {¥,, ¥}

Theo bai tap 7, hé hai vecto nay doc 1ap tuyén tinh. Vay d6 1a mét co
s& cua fH(W).

Tuong tu, mot co sd cua g(W) gdm hai vecto g(a,) = (0, 2, -1, 0),
g(a‘Z) = (19 Oa 15 O)

Chuwong IV. HE PHUONG TRINH TUYEN TiNH

1.DS:a) (1,1, 1) bi (-11c; + %,-m3 + 17 ¢); ¢) vo nghiém ; d)

10
(1,2,1);
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e) VO nghi€ém ; f) (-1 - 2cy, —% + 26¢4, % + 14c4, ¢4 ) 5 g) VO

nghiém ; h) V6 nghiém ; 1) (% 159 —E ——)

91 91 91
3. Tra loi: a) Co ; b) Co ; ¢) VO nghiém ; d) Co.

4. Huéng dan: Xét dinh thirc cia A. V6i nhimng gia tri ctia a, b, [A[20
thi hé c6 nghiém. Ung véi moi gia tri cia a, b ma |[A| = 0, hdy xét hang
cua hai ma tran A va B.

Traloi:a)a=1vaa=#-2hoaca=1;
b)a#1vab=0.
5.Traloi:a#1vaa#-2hoaca=1.

6. Huéng dan: Tinh dinh thirc ciia ma trdn A duoc |A| = (b - a)(c -
a)(c-b).

Xét cac truong hop:
e axb,b#c,c#a;
e a=b,b#c;(tuongtu:b=c,c#a;c=a,a#b);
e a=b=c.

7.DS:a=27.
59 -7, ~30+10c,

8. DS:a) (1,2,-3); b ,Ca) !
) (1,2,-8); b) (— B 3)
0 _5C4,—7c4+6,14c4—12’C4 ) 7c4+7’—5c4—5’0,c4 :
3 3 11 11

&) Vo nghiem: (—03 + c45+ Cg + 5, 4c, - 4<5:4 ~ 4c

» C35 Cy> 05);

)

6 6

j) Huréng dan: Tinh dinh thirc cia ma tran A duogc |A| = (b - a)(c -
a)(c-b).

a#b,b#c, c#a. H¢ c6 nghiém duy nhat:

; . ~[1-5 1+7 1-
g) Vo nghiém; h) V6 nghiém; 1)( 604’ * ¢ 5C4,c4);
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_(b-d)c-4d) y:(d—a)(cnd) - ([d-a)d-b).
(b-a)c-a) = (b-a)c-b)’  (c-a)lc-b)’

X

e axb,b=c,a#d, b=d. H¢ vo nghiém.
e azb,b=c,a=d. Nghiém: (1,vy, -y).

e axb,b=c=d.Nghiém: (0,y, 1vy).

e a=b=c=#d. V6nghiém.

e a=b=c=d. Nghiém: (1-y-zy,2z).

a, b, ¢ b b b
a a a
9.DS:|a, b, c,|=0val ' #0,|° Hz0,| " =0,
a, b, ¢ 4y Dy a; by a; b,

10. bS:a=-1,b=-1,c=1.
11.DS:a=1,b=c=0,d=-1.
12. BS:a=5,b=-2,c=-4.
13.DS:a=3a,-5Q,

14. Hudéng dan: Goi (y1, ya, y3) 12 toa do cia G dbi véi co so (£)
dung cong thire doi toa do ta c6 hé phuong trinh doi voi cac any;.

(2 -3 0
bS: T=-1 1 4
3 -2 5
Toa 46 phi tim: [-23, 3 27}
7T T
0 -3 -2
15.D5:T=|0 2 2
1 0 0

16. DS: a) (3¢, c4, -4c4, ¢4); b) (-13c, 8¢, 1lc, 4¢); ¢) (3¢, c, 0, 0, 0);
di (3¢c,-c, ¢, 2¢, 0).

17. BS: a) -11& 1+ 2085 1984 = 0 ; b) B, - P+ 2Bs= 0 .
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18. Huéng dan: Trude hét tim hang ctia ma trin A cta hé phuong
trinh.

Suy ra sd chiéu cta khong gian nghiém. Kiém tra xem hé vecto c6
doc 1ap tuyén tinh khong.

Tra 101: b) 1a hé¢ nghi¢m co ban.
19. Goi S 1a khong gian nghiém cua hé phuong trinh.

DS: a) H¢ nghiém co ban: (1, 2, 0, 1), (2, 3, 1, 0); dimS = 2; b) H¢
nghiém co ban: (-3, 1, -6, 1), dimS =1;

c¢) Hé nghiém co ban: (-3, 0, -1, 2), dimS =1;

d) H¢ nghiém co ban: (-1,-1,1,0,0, 1), (3,1,2,0,1,0), (2, 1, -1, 1,
0, 0) dimS = 3;

e) Hé nghiém co ban: (1, 1, 0, 3, 0, 2), (-1, -1, 1, -4, 1, 0), dimS = 2.
20. DS
a) H¢ nghiém co ban: (1, -5, 0, 0, 3), (0, 1,0, 1, 0), (0, 1, 1, 0, 0).

e Nghiém téng quat cua hé¢ da cho: (% + a, % -5a+b+c,c,b,3a).

e Choa= %, b =c =0, dugc mot nghi¢ém riéng: (1, -3, 0, 0, 2).

b) H¢ nghiém co ban: (2, 5, 0, 0, 6), (1, -1, 0, 2, 0), (0, 1, 2, 0, 0).

e Nghiém téng quat cua h¢ da cho:(% +2a + b, % +5a-b +c, 2c,
2b, 6a).

e Choa= % , b=c =0, dugc mdt nghiém riéng: (1, 1, 0, 0, 1).

21. Trudng hop hang (A) = hang(B) = 1. Hé ¢6 v s6 nghiém.

Phuong trinh thr hai va thir ba 1a t6 hop tuyén tinh ctia phwong trinh
thir nhat.

Ba duong thang trung nhau.
e Truong hop hang(A) = 1, hang (B) = 2. H¢ v6 nghiém.

X a; ¢ b, ¢ . . . N
+ Néu ' "M=0 va | ' '|=0thid, trung v6id, vads // d,
ay; € b, ¢,
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a; € a; G

a3 Gy

+ Néu #0 thi ba duong thang

song song.

20 va

a, ¢,

e Truong hop hang(A) = 2 = hang(B). Hé c¢6 nghiém duy nhit.
£ |31 b a; by a9

Néu
quy.
Hai duong thang cit nhau, dudng con lai tring véi mot trong hai

b, .
, , # 0 thi ba dudong thang don
ay 2 a; by ay b3‘ 8 g g

duong cit nhau.

1

#0 thid, cit d,, d; tring véi d, hodc d,
a, by

+ Néu

e Truong hop hang(A) = 2, hang(B) = 3. H¢ v0 nghiém.

a; b a; b, a, b,

#0,

Néu # 0 thi ba dudng thang doi
a, b, a; 3 ag 3 g g

mot cit nhau nhung khong ddng quy.

+ Néuy| & b, £0, a; by

— o thid, citd,, ds song song voi d,.
s 3

4y 2

Chuong V. MA TRAN

-2 4 0

5 1 7
1.DS:a) A= .

-1 0 4

0 -3 0

b) f(G) = 12 ,+ 10E,+ 4&,— 9E .

2.DS: a) A=( -2 07 ];
3 5 -1

b) f(a) = (-3, 9).
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&DS:M‘A=[1 0 1J;
0 0 -3

ave(s 4 )
4.PS: 1(1,0,0)=(1,0, 1), (0, 1, 0) = (2, 1, 2), f(0, 0, 1) = (0, -2, 1).
f(3, -2, 0) = (-1,-2, -1).
5. Gidi : £(8.) = ~f(§ ) + 2f(E ,) + 3f(E )
=-3E,+2(-8,+4E,) + 368, + &)

= 10& ,+ 11&,,.
Vay toa d6 cua f(&) 1a (10, 11).
1 0 0
6.DS: a) A= 110 ;
0 1
0 0 1

b) o(a) = x*—4x*~3x + 2.
7.DS: a) f(a)=(2,6,-3,0);
b) Ta ¢b fix,, x,, X3, X)) = X+ 2%+ X, — X, + 2%, F Xy, 2%+ X3 F Xy, 2%, F X,).

Kerf 12 khong gian nghiém ciia hé thuan nhat:

X, + 2x,+x,=0
—x; + 2x,+ x,=0
2x, + X;+x,=0

2x,+x,=0

Vay Kerf c6 co s¢ 1a hé nghiém co ban cua hé thuan nhat. Nhung hé
phuong trinh nay 1a h¢ Cramer nén Kerf = (0, 0, 0, 0).
11. Trd loi: Néu A 1a ma tran kiéu (m.n) thi B ta ma tran kiéu (n, m).
214 346
15. BS: (AB)~C =A(BC) = 141 9235 |°
16. Huong dan: Vi ma tran A kiéu (2,3) va ma tran I vudng nén n6d
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X3 N
c6 kiéu (2, 2). Do d6 X c6 kiéu (3,2). Pat X =| X2 ¥ |- Tur dang thirc
X3 Y3
AX : 1ta dugc mot h¢ phuong trinh ddi véi an xi va mot hé d6i véi an Yi-
Tra loi: C6 nhiéu 101 giai. Dy 12 mot 1oi giai:

% %
=0 0.

0 0

X

17. DS: f(A) = (': :i ]

18. Gid st A = (&) mmp B = (03
Thé thi ‘A = (@')gm V0i a5 = a; , B = (b'y)em v6i by = by Khi dé

n n n
N A ' ) tpt N T ' " _ —
thanh phén ¢, cuia "B A la ¢ = Zb 58 —ij.lakj —zakj i =
i=1 )=1 =1

Cli trong do cy; 1a thanh phﬁn cua ma tran AB.
Vay 'B'A="(AB).

2 1 -1 0
19.pS:A=| 0 0 0 1
00 00

20. B'A'AB =B'(A-1A)B =B"'IB = BB = I. bBiéu nay chiing t6 B’
'A™" 1 nghich dao cua AB. Do ¢ B'A1 = (AB) .

21. DS: |AB| = |A||B| = 0.(-1)= 0
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- 1
99. PS:a) =3 7O wtf? 1),
56l 4 2 175 -6

10 12 -10 (-8 10
c)zlg—n 6 T @z -5-3 8
8 0 8 4 -1 5

6 -12 -21 8)

1 -4 -3
0 6 6 -8
e) | 1 -5 -3 |; f) 1 3
6] O 0 3 0
-1 6 4
0 0 0 2
2 -1 0 0 288 6 -56 -64
-3 2 0 0 1| -103 -2 20 23
g) ’ h) -
31 -19 3 4 2| 100 2 -20 -22
-23 14 -2 3 - 10 0 2 2
-3 10 23
23. DS X = 0 -10 -10
1 4 5

. b :
24. Huémg dén: Gia st A =[ o J Coi a, b, ¢, d nhu nhimng &n, tir
A% =0 ta duoc mot hé phuong trinh.
, 1 1
DS: a) Co thé chon ma tran A = 1 -1 ]
b) I+ A)I-A)=1"-A>-1.Vayl + Aval- A lahai ma tran
nghich dao cua nhau.
25. Gia st A kha nghich. Khi d6 BA = (A"A)BA = A"(AB)A. Vay
BA dong dang véi AB.

26. Ma tran chuyén tir co s& (g) sang co so (g') 1a

1 1 0
T=|-1 1 1
0 -2 1
14 -12 -11
Ma tran cia f d6i véi co so () 1aB=T'AT = L 0 3.
28 -24 2

27. Ma tran chuyén tir co s6 () sang co s6 (¢') 1a
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T=| 1 1 0 |.Dod6ma tran chuyén tit cd s6 (¢') sang co 56 () 1a

0 -1 2/
RS I 6 3 0
1:%_ 4 1ATBT‘—-;—— 13 71l
102 2 17 -31 -13

28. Ma tran chuyén tir co s& (€) sang co so (8) 1a T =( _57 _2 j .

40 38
Ma trdn ctia f doi véicoso B) lAA'=| 71, |-
2

44 44
Ma trén cua f + g d6i véi co so (3) 1e‘1A'+B{ 59 25]-
2

29. a) Huong ddn: Gia st da chon co s {@,, &}, x4c dinh anh xa
f. Xac dinh anh cua moi vecto.

Traloi:a) &, ¥ :b) ¥ ;c) B.

30. BS: D6i v6i f + g, gia tri riéng mg v6i & 1a k, + ko; ddi voi fg 1a
kiko.

31 DS: a) A: khong co; B: ky = -1, k, = 5, vecto riéng tuong tng la
=(-2,1);

C: k; =1, k, =4, vecto riéng twong tmg la & = (1, 2) = (-1, 3);

D: k = 1, vecto riéng twong (g 1a & = (0, 1).

b) A: k; = 3 k, = 1, k3 = 3, vecto riéng twong tmg 1a @ = (6, -7, 5),
B=@ 1,1; Y =(0,1,1);

B: k; =-1,k; : 3, k3 = 4, vecto riéng twong tmg 1a @ = (2, 0, 1), B=
0, 1,0); = (3, -5, 1).

c) A: k; =0, k, =1, k; =2, vecto riéng twong tmg 1a a = (-1, 0, 1, 0),
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B=(1,0,0,0); Y =(0,1,0, 0);
B:k; =- 9,k = 1,k; = 9, vecto riéng tuong img laa=(0,21,02),
B =(40,-1,-8,9): Y =(0,-1,0,1).
32. BS: a) k; = 1, k, = 2, vecto riéng twong ung la @ = (3, -1, 2),
=(4,-1,2);

Hai khong gian riéng twong (mg 13 W, sinh béi & , W, sinh béi B .

b) k = 2, vecto riéng tuong tng 1a & = (0, 0, 1), B = (1, 2, 0). Khong
gian riéng twong img W, sinh béi hai vecto & va B.

33. Hudng dan: Coi A 1a ma tran ciia anh xa tuyén tinh f, B ta ma
tran ciia anh xa tuyén tinh g. Tim gi4 tri riéng cta f va cua g. Suy ra rang
A va B cung ddng dang v6i mot ma tran chéo. Tir d6 suy ra A va B dong
dang.

34. Huéng dan: Tim gia tri riéng. Néu s6 gia tri riéng béng cép cua
ma tran thi khong gian c6 hé co s¢ gom nhiing vecto riéng. Néu sb gia trl
riéng nho hon cdp ctia ma trin nhung c6 thé tim duoc mot co sé gdm
nhiing vecto riéng thi ma trdn chéo hoa dugc.

1 0 -1 0 O 1 0 0
bS: a) Khong; b)(O 4 ;c) 0 2 0;d;0 2 0]
0 0 4 0 0 2
-1 0 0 0
-1 0 0 0 0 b 0 0
0 -1 0 0 9_./89
e )
) AT Do o : 0
0 0 0 1
0 0 0 9*;@

35. Huong dan: Tim gia tri riéng va mdt co s¢ gom nhiing vecto
riéng.
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™
n
jsv)
—
~3
I
(e
O - O
— O =
s}
—+
e
-0
=
o
jom
(4"
(@]
o
ja
=
Eé",
o O O
O = O
N O O
O - O

1 2 0
b) T=| 2 -1 -2 |, matran chéo can tim: 0 0
2 2 1 0 4
36. Huéng dan: Tim cac gia tri riéng va mot co so gdm nhiing vecto
riéng.
PS: a) Co s¢ gdm cac vecto riéng: (1, 1, 1), (1, 0, 1), (0, 1, 1).

Ma tran chéo can tim la

o O~
S N O
w O O

b) Co s6 gdm cac vecto riéng: (-1, -1, 1), (-3, 0, 2), (-1, 1, 0).

Ma tran chéo can tim la:

1 0 0
0 2 0
0 0 2
37.a)
1 0 O
. . 0O 1 0 ” .
Matrancuafla A= . - ; ma tran cua g la
L0 0 1
1 1 0 0
B={0 0 1 O
0 0 0 1
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b)

1 1 0
Matrancaagf 18 BA=| 1 -1 O |;matrincuafg la
0 0 1
1 1 0 O
0 O 1 0
AB =
1 1 -1 0
0 O 0 1

c) gf 1a mot dang cdu vi [BA| = -2 # 0. fg khong phai 1a mot déng céu
vi |AB| = 0.

Ma tran cia (gf)" 1a

0 1 0
BA)'=|1 -1 0
0 0 1

d) Cach 1. § = (X,, Xp, X3, X,) € Ker(fg) khi va chi khi (0,00, 0)=0 =

fg(C) = fg(xy, X, X3, Xg) = f(X;+ Xy, X3, Xy)
= (X; + Xg, X3, X; + X — Xy, Xy)

khi va chi khi:
X, + X, =0
Xq =0
X, + X, — X, =0
x,=0

Co so cua Ker(fg) la co so cua khong gian nghiém cua hé phuong
trinh trén. Nghiém tong quat cua h¢ nay 1a (c, -c, 0, 0) = c(1, -1, 0, 0).
Vay co s¢ cua Ker(fg) 1a {(1, -1, 0, 0)}.

Im(fg) sinh bé1 hé vector:
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fg(€,) =fg(1,0,0,0)=£(1,0,0)=(1,0, 1, 0)
fo(€,) =1fg(0,1,0,0)=1(1,0,0)=(1,0, 1, 0)
fg(€4) =1g(0,0,1,0)=10,1,0=0,1,-1,0)
fe(€,) = fg(0, 0,0, 1) =£(0, 0, 1) = (0, 0, 0, 1).

Vi
1 0 10
1 0 10 o b0
=0, nhung| 1 -1 0/=-120
0 1 -1 0
0 0 1
0 0 01

nén hang ciia hé nay bang 3 va hé vecto {fg(€ ), fg(£3), fg(€4)} doc lap
tuyén tinh.

Vay hé vecto {fg(€,), fa(£5), fg(€4)} 1a mot co so cua Im(fg) .
Cach 2. a = (xl’ Xy, Xy, X 4) € Ker(fg) khi va chi khi

X, 0 1 1 0 0)(x 0
0 0 0 1 0 ||x 0
AB| 7 |- hay 2| =
X, 0 1 1-1 0|}{x; 0
X, 0 0 0 0 1)lx, 0
X, + X =0
X =0
hay 8
X, + X, —Xg =0
x,=0

e)  Cac gia tri riéng cua gf:
1-k 1 0
1 -1-k O =(1-kk*-2)=0.
0 0 1-k

Suyrak; =1,k = —\/E,k3= V2
+ voi ky = 1, gidi hé phuong trinh:
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Xy =0
X, — 2%, =0.
Oxl +0x, +0x; =0

Nghiém téng quat cua hé 1a (0, 0, c3); nghiém co ban 1a (0, O, 1).
Khong gian riéng tuong tng sinh bdi vecto (0, 0, 1).
+ Vi k, = —+/2 giai hé phuong trinh:

(1+\/§)X1 +x,=0

x, +(V2 -1)x, =0

0x, +0x, + (1 + V2)x, =0

Nghiém téng quat cua hé 1a (cy, -(1 + v2 )y, 0), hé nghiém co ban
la (19 _(1 + \/E )30)

Khéng gian riéng twong Gmg sinh boi vecto (1, -(1 + +/2 ),0) .
+ v&i ks = /2 giai hé phuong trinh:

(1—\/§)x1 +X, =0

X, —(\/§+ 1)x, =0

0%, +0x, + (1 -v/2)x, =0

Nghiém téng quat cua h¢ 1a (cy, (\/5-1), 0), h¢ nghiém co ban 1a (1,
J2-1,0).

Khong gian riéng tuong tmg sinh boi vecto (1, 2 - 1, 0).
e (Cac gid tri riéng cua fg:
1-k 1 0 0

- 0
0 -k 1 = k(1 - k)(2 - k) = 0 khi va chi khi
1 1 -1-k 0

0 0 0 1-k

K]ZO,kzzl,k3=-\/§,k4=\/§.
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+ v61 k = 0, giai h¢ phuong trinh:

%, +x, =0
Xg =0

4x1+x2—x3 =

| x,=0

Nghiém téng quat cia hé nay la (cy, -¢4, 0, 0); hé nghiém co ban la
(1,-1,0,0).

Khong gian riéng tuong tng sinh boi vecto (1, -1, 0, 0).

+ Véi k, = 1, giai hé phuong trinh:

-

X, =0

- Xy + Xg =0
< X, + Xg —2X,4 =0
10x; +0x; +0x; +0x;, =0

Nghiém téng quat cua h¢ nay 1a (0, 0, 0, ¢); hé nghiém co ban 1a (0,
0,0,1).

Khong gian riéng tuong ing sinh béi vecto (0, 0, 0, 1).
+ Vi ky = -+/2, giai hé phuong trinh:

1+2)x, + x, =0
\/§X2+ X, =0

X, + X, +(V2 -1)x, =0
(1+\/§)x4 =0

Nghiém tong quat cta hé nay 1a (ci, -(1+~/2 ey, (2++/2 )ey, 0); hé
nghiém co ban 1a (1, -(1++/2), 2 + +/2), 0)

Khéng gian riéng twong Gmg sinh boi vecto (1, -(1++/2), (2++/2), 0).
+ Vi ky = +/2 giai hé phuong trinh:
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(1—\/—2-)1{1 + X, =

-\/2_x2+ X4 =
xl+x2—(\/§+1)x3 =0
(1-+2)x, =0

Nghiém tdng quat cta hé nay 1a (cy, (v/2 -Dey, (2-4/2 )er , 0); hé
nghiém co ban 1a (1, +/2-1,2-/2, 0).

Khong gian riéng tuong tmg sinh boi vecto (1, 2 -1, 2-4/2, 0).
f) Ma tran BA chéo hoa duogc vi n6 co6 3 gia tri riéng phan biét.

Trong co s& gom 3 vecto {(0, 0, 1), (1, -1 - /2, 0), (1, -1++/2, 0)}
ma tran cua gf 1a ma tran chéo

1 0 0
C=0 -J2 o0
0 0 2

Goi T 1a ma trin chuyén tir co s¢ chinh tic sang co s¢ ndy ta c6
C=T'BAT

Ma tran AB ciing chéo hoa dugc. Trong co s& gdm 4 vecto {(1, 1, 0,

0), (0,0,0, 1), (1, -1-4/2 , 242, 0), (1, ¥/2 -1, 2-+/2, 0)} ma tran cia fg
la ma tran chéo

0 0 0 0
01 0 0
0 0 -J2 0
0 0 0 V2

Chuwong VI. DANG SONG TUYEN TINH VA DANG
TOAN PHUONG

1. Trén R’ ta xét co s¢ chinh tic ¢ = {&,, &, &3} v6i & = (1,0, 0),
e,=(0,1,0), €;=(0, 0, 1). Khi d6 ma trn cta dang song tuyén tinh ¢
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trén R’ d6 véi co sg e = {&,, &,, €3} Chinh 1a A = (¢ (&, €))) .

2 0 0 0 4 -5
a) A=/0 0 -3 b) A=|8 0 -6
4 0 -1 00 1

2. Theo dinh nghia.

3. Ma trin chuyén tir co s¢ chinh tic e={&,, €,, €3} sang co s6 (&) la
0 1 -1

T=|2 1 3|, khid6 ma trin ctia dang song tuyén tinh ¢ trén R’

. ..\l1to o
do1 VOl Lo oo (o 1

(0 2 1Y(4 2 0Y0 1 -1 3 -2 -6
B=T'AT=[1 1 0off-1 0 5|2 1 3|=l9 5 3
-1 3 0)l2 -2 -3){1 0 O 11 -9 1
1 2 02 -1 1}1 10 12 13 27
4, B=T'AT=|1 0 1{l0 3 5|2 0 1|={1 2 -3
01 2){1 0o -2)l0 1 2 8 3 5
1 -3/2 0 2 2 -3
5. a) A=|-3/2 1 O0|;b)B=[2 3 5
0 0 O -3 5 -1
2 2 -3
¢c)C=| 2 4 -1/2
-3 -1/2 9

6. a) [(a) = 3x} — 2x5 + 2x2 — 2X,X, + 2X,X, .
b) I'(G) = 4x> +3x> —xJ + 2x,%, — 2X,X, .

3 2 0)x
7. ) (x;, x, x)|2 -1 0|x,|;
0 0 0)\x,

1 -3 -1](x
b) (x;, X, x,)|-3 2 1/2| x,
-1 1/2 0 )\x
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~ 2
8. a)l(d)=56y’ +5y: -14y,y,;
B IL(a)=y; -7y, +s;
- 1
9 T(&)=2y] -7y} - - vi;
. — 2 2
d) F(d) =y, +4y, —5Y,;
9. a) I(@)=(x, +X,)* +(x, +2%,)* —4x
dit y, =X, + Xy, ¥, =X, +2X;; ¥4 = X4 ta dude [(a) = yf +y§ - 4y?.
b) T(G) = (x, - 2%,)° +(x, +X,)* ~ X

dit y, =x, — 2%, ¥, =X, +X,; ¥, =X, ta duge (@) =y} +y; - y5.

1 -11

¢) A=|-1 1 1 |cb6da thlcdic trungla
1 11

1-A4 -1 1

-1 1-%2 1 [=(Q-1)%-2-310-1)=-A%+3A% -4, suy ra cé cac

1 1 1-A 1
gidtririénglald=-1,A=2,Ung véi A = - 1 cb vecto riéng la {1 ],
-1

1 2
ung vai A =2 ¢6 cac vecto riéng la {11 va {—1} dat
2 1

1 1 2
P=1{1 1 -1}, khido tacd ma tran:
-1 2 1

1/3 /8 -1/3) 1 -1 1)( 11 2) (-1
P'AP=] 0 1/3 1/3{-1 1 1| 1 1 -1i=|0
/3 -1/3 ol 1 1 1l-1 2 1/ 1o

o N O
N o O

(@) =-y? + 2y +2y2.
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Chwong VII. QUY HOACH TUYEN TiNH
1. Goi X, X, theo thtr tu 1a sb don vi loai hang [, II can san xuit theo
ké hoach trong mot ngay. Khi d6 doanh thu trong mot ngay s€ la 7x1 +
5%,. Do trir lugng nguy@n liéu c6 han va lugng hang san xuat khong vuot
qué nhu cau thi truong nén ta co:
2x;,+ %X, £6
3x, + 4x, <8
Xy <2
X, — X <1

Va tit nhién x;, x, > 0. Tir d6 ta 1ap dugc mod hinh toan hoc cho bai
toan thuc té.

2. Tép phuong an X = & vi x* € X. V6i phuong an x = (X1, X2, X3)
bét ki, bang cach cong vé vai vé cac bit phuong trinh trong hé rang budc
cudng buc ta ¢ 7x; + x, > 3.

V x; 2> 0 nén f(x) = 84x; + x3 > 7x; + x3 = 3 = f (x*) v6i moi phuong
an Xx.

Tir d6 suy ra diéu phai chimg minh.

5. a) (4, 1); b) Tap phuong 4n 14 rong.

6. g(l 1a phuong an cuc bién khong suy bién, x* 1a phuong an cuc bién
suy bién, x* khong phai 1a phwong 4n cuc bién.

7. Co tat ca 4 phuong an cyc bién. Bai toan d6 khong suy bién vi moi
phuong &n cuc bién déu khong suy bién.

8. Cha y rang, rang budc thi hai xac dinh nira mat phrflng’cht'ra gbe
toa do, va bo cua n6 ludn di qua diém (xy, X, ) = (0, 2), c6 hé s6 goc 1a (-
t). Xét tung truong hop khi cho (-t) tding dan tir - oo dén + oo (-m/2<
¢<m/2, trong do (¢) la goc hop boi gitta bo ciia nira mat phang thir hai va
chiéu duong cua truc hoanh).

Pdp séa)t>2/3;b)t<-1;¢)-1<t<2/3;d)t=-1.

~ 10. a) Cach 1. Biéu dién hinh hoc tip phuong an, v& mot dudng murc
101 chung t6 n6 khong co vi tri gidi han.

377



Cdch 2. Tim diéu kién vé t sao cho x = (t, t) 1a phuong an. Khi d6

f(x(t)) = 2t va cho qua gidi han ta dugc diéu phai chimg minh.

b) Xac dinh t sao cho x(t) = (0, t, 0, t) 1a phuong an. Khi do, tinh

f(x(t)) va cho qua gi61 han ta dugce diéu phai chiing minh.

11.

12.

x=(0,0,10,21,7). B=[A*A'A’], A;=A,=A=0, ¢=(5,-2,0),
Bx! =Al=>x'=(1,2-1), B¢=A"=x*=(3, 7,-2), A, ="' - ¢, =2,
A, ="e"x*—¢, =-1.
vi Aj< 0 V61 moi i nén X la phuong an t6i wu.
a) (71/10, 0, 0, 13/10, 0, 2/5) 1a phwong an t6i wu.
b) (1, 1, 1/2, 0) 12 phuong an tdi vu.
¢) Ham muc tiéu khong bi chan dudi.
d) (0,6,2,3,0,0)la phwong an téi wu.
e) (0,0, 3, 4, 0) 1a phuong an tdi wu.
g) Tap phuong 4n 1a rong.
h) (1,0, 6, 3) 12 phuong an tdi vu.
1) Ham muc tiéu khong bi chan trén.

k) Tap phuong an 1a rong.
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BANG THUAT NGU
A

Anh xa

Anh xa tuyén tinh

Anh cta mot 4nh xa tuyén tinh
Anh cta mot vecto

Anh nguoc

An co sO

An phi co s

B

Bai toan chuan

Bai toan cuc tiéu hoa

Bai toan dang chinh tic

Bai toan dang chuin tic

Bai toan khong suy bién va suy bién

Bai toan quy hoach tuyén tinh

Bai todn quy hoach tuyén tinh tong quat
Bai toan quy hoach toan hoc (t6i vu hod)
Béang don hinh

Budc lap

C

Chuén cuia mét vecto
Chuyén tri

Cong thuc doi toa do
Cot xoay

Trang

123
124
129
125
129
153
153

37
330
331
331
338
325
329
325
355
353

263
20
96

357

379



Co so cua khong gian vecto
Co s chinh tic

Co s6 cua ma tran

Co s¢ cua phuong an cuc bién

Co s¢ truc chuan

D

Dang chéo cua ma tran

Dang chinh tic ctia dang toan phuong
Dang cuc cua dang toan phuong
Dang song tuyén tinh

Dang song tuyén tinh ddi xtng

Dang toan phuong

Dang toan phuong x4c dinh

Dang toan phuong xac dinh duong (am)
Déu cua phép thé

Dong xoay

b

Pa thure dac trung

Dai sb cac ma trdn vudng Matn(K)
Ding céu

Dinh thirc

Dinh thirc con

Dinh thirc con bu

Pong cau

Pon cau

85
86
337
337
263

213
185
282
274
274
283
265
265

22
341

233
214
136
27
35
35
133
136

380



G
Giao cua nhitng khong gian con
Gia tri riéng

Gia tri to1 uu

H

Ham muc tiéu

Ham muyc tiéu khong bi chan
Hang cua hé vecto

Hang cua ma tran

Hat nhan cia mét anh xa tuyén tinh

Hé nghiém co ban cua hé phuong trinh tuyén tinh thuan nhat

Hé phuong trinh tuyén tinh

H¢ phuong trinh tuyén tinh thuan nhat
H¢ sinh cua mdt khong gian vecto

Heé vecto doc lap tuyén tinh

Hé vecto lién két

H¢ vecto phu thudc tuyén tinh

Hién tugng xoay vong

Hinh chi€u cua moét vecto 1én mot khong gian con

K

Khai trién dinh thie theo mot dong
Khai trién dinh thirc theo r dong
Khong gian con

Khong gian con bu tryc giao
Khéng gian con bét bién

Khong gian vecto oclit

Khong gian sinh bo1 mot h¢ vecto

84
229
314

313
314
104
104
139
180

60
178

84

88
324

88
336
284

36
42
81
283
230
277
84
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Khong gian vecto

M
Ma tran

Ma tran cac toa do

Ma tran chuyén (tir co s nay sang co so khac)

Ma trén chuyén vi

Ma tran ctia mot anh xa tuyén tinh

Ma tran ciia dang song tuyén tinh

Ma tran ddi xtng

Ma trén dic trung

Ma tran dong dang
Ma tran don vi

Ma tran nghich dao
Ma tran rang budc
Ma tran tam giac dudi
Ma tran tam giac trén
Ma tréan tryc giao

Ma tran vuong

N
Nghich thé

Nghiém cua hé phuong trinh tuyén tinh
Nghiém cua da thuc ddc trung
Nghiém riéng cta hé phuong trinh tuyén tinh

Nghiém tong quat

76

25
106
100
126
198
260
264
233
227
214
261
316

47

48
285

27

22
160
233
167
167
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Phén bu dai s

Phan tt truc

Phép bién d6i so cip

Phép bién dbi ddi ximg

Phép bién d6i tryc giao

Phép cong hai anh xa tuyén tinh 146

Phép cong hai ma tran

Phép nhan mdt anh xa myén tinh v6i mot sb
Phép nhan mdt ma tran véi mot $6

Phép thé

Phép thé chan, phép thé 1¢

Phép xoay

Phuong an

Phuong an cuc bién

Phuong an cuc bién khong suy bién va suy bién
Phuong an don hinh

Phuong an tim dugc theo mgt huong

Phuong an tdi vu

R
Rang budc cudng buc

Rang budc ty nhién

S

So chiéu cua khong gian vecto

35
341
114
287
285

204
147
204

21

22
341
313
321
322
321
333
314

313
313

96
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T

Tich cta hai anh xa tuyén tinh
Tich ctua hai ma tran

Tich v6 hudng

Toa do cia mot vecto

Toan ciu

T6 hop tuyén tinh

To6ng cia hai anh xa tuyén tinh
Téng cua hai ma tran

Tong ctia nhitng khong gian con

U

Udc lugng

\Y

Vecto

Vecto dinh chuin
Vecto doi

Vecto khong
Vecto riéng

Vecto truc giao

149
205
277
99
136
87
146
202
83

330

78
278
78
78
229
278
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